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8 I8?P= FR<Q=? @B A:8FF=I9, C:= C@C8I >@G=? A@F9C?8DFC A8F Q=

9C?@FP=? C:8F C:= DFMDNDMR8I A:8FF=I >@G=? A@F9C?8DFC/

+FI=99 @C:=?GD9= 9C8C=M, G= R9= p̄, p̄−i C@ M=F@C=
∑m

j=1 pj

8FM
∑

j #=i pj / e= M=F@C= 8 9=C QH P̄, G:=?= >@G=? N=AC@? p
Q=I@FP9 DF ND=G @B Y]Z, G:DA: D9 A@<>8AC 8FM A@FN=\, S45T/
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#:= RCDIDCH BRFACD@F, Ui, D9 ?=I8C=M C@ A:8FF=Ih9 )'&$ I=N=I,

DFMDA8CDFP 8 >?=B=?=FA= B@? :DP:=? )'&$ 8FM A8F Q= M=!F=M

89 DF S7T,

Ui = βi ln
1 + (λi − Γii)γi

1 − Γiiγi
, Y0Z

G:=?= βi > 0 D9 C:= A:8FF=I 9>=AD!A >8?8<=C=? 8FM λi > 0 D9

DFC?@MRA=M B@? "=\DQDIDCH/ Ui DF Y0Z D9 <@F@C@FDA DF γi, :=FA=

<8\D<DEDFP RCDIDCH D9 ?=I8C=M C@ <8\D<DEDFP A:8FF=Ih9 )'&$

I=N=I/ !F C:D9 9=F9=, βi DFMDA8C=9 C:= 9C?=FPC: @B C:= A:8FF=Ih9

M=9D?= C@ <8\D<DE= DC9 )'&$ I=N=I, γi/ "^RDN8I=FCIH R9DFP YWZ

HD=IM9

Ui(&−i, pi) = βi ln(1 + λi
pi

X−i
), ∀i ∈ M, Y1Z

G:DA: D9 CGDA= A@FCDFR@R9IH MDBB=?=FCD8QI=, <@F@C@F= DFA?=89V

DFP 8FM 9C?DACIH A@FA8N= DF pi/

&@G B@? C:= =\C=FM=M P8<= B@?<RI8CD@F GDC: >@G=? A8>8AV

DCH A@F9C?8DFC, Y]Z, G= A@F9DM=? 8 <@MD!=M >?DADFP BRFACD@F,

Pi, C:8C DFMDA8C=9 C:= AR??=FC 9C8C= @B C:= F=CG@?J, @? IDFJ, 8FM

D9 M=!F=M 89[

Pi(&−i, pi) = αipi +
1

P0 − p̄
, ∀i ∈ M, YbZ

G:=?= αi > 0 D9 8 >?DADFP >8?8<=C=?, M=C=?<DF=M QH C:=

F=CG@?J/ #:R9 C:= IDFJ A8>8ADCH A@F9C?8DFC, Y]Z, D9 A@F9DM=?=M

DFMD?=ACIH/ #:= >?DADFP BRFACD@F YbZ F@C @FIH 9=C9 C:= 8ACR8I

>?DA= B@? =8A: A:8FF=I, QRC 8I9@ A@F9DM=?9 C:= IDFJ 9C8CR9 ND8 C:=

=\C?8 C=?< 1
P0−p̄ / e:=F C:= 9R< @B @>CDA8I >@G=? @B A:8FF=I9

8>>?@8A:=9 C:= C8?P=C >@G=? P0, C:= >?DA= DFA?=89=9 GDC:@RC

Q@RFM/ `=FA= C:= >@G=? ?=9@R?A=9 8?= >?=9=?N=M QH B@?ADFP 8II

A:8FF=I9 C@ M=A?=89= C:=D? DF>RC >@G=?, 8FM DFMD?=ACIH 98CD9!=9

C:= IDFJ A8>8ADCH A@F9C?8DFC, Y]Z/

&@C= C:8C DB G= A@F9DM=? C:= A@F9C?8DFC 89 8 A=?C8DF C:?=9:@IM

@F C:= >@G=? >=? A:8FF=I, pmax, C:= =\C?8 C=?< A8F Q=

M=!F=M 89 1
pmax−pi

, 9RA: C:8C G:=F C:= DFMDNDMR8I A:8FF=I

>@G=? 8>>?@8A:=9 C:= C:?=9:@IM, pmax, C:= A@??=9>@FMDFP >?DA=

DFA?=89=9 GDC:@RC Q@RFM/ #:D9 A@RIM Q= C?=8C=M 89 8 9>=AD8I

A89= @B C:= P=F=?8I C@C8I >@G=? A89=, YbZ/

#:=?=B@?= C:= A@9C BRFACD@F C:8C C:= ith A:8FF=I 9==J9 C@

<DFD<DE= D9

Ji(&−i, pi) = αipi +
1

P0 − p̄
− βi ln(1 + λi

pi

X−i
), ∀i ∈ M.

Y6Z

`=FA= C:= RFM=?IHDFP =\C=FM=M mV>I8H=? &89: P8<= D9 M=!F=M

:=?= DF C=?<9 @B C:= A@9C BRFACD@F Ji(&−i, pi), Y6Z, G:DA:

98CD9!=9 C:= A@F9C?8DFC, Y]Z/

@%(1*A 23 (@<>8?=M C@ C:= A89= G:=F F@ =\C?8 C=?< =\D9C9

DF C:= A@9C BRFACD@F DF S7T, DFCRDCDN=IH @R? >?DA= D9 :DP:=? GDC:

C:= 98<= αi/ !F @C:=? G@?M9, αi 9:@RIM Q= 9<8II=? DF @?M=? C@

Q= 8 P@@M 8>>?@\D<8CD@F B@? C:= DFC=FM=M P8<= >?@QI=</ e=

GDII 9== C:8C C:=?= D9 I@C9 @B "=\DQDIDCH DF 9=I=ACDFP C:= >8D? @B

αi 8FM βi 8FM C:D9 =\C?8 C=?< M@=9 =F9R?= C:= A@F9C?8DFC, Y]Z/

@%(1*A B3 #:= B@?<RI8CD@F D9 9D<DI8? C@ C:= GD?=I=99 >@G=?

A@FC?@I >?@QI=<, S0T, SbT, S6T, QRC DCh9 <@?= A:8II=FPDFP DF

@>CDA8I F=CG@?J9 MR= C@ 9>=AD!A B=8CR?=9[ A@R>I=M P8DF, A89V

A8M=M 8<>ID!=M 9>8F9, 8AAR<RI8CD@F 8FM 9=IBVP=F=?8CD@F @B

%'" F@D9=/ *@?=@N=?, C:= C@C8I >@G=? A8>8ADCH D9 8 F@N=I

B=8CR?=, =99=FCD8IIH F==M=M :=?= C@ ID<DC C:= F@FIDF=8? =BB=AC9

DF @>CDA8I IDFJ9/

C5 -D.?"%&=% 1&$ E&.F#%&%?? /G H- !/8#"./&

#:= 9@IRCD@F C@ C:= &89: P8<= D9 C:= &89: =^RDIDQ?DR<

Y&"Z, S2]T, S42T/ $=A8II C:8C C:= C=?< 1
P0−p̄ DF Ji, Y6Z, =F9R?=9

C:8C pi = P0− p̄−i D9 F@C 8 9@IRCD@F C@ C:= <DFD<DE8CD@F @B Ji,

Y6Z, D/=/, Ji(p : pi = P0 − p̄−i) > Ji(p), ∀p, pi &= P0 − p̄−i/

#:D9 D9 8 F=A=998?H A@FMDCD@F B@? 8F DFF=? &" 9@IRCD@F/ e=

<8J= 8F@C:=? 899R<>CD@F C@ PR8?8FC== C:= &" 9@IRCD@F D9 DFF=?/

Y%/D/2Z pi = 0 D9 F@C 8 9@IRCD@F C@ C:= <DFD<DE8CD@F @B C:= A@9C

BRFACD@F, Ji, Y6Z, D/=/, C:=?= 8IG8H9 =\D9C9 9@<= p′i &= 0
9RA: C:8C Ji(p : pi = 0) > Ji(p−i, p′i &= 0), ∀p−i/

e= A8F ?=G?DC= C:= 8Q@N= DF=^R8IDCH 89

βi ln(1 + λi
p′i

X−i
) +

1
P0 − p̄−i

> αip
′
i +

1
P0 − p̄−i − p′i

#:R9, DB βi 8FM αi DF Y6Z 8?= 9=I=AC=M >?@>=?IH YB@? =\8<>I=,

QH I=CCDFP βi ' αiZ, Y%/D/2Z GDII Q= 98CD9!=M/ 'DFA= βi 8FM αi

8?= M=C=?<DF=M QH C:= A:8FF=I 8FM C:= F=CG@?J, ?=9>=ACDN=IH,

C:D9 9=I=ACD@F A8F 8IG8H9 Q= <8M=/ #:= B@II@GDFP ?=9RIC

A:8?8AC=?DE=9 C:= &" 9@IRCD@F/
I:%/*%( 23 %99R<= Y%/D/2Z :@IM9/ (@F9DM=? C:= =\C=FM=M

mV>I8H=? )'&$ &89: P8<= >?@QI=< GDC: DFMDNDMR8I A@9C

BRFACD@F M=!F=M 89 DF Y6Z 8FM A8>8ADCH A@F9C?8DFC, Y]Z/ 'RA: 8

P8<= 8M<DC9 8 RFD^R= DFF=? &" 9@IRCD@F, p∗, DB αi, βi 8FM λi

8?= 9=I=AC=M 9RA: C:8C, ∀i ∈ M[

λi > (m − 1)Γij , j &= i, Y7Z

βmin ≤ βi < βmin/
∑

j #=i(Γji/λj), Y25Z

αmax

√
βi

∑
j #=i(Γji/(λjβj)) < αi ≤ αmax, Y22Z

G:=?= βmin = minj βj 8FM αmax = maxj αj /
J*//G3 #:= >?@@B D9 >?=9=FC=M DF %>>=FMD\/

@%(1*A K3 '@<= MD9AR99D@F @F >?DADFP D9 >?=9=FC=M DF C:=

F=\C 9=ACD@F/ e:=F αi = α 8FM βi = β, C:= 98<= >?DA= D9

9=C B@? A:8FF=I9 8FM =8A: A:8FF=I :89 C:= 98<= >?=B=?=FA= B@?

)'&$/ #:=?=B@?= C:= A@9C BRFACD@F D9 ?=MRA=M C@

Ji(&−i, pi) = αpi +
1

P0 − p̄
− β ln(1 + λi

pi

X−i
), ∀i ∈ M.

#:= A@FMDCD@F9 DF #:=@?=< 2 8?= ?=MRA=M C@ Y7Z @FIH, G:DA:

D9 8 9H9C=< A@FMDCD@F/
@%(1*A L3 !F 8 &89: P8<=, =8A: A:8FF=I D9 899R<=M C@

8AC F@FA@@>=?8CDN=IH/ !FCRDCDN=IH, C:= &" <DP:C F@C Q= @>CD<8I

B?@< 8 A=FC?8IDE=M A@9C >?@9>=ACDN=/ `@G=N=?, 8 P8<= B@?<RV

I8CD@F :89 C:= 8MN8FC8P= C:8C DC I=8M9 MD?=ACIH C@ M=A=FC?8IDE=M

8IP@?DC:<9/

!-/ O!'(+''!)&

e= B@?<RI8C=M 8F =\C=FM=M )'&$ &89: P8<=, C:8C A@FV

9DM=?9 C:= IDFJ A8>8ADCH A@F9C?8DFC D<>IDADCIH QH R9DFP C:=

A@9C BRFACD@F, Y6Z/ #:= &" 9@IRCD@F @B C:= =\C=FM=M P8<=

D9 8F8IHCDA8IIH DFC?8AC8QI= 8FM :DP:IH F@FIDF=8?/ #:R9 M=N=IV

@>DFP DC=?8CDN= 8IP@?DC:<9 D9 F@C D<<=MD8C=/ _D?9C G= 9CRMH

9@<= >?DADFP 9C?8C=PD=9 8FM A:8?8AC=?DE= >?@>=?CD=9 @B C:D9 &"

9@IRCD@F/ !F C:= F=\C 9=ACD@F G= A@F9DM=? DC=?8CDN= 8IP@?DC:<9

C@G8?M9 !FMDFP C:= &" 9@IRCD@F/

45 M%=%&"*18.N%$ J*.=.&O !"*1"%O>

&@C= C:8C C:= F=CG@?J YC:= IDFJZ 9=C9 !\=M A:8FF=I >?DA=9,

8FM A:8FF=I9 M=ADM= C:=D? GDIIDFPF=99 YβiZ C@ @QC8DF :DP:=?
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)'&$ I=N=I9/ _?@< YWZ 8FM C:= !?9CV@?M=? F=A=998?H A@FMDCD@F

Y_)&(Z, ∂Ji
∂pi

= 0, 8C C:= &" >@DFC G= :8N=

βi(γi) =
αi

λi
(X−i + λipi(γi)) +

X−i + λipi(γi)
λi(P ′

0 − pi(γi))2
, Y24Z

G:=?=, P ′
0 = P0 − p̄−i 8FM pi(γi) = X−i

1/γi−Γii
/ _@? 8 PDN=F

I@G=? )'&$ Q@RFM, γ∗
i , G= A8F 9:@G C:8C DB βi D9 8MXR9C=M C@

98CD9BH C:= I@G=? Q@RFM

βi > (
αi

λi

1 + (λi − Γii)γ∗
i

1 − Γiiγ∗
i

+
(1 − Γiiγ∗

i )(1 + (λi − Γii)γ∗
i )

λi(P ′
0 − (P ′

0Γii + X−i)γ∗
i )2

)X−i, Y2WZ

=8A: A:8FF=I GDII 8A:D=N= 8C I=89C C:= γ∗
i I=N=I, D/=/, γi > γ∗

i /

C5 J*/<%*".%? /G ":% H- !/8#"./&

&@C= C:8C C:= A@9C BRFACD@F, Y6Z, A8F Q= ?=G?DCC=F 89[

Ji(pi, γi) = αipi +
1

P0 − p̄
− βi ln

1 + (λi − Γii)γi

1 − Γiiγi
. Y2]Z

#:= _)&( R9=M B@? !FMDFP C:= RFD^R= DFF=? &" 9@IRCD@F D9

0 =
(

∂Ji

∂pi

)
=

∂Ji(pi, γi)
∂pi

+
∂Ji(pi, γi)

∂γi
· ∂γi

∂pi
, Y20Z

G:=?=

∂Ji(pi, γi)
∂pi

= αi +
1

(P0 − p̄)2
∂Ji(pi, γi)

∂γi
· ∂γi

∂pi
= − βiλi

X−i + λipi

"^RDN8I=FCIH, Y20Z A8F Q= ?=G?DCC=F 89

αi +
1

(P0 − p̄)2
=

βiλi

X−i + λipi
, ∀i ∈ M. Y21Z

3H #:=@?=< 2, C:=?= =\D9C9 8 RFD^R= 8FM DFF=? &" 9@IRCD@F,

G:DA: D9 8 N=AC@? 9@IRCD@F @B C:= 9=C @B Y20Z @? Y21Z/ e:=F p ∈
P̄, C:= I=BC :8FM 9DM= Y.`'Z @B Y21Z D9 8 <@F@C@FDA YDFA?=89DFPZ

BRFACD@F GDC: ?=9>=AC C@ pi, G:DI= C:= ?DP:C :8FM 9DM= Y$`'Z

@B Y21Z D9 <@F@C@FDA8IIH M=A?=89DFP/ #:=?=B@?=, B@? 8II i, C:=?=

=\D9C9 8 RFD^R= DFC=?9=ACD@F Q=CG==F C:= .`' 8FM $`' @B Y21Z,

G:DA: D9 C:= &" 9@IRCD@F >@DFC, p∗/ ;DN=F p∗
−i 8FM Y21Z, p∗i

A8F Q= 9@IN=M B@? =8A: i QH

p∗i = argminpi∈[0,P0−p̄∗
−i]

Ji(p∗
−i, pi). Y2bZ

e= M=!F= 8F DFMDNDMR8I F@FIDF=8? )%?" *%?</&?% S2]T BRFACD@F

:=?=,

Ii(p−i) := arg minpi∈[0,P0−p̄−i]Ji(p−i, pi), ∀i ∈ M. Y26Z

#:=?=B@?=,

pi = Ii(p−i), ∀i ∈ M. Y27Z

"^RDN8I=FCIH, DF N=AC@? B@?<, Y27Z A8F Q= G?DCC=F 89

p = I(p). Y45Z

0%((1 B3 #:= F@FIDF=8? Q=9C ?=9>@F9= BRFACD@F I(p), Y45Z,

98CD9!=9 C:= B@II@GDFP >?@>=?CD=9[

• F@FVF=P8CDNDCH[ I(p) ≥ 0a

• <@F@C@FDADCH[ !B p > p′, C:=F I(p) < I(p′)/
J*//G3 '== %>>=FMD\ B@? C:= M=C8DI9/

-/ !#"$%#!-" %.;)$!#`*' %&O ()&-"$;"&("

!F C:D9 9=ACD@F G= M=N=I@> DC=?8CDN= 8IP@?DC:<9 8FM 9CRMH

C:=D? A@FN=?P=FA= C@ C:= =\C=FM=M &" 9@IRCD@F/ e= GDII R9= C:=

F@FIDF=8? Q=9C ?=9>@F9= BRFACD@F, Y45Z, 8FM C:= _)&(, Y21Z, DF

M=N=I@>DFP C:=9= 8IP@?DC:</ _?@< .=<<8 4, C:= Q=9C ?=9>@F9=

BRFACD@F D9 9D<DI8? C@ 8 ?"1&$1*$ G#&="./& DF S44T, QRC GDC:@RC

C:= >?@>=?CH @B 9A8I8QDIDCH, G:DA: <=8F9 C:8C A@FN=?P=FA= A8F

F@C Q= >?@N=M QH MD?=AC 8>>IDA8CD@F @B ?=9RIC9 DF S44T/

_D?9C, R9DFP YWZ, G= ?=G?DC= Y21Z 89

αi +
1

(P0 − p̄)2
=

βiλi

pi/γi + (λi − Γii)pi
, ∀i. Y42Z

#:R9 B?@< Y42Z G= 9== C:8C DFMDNDMR8I A:8FF=I9 F==M @FIH C:=

9R< @B >@G=?9 @B 8II A:8FF=I9, ?8C:=? C:8F C:= 9>=AD!A >@G=?9

@B @C:=? A:8FF=I9/

389=M @F Y27Z 8FM Y42Z, G= !?9C DFN=9CDP8C= 8 kQ=9CV

?=9>@F9=k 8IP@?DC:<, G:DA: G= A8II <1*188%8 #<$1"% 18O/*.":(

YL+%Z/ %9 8 ?=I8\8CD@F @B L+%, ?VL+% R9=M 8F DM=FCDA8I

?=I8\8CD@F >8?8<=C=?, µ, C@ M=C=?<DF= C:= 9C=> 9DE= C:8C =8A:

A:8FF=I C8J=9 C@G8?M9 C:= &" 9@IRCD@F 8C =8A: DC=?8CD@F/ #:=

<8DF 8MN8FC8P= @B ?VL+% A@<>8?=M GDC: L+% D9 C:8C GDM=

"RACR8CD@F9 DF A:8FF=I9h R>M8C=9 A8F Q= I8?P=IH 8N@DM=M/ ?V

L+% GDII Q= MD9AR99=M DF C:= B@II@GDFP >8?C @B C:D9 9=ACD@F/

%II >?@@B9 B@? .=<<89 8?= >?=9=FC=M DF %>>=FMD\/

48O/*.":( 2 PJE4Q3 2Z/ '=C C:= DFDCD8I >@G=? 8C DC=?8CD@F

k = 0[ p(0) = 0a

4Z/ %C =8A: DC=?8CD@F k + 1, PDN=F p−i(k), 9=C

pi(k + 1) = Ii(p−i(k)), Y44Z

D/=/, 9@IN= C:= _)&(, Y21Z/ "^RDN8I=FCIH, DF N=AC@? B@?<,

Y44Z D9

p(k + 1) = I(p(k)). Y4WZ

_?@< .=<<8 4, DC B@II@G9 C:8C C:= F@FIDF=8? Q=9C ?=9>@F9=

BRFACD@F I(p) D9 <@F@C@FDA8IIH M=A?=89DFP, G:DA: D9 F@C

?"1&$1*$, S44T/ #:D9 JDFM @B <@F@C@FDA >?@>=?CH <8J=9 C:=

9=^R=FA= @B =8A: A:8FF=Ih9 >@G=? F@FV<@F@C@F=/ `@G=N=?,

I(p) :89 DFC=?=9CDFP >?@>=?CD=9, G:DA: 8?= R9=BRI DF 9CRMHDFP

PI@Q8I A@FN=?P=FA= @B %IP@?DC:< 2 YL+%Z B@? CG@ A:8FF=I9

Ym = 2Z/

.=C p(k) M=F@C= C:= >@G=? N=AC@? 8C DC=?8CD@F k, 89 DF Y44Z

@? Y4WZ, GDC: C:= DFDCD8I >@G=? N=AC@? PDN=F 89 p(0) = 0/

.=C {p(k)} M=F@C= C:= 9=^R=FA= @B P=F=?8C=M >@G=? N=AC@?9/

#G@ 9RQ9=^R=FA=9, {p(2k)} 8FM {p(2k + 1)}, 8?= M=!F=M 89

{p(2k)} := {p(0),p(2), . . . ,p(2k), . . .} 8FM {p(2k + 1)} :=
{p(1),p(3), . . . ,p(2k + 1), . . .}, ?=9>=ACDN=IH/ #:= B@II@GDFP

CG@ I=<<89 :@IM @FIH B@? 8 IDFJ GDC: CG@ A:8FF=I9/

0%((1 K3 _@? CG@ A:8FF=I9 Ym = 2Z GDC: p(0) = 0,

C:= 9=^R=FA= {p(2k)} D9 9C?DACIH <@F@C@FDA8IIH DFA?=89DFP 8FM

{p(2k +1)} D9 9C?DACIH <@F@C@FDA8IIH M=A?=89DFP/ "8A: @B C:=

9=^R=FA=9 {p(2k)} 8FM {p(2k + 1)} GDII A@FN=?P= C@ 8 !\=M

>@DFC p1 8FM p2, ?=9>=ACDN=IH/

%F DIIR9C?8CD@F @B C:= A@FN=?P=FA= @B 9=^R=FA= {pi(k)} B@?

A:8FF=I i GDC: pi(0) = 0 D9 9:@GF DF _DP/2/

0%((1 L3 _@? CG@ A:8FF=I9 Ym = 2Z, C:= 9=^R=FA= p(k)
A@FN=?P=9 C@ 8 ID<DC >@DFC p0, D/=/, limk→∞ p(k) = p0/

389=M @F .=<<8 W 8FM .=<<8 ], C:= B@II@GDFP ?=9RIC 9:@G9

PI@Q8I A@FN=?P=FA=/
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5 2 4 W ] 0 1

pi(k)

k

_DP/ 2/ !C=?8CD@F B@? A:8FF=I i/

I:%/*%( B3 _@? CG@ A:8FF=I9 Ym = 2Z, %IP@?DC:< 2 YL+%Z

A@FN=?P=9 C@ C:= &" 9@IRCD@F, p∗,

lim
k→∞

p(k) = p∗. Y4]Z

J*//G3 e= C8J= C:= ID<DC9 @B Q@C: 9DM=9 @B Y4WZ,

lim
k→∞

p(k + 1) = lim
k→∞

I(p(k)). Y40Z

_?@< .=<<8 ], C:= .`' @B Y40Z =^R8I9 p0/ _?@< .=<<8 4,

I(p) D9 8 <@F@C@FDA BRFACD@F/ !C D9 =89H C@ 9:@G C:8C I(p) D9

8I9@ A@FCDFR@R9 B@? CG@ A:8FF=I9/ #:=?=B@?=,

lim
k→∞

I(p(k)) = I
(

lim
k→∞

p(k)
)

= I(p0). Y41Z

+9DFP Y41Z, Y40Z A8F Q= ?=G?DCC=F 89 p0 = I(p0)/ %9 C:= &"

9@IRCD@F p∗ D9 RFD^R= 8FM 98CD9!=9 p∗ = I(p∗), G= :8N= p0 =
p∗/ #:R9 {p(k)} A@FN=?P=9 C@ C:= RFD^R= &" 9@IRCD@F p∗/ !

@%(1*A R3 L+% <8H F@C A@FN=?P= PI@Q8IIH G:=F <@?=

C:8F CG@ A:8FF=I9 =\D9C, C:= DFCRDCDN= ?=89@F Q=DFP C:8C =8A:

A:8FF=I R>M8C=9 DC9 @>CDA8I >@G=? Q89=M @F DF9C8FC A@9C9

8FM >8?8<=C=?9, DPF@?DFP BRCR?= D<>IDA8CD@F9 @B DC9 8ACD@F/

#:=?=B@?= 8C 9@<= DC=?8CD@F9, C:= C@C8I @>CDA8I >@G=? @B 8II @C:=?

A:8FF=I9 GDII =\A==M C:= C8?P=C >@G=? P0 G:=F m > 2, 9RA:

C:8C C:= F@FIDF=8? Q=9C ?=9>@F9= BRFACD@F, Y44Z, D9 F@ I@FP=?

<@F@C@FDA/

`@G=N=?, %IP@?DC:< 2 YL+%Z A@FN=?P=9 I@A8IIH G:=F m > 2,

89 9:@GF DF C:= F=\C ?=9RIC/

I:%/*%( K3 #:=?= =\D9C9 9@<= @>=F F=DP:Q@?:@@M V @B p∗,
9RA: C:8C DB p(0) ∈ V , C:=F p(k), Y4WZ, A@FN=?P=9 C@ C:=

RFD^R= &" 9@IRCD@F p∗, DB C:= B@II@GDFP 9RB!AD=FC A@FMDCD@F D9

98CD9!=M[ ∑

j #=i

Γij

λi
< 1 − 2(m − 2)Bi

A(αiA2 + 1)
, Y4bZ

G:=?= A = P0 − p̄∗ 8FM Bi = n0i
λi

+
∑

j #=i
Γij

λi
p∗j + p∗i /

J*//G3 #:= >?@@B D9 >?=9=FC=M DF %>>=FMD\/

48O/*.":( B P*SJE4Q3 2Z/ '=C C:= DFDCD8I >@G=? 8C DC=?8V

CD@F k = 0[ p(0) = 0a

4Z/ %C =8A: DC=?8CD@F k + 1, PDN=F p−i(k), 9=C

pi(k + 1) = (1 − µ)pi(k) + µIi(p−i(k)), Y46Z

G:=?= 0 < µ < 1 8FM CH>DA8IIH 9=I=AC=M 89 µ = 1
m /

.@A8I A@FN=?P=FA= B@? ?VL+% A8F Q= >?@N=M 9D<DI8?IH 89 DF

#:=@?=< W, RFM=? C:= 98<= 9RB!AD=FC A@FMDCD@F/

I:%/*%( L3 #:=?= =\D9C9 9@<= @>=F F=DP:Q@?:@@M V @B p∗,

9RA: C:8C DB p(0) ∈ V , C:=F p(k), Y46Z, A@FN=?P=9 C@ C:= RFD^R=

&" 9@IRCD@F p∗, DB C:= 9RB!AD=FC A@FMDCD@F, Y4bZ, D9 98CD9!=M/

-!/ &+*"$!(%. '!*+.%#!)&' %&O "iL"$!*"&#%.

$"'+.#'

!F C:D9 9=ACD@F, G= >?=9=FC Q@C: *%#.%3 9D<RI8CD@F9

8FM =\>=?D<=FC8I ?=9RIC9/ "N=F C:@RP: Q@C: @B C:= DC=?8CDN=

8IP@?DC:<9 R9= C:= Q=9C ?=9>@F9= BRFACD@F, Y45Z, M=>=FMDFP

@F C:= >@G=?9 @B C:= @C:=? A:8FF=I9, C:= 8IP@?DC:<9 A8F

Q= D<>I=<=FC=M M=A=FC?8IDE=M R9DFP @FIH C:= A@??=9>@FMDFP

)'&$ I=N=I 8FM C:= C@C8I >@G=?/ #:D9 D9 9:@GF DF 8 MD9A?=CDE=M

N=?9D@F @B C:= _)&(, Y42Z, ∀i ∈ M[

αi +
1

(P0 − p̄−i(k) − pi(k + 1))2

=
βiλi

( 1
γi(k) − Γii + λi)pi(k + 1)

Y47Z

!F @C:=? G@?M9, C:= DC=?8CDN= 8IP@?DC:<9 R9= M=A=FC?8IDE=M

DFB@?<8CD@F, ?8C:=? C:8F A=FC?8IDE=M @F= G:DA: G@RIM 8>>=8?

B?@< C:= DFMDNDMR8I Q=9C ?=9>@F9= BRFACD@F, Y27Z/

#:= CG@ DC=?8CDN= 8IP@?DC:<9 YL+% 8FM ?VL+%Z 8?= 9D<RV

I8C=M B@? 8 9DFPI= >@DFCVC@V>@DFC IDFJ DF *%#.%3, 89 G=II

89 D<>I=<=FC=M =\>=?D<=FC8IIH @F 8 C=9CQ=M GDC: 4 A:8FF=I9

Ym = 2Z/ #:= @>CDA8I IDFJ :89 8 C@C8I >@G=? A8>8ADCH A@F9C?8DFC

P0 = 1.5 <e/1.76 M3</ #:= 9H9C=< <8C?D\, Γ, D9 @QC8DF=M

89

Γ =
[

1.2438 1.2296
1.2418 1.2276

]
× 10−4.

#:= A:8FF=I >8?8<=C=?9 8?= 9=I=AC=M DF 8AA@?M8FA= GDC: C:=

899R<>CD@F, Y%/D/WZ/ #:=H 8I9@ 98CD9BH C:= 9RB!AD=FC A@FMDCD@F9

B@? =\D9C=FA= @B 8 RFD^R= &" 9@IRCD@F/ 'D<RI8CD@F9 8?= ?=>=8C=M

GDC: C:= B@II@GDFP 9=I=AC=M >8?8<=C=?9[ αi = [0.01, 0.01], β =
[1, 3], λ = [1, 1] 8FM µ = 1/m/

#:= DF>RC >@G=?, )'&$ 8FM C@C8I >@G=? N9 DC=?8CD@F CD<=

8?= >I@CC=M DF _DP/4 8FM _DP/W/ !F _DP/4, CG@ A:8FF=I9 A@<>=C=

B@? C:= >@G=? ?=9@R?A=9 8FM 9=CCI= M@GF 8C C:= &" 9@IRCD@F

ND8 L+% 8FM ?VL+%/ &R<=?DA8I 9D<RI8CD@F9 9:@G ?VL+%

:89 Q=CC=? A@FN=?P=FA= >?@>=?CD=9 C:8F L+%/ !C A8F Q= 9==F

C:8C C:= GDM= "RACR8CD@F9 DF L+% 8?= I8?P=IH 8N@DM=M ND8 ?V

L+%/ *@?=@N=?, MR?DFP C:= DC=?8CDN= >?@A=99, C:= C@C8I >@G=?

A@F9C?8DFC D9 ND@I8C=M DF L+%, G:DI= DC D9 F@C DF ?VL+%/

_DP/W 9:@G9 C:= =\>=?D<=FC8I ?=9RIC9/ #:= MDBB=?=FA= Q=CG==F

C:= 9D<RI8CD@F ?=9RIC9 8FM =\>=?D<=FC ?=9RIC9 D9 MR= C@ C:=

MDBB=?=FA= DF C:= DF>RC F@D9=/ 3@C: 9D<RI8CD@F 8FM =\>=?D<=FC8I

?=9RIC9 9:@G=M 8Q@N= >?@N= C:= >=?B@?<8FA= @B C:= 8IP@?DC:<9

8FM N8IDM8C= C:= 8F8IHCDA ?=9RIC9/ _@? <RICDVA:8FF=I A89=, _DP/]

9:@G9 C:= ?=9RIC9 B@? 9D\ A:8FF=I9 Ym = 6Z DC=?8CDN=IH 8MXR9C=M

ND8 ?VL+%/ #:= >8?8<=C=?9 8?= 9=I=AC=M 89 αi = 0.01, λi = 1,

∀i = 1, . . . , 6, β = [1.8 2 3 5 6 6.5], 8FM µ = 1/m/ #:= DF>RC

>@G=? 8FM C:= C@C8I >@G=? 8?= >I@CC=M DF C:= 98<= !PR?=/ #:=

9D<RI8CD@F ?=9RIC 8I9@ DFMDA8C=9 8 P@@M >=?B@?<8FA= @B ?VL+%/

-!!/ ()&(.+'!)&'

e= >?=9=FC=M 8 B?8<=G@?J @B 8 F@FA@@>=?8CDN= P8<=,

C@G8?M9 )'&$ @>CD<DE8CD@F GDC: A8>8ADCH A@F9C?8DFC DF @>CDA8I

IDFJ9/ #:D9 IDFJ A8>8ADCH C:?=9:@IM G89 F@C D<>@9=M @F C:= C@C8I

I8RFA:=M >@G=? 8C #\ DF C:= Q89DA P8<=, ?=A=FCIH M=N=I@>=M

DF S7T/ e= B@?<RI8C=M 8F =\C=FM=M &89: P8<= QH <@MDBHDFP
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YAZ "N@IRCD@F @B C@C8I >@G=?

_DP/ ]/ ?VL+% B@? < l 1/

C:= A@9C BRFACD@F C@ A@F9DM=? C:= 9C8CR9 @B C:= IDFJ/ e= 9CRMD=M

C:= 9DFPI= IDFJ A89= 8FM @QC8DF=M A@FMDCD@F9 B@? C:= =\D9C=FA=

@B 8 RFD^R= &" 9@IRCD@F C@ C:D9 =\C=FM=M &89: P8<=/ #:=

&" 9@IRCD@F D9 8F8IHCDA8IIH DFC?8AC8QI= 8FM :DP:IH F@FIDF=8?,

8FM M=N=I@>DFP DC=?8CDN= 8IP@?DC:<9 D9 F@C D<<=MD8C=/ e=

9CRMD=M C:= >?@>=?CD=9 @B C:= &" 9@IRCD@F 8FM >?=9=FC=M CG@

R>M8C= 8IP@?DC:<9, L+% 8FM 8 ?=I8\8CD@F @B L+% Y?VL+%Z,

C@G8?M9 !FMDFP C:= RFD^R= &" 9@IRCD@F/ e= 8I9@ 9CRMD=M C:=D?

A@FN=?P=FA= >?@>=?CD=9 Q@C: C:=@?=CDA8IIH 8FM FR<=?DA8IIH/ #:=

A@9C BRFACD@F A@F9DM=?=M DF C:D9 >8>=? @FIH DFMD?=ACIH ?="=AC9

C:= )'&$/ #:= CRFDFP @B C:= >8?8<=C=?9 D9 D<>@?C8FC DF @?M=?

C@ <==C 8 ?@RP: )'&$ C8?P=C/ #:D9 D9 @F= @B C:= MD?=ACD@F9 B@?

BRCR?= ?=9=8?A:/ %F@C:=? MD?=ACD@F D9 C:= =\C=F9D@F C@ P=F=?8I

<RICDVIDFJ A@F!PR?8CD@F9, G:=?= C:= I=FPC: @B IDFJ9 8FM C:=

FR<Q=? @B @>CDA8I A@<>@F=FC9 DF MDBB=?=FC IDFJ9 8?= A:8FPDFP/

!F P=F=?8I eO* F=CG@?J9, MDBB=?=FC A:8FF=I9 A8F C?8N=I ND8

MDBB=?=FC @>CDA8I >8C:9 9RA: C:8C C:= FR<Q=? @B A:8FF=I9 @F

=8A: IDFJ <8H Q= MDBB=?=FC/ *@?=@N=?, MDBB=?=FC IDFJ9 <8H Q=

M=9DPF=M B@? 8 MDBB=?=FC FR<Q=? @B <8\D<R< A:8FF=I9 8FM

C:R9 :8N= MDBB=?=FC C@C8I >@G=? C8?P=C9/

%LL"&O!i

2Q J*//G /G I:%/*%( 23 _@? <@?= M=C8DI9 @B C:= >?@@B 9==

S45T/ e= F@C= C:8C P̄ D9 A@<>8AC 8FM A@FN=\/ "8A: Ji(p−i, pi)
D9 A@FCDFR@R9 8FM Q@RFM=M =\A=>C @F C:= :H>=?>I8F= M=!F=M

QH Y]Z/ `=FA= B@? 8 PDN=F 9RB!AD=FCIH 9<8II ε > 0, DB G=

?=>I8A= Y]Z GDC: p̄ ≤ P0 − ε 8FM M=F@C= C:= A@??=9>@FMDFP

A@F9C?8DFC 9=C QH P̄ε/ #:D9 9=C D9 A@<>8AC, A@FN=\ 8FM F@FV

?=AC8FPRI8?/ )F P̄ε, MDBB=?=FCD8CDFP Y6Z GDC: ?=9>=AC C@ pi, G=

:8N= fi(&) := ∂Ji
∂pi

= αi + 1
(P0−p̄)2 −

βiλi

X−i+λipi
/ ODBB=?=FCD8CDFP

fi(&) GDC: ?=9>=AC C@ pi 8FM pj , j &= i, HD=IM9

Aii(&) :=
∂2Ji

∂p2
i

=
2

(P0 − p̄)3
+

βiλ2
i

(X−i + λipi)2

Aij(&) :=
∂2Ji

∂pi∂pj
=

2
(P0 − p̄)3

+
βiλiΓij

(X−i + λipi)2
Y%/2Z

_?@< Y%/2Z, DC B@II@G9 MD?=ACIH C:8C ∂2Ji

∂p2
i

D9 >@9DCDN= @F P̄ε/ 3H

8 9C8FM8?M C:=@?=< DF P8<= C:=@?H S2]T, C:D9 P8<= 8M<DC9 8

&" 9@IRCD@F/ _R?C:=?<@?=, C:= &" 9@IRCD@F D9 DFM=>=FM=FC @B

ε B@? ε > 0 9RB!AD=FCIH 9<8II/ #:R9 DC >?@NDM=9 8I9@ 8F &"

9@IRCD@F C@ C:= @?DPDF8I P8<= @F P̄/

e= F=\C 9:@G C:= RFD^R=F=99 @B C:= &" 9@IRCD@F/ #:=

DFF=? 9@IRCD@F 98CD9!=9 C:= _)&(9, D/=/, C:= 9=C @B =^R8CD@F9[

fi(&) = 0, i = 1, . . . , m/ 'R>>@9= C:8C C:=?= 8?= CG@ &89:

=^RDIDQ?D8, ?=>?=9=FC=M QH CG@ @>CDA8I >@G=? N=AC@?9 &1 8FM &0,

?=9>=ACDN=IH/ .=C )& = &0 − &1/ O=!F= C:= >9=RM@VP?8MD=FC

N=AC@?[

g(&) := [∇p1J1(&), · · · , ∇pmJm(&)]T

= [f1(&), · · · , fm(&)]T Y%/4Z

_?@< C:= _)&(, DC B@II@G9 C:8C g(&1) = 0 8FM g(&0) = 0/

O=!F= 8 N=AC@? &(θ) 89 8 A@FN=\ A@<QDF8CD@F @B C:= CG@

=^RDIDQ?DR< >@DFC9 &1 8FM &0[

&(θ) = θ&0 + (1 − θ)&1, 0 < θ < 1. Y%/WZ
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ODBB=?=FCD8CDFP g(&(θ)) GDC: ?=9>=AC C@ θ, G= P=C

dg(&(θ))
dθ

= G(&(θ))
d&(θ)

dθ
= G(&(θ)))&, Y%/]Z

G:=?= G(&) D9 C:= m8A@QD8F @B g(&)/ +9DFP Y%/2Z 8FM Y%/4Z

HD=IM9 G(&) = [Aij ]m×m/ !FC=P?8CDFP Y%/]Z @N=? θ, G= @QC8DF

0 = g(&1) − g(&0) =
[∫ 1

0
G(&(θ))dθ

]
)&. Y%/0Z

_@? 9D<>IDADCH, G= M=!F= G(&1, &0) =
∫ 1
0 G(&(θ))dθ =

[
Aij

]

GDC:

Aij := Aij(&1, &0) =
∫ 1

0
Aij(&(θ))dθ. Y%/1Z

#:=?=B@?=, G= A8F ?=G?DC= Y%/0Z 89

0 = G(&1, &0))&. Y%/bZ

e= A@<>RC= F=\C Aii 8FM Aij DF Y%/1Z/ +9DFP YWZ, Y%/2Z 8FM

Y%/WZ DFC@ Y%/1Z HD=IM9

Aii =
∫ 1

0
[

2
(P0 − p̄1 − θ

∑
j
)pj)3

+
βiλ2

i

(n0,i +
∑
j #=i

Γij(θ)pj + p1
j) + λipi(θ))2

]dθ

!C A8F Q= 9:@GF C:8C Aii A8F Q= G?DCC=F 89 Aii = W1 + W2 ·
1
βi

+ W3 · αi
βi

+ α2
i

βi
, GDC: W1 = (P0−p̄0)+(P0−p̄1)

(P0−p̄0)2(P0−p̄1)2 , W2 =
1

(P0−p̄0)2(P0−p̄1)2 8FM W3 = (P0−p̄0)2+(P0−p̄1)2

(P0−p̄0)2(P0−p̄1)2 /

'D<DI8?IH B@? Aij , j &= i, G= A8F @QC8DF Aij = W1 +
W2 · Γij

βiλi
+ W3 · αiΓij

βiλi
+ α2

i Γij

βiλi
/ .=C Bii = 1, Cii = 1

βi
,

Dii = αi
βi

Eii = α2
i

βi
8FM Bij = 1, Cij = Γij

βiλi
, Dij = αiΓij

βiλi
,

Eij = α2
i Γij

βiλi
, B@? j &= i/ #:=?=B@?=, B@? 8FH i, j, Aij

8Q@N= A8F Q= G?DCC=F 89 Aij = W1 · Bij + W2 · Cij +
W3 · Dij + Eij , 8FM <8C?D\ G(&1, &0) A8F Q= =\>?=99=M

89 G(&1, &0) = W1 · B + W2 · C + W3 · D + E/ !C D9

@QND@R9 C:8C <8C?D\ B D9 >@9DCDN= 9=<DM=!FDC=/ !B Y7Z :@IM9,

DC B@II@G9 λi >
∑

j #=i Γij / `=FA= C, D 8FM E 8?= 8II 9C?DACIH
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