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!!!/ G"&"$%.!P"> *)>".

!8 BQ<F F@EB<I8, J@ EI8F<C@A 9 =9X@ C@F<=8@C BI 9;;IJ

F@AD<E@ C<??@A@8B<9B<I8 :O F@K9A9B<8= NF@AF <8BI BJI =AINKFb

I8@ =AINK F@@L<8= 9 X<8<XNX )'&$ B9A=@B 98C 98IBQ@A =AINK

K9AB<E<K9B<8= <8 9 =9X@ F@BB<8= ?IA )'&$ IKB<X<H9B<I8/ #Q@

X<8<XNX )'&$ ?IA B9A=@B F@@L@AF <F F@B :O BQ@ 8@BJIAL BI

@8FNA@ BQ@ X<8<XNX [N9;<BO I? F@AD<E@/ _IJ@D@A, BQ@ =9X@

K;9O@AF E98 FN:X<B BQ@<A K9A9X@B@AF 98C IKB<X<H@ BQ@<A F@AD<E@

9EEIAC<8=;O, :NB BQ@O Q9D@ BI K9O 9 KA<E@ F@B :O BQ@ 8@BJIAL

?IA N8<B KIJ@A EI8FNXKB<I8/ #Q<F EI8E@KB <F <;;NFBA9B@C <8

R<=NA@ 5/ .@BhF C@8IB@ F@B N1 = {1, 2, ..., N1} 9F BQ@ F@B I?

EIXK@B<BIAF, </@/ NF@AF JQI J<FQ BI EIXK@B@ ?IA 98 IKB<X9;

)'&$/ .@B F@B N2 = {N1 +1, · · · , N2} :@ BQ@ =AINK I? NF@AF

J<BQ B9A=@B )'&$ =<D@8 :O γi, i ∈ N2/ .@B N = N1 ∪ N2,

m = |N1| = N1, n = |N2|, N = |N | = m + n 98C

u = [u1, · · · , uN1 , uN1+1, · · · , uN2 ]T /

RIA BQ@ =9X@TBQ@IA@B<E9; K;9O@AF, NF<8= BQ@ EIFB ?N8EB<I8

=<D@8 <8 V0W, J@ E98 ?IAX 9 FOFB@X I? @[N9B<I8F =<D@8 :O

aiui + X−i =
aiβi

αi
, ∀i ∈ N1

98C BQNF, Γ̃u = b̃, JQ@A@ Γ̃ ∈ Rm×N 98C b̃ ∈ Rm 9A@

C@!8@C 9F <8 VfW/ +F@AF J<BQ B9A=@B )'&$ FQ9;; Q9D@ u F9B<F?O

OSNRi ≥ γi, ∀i ∈ N2, IA @[N<D9;@8B;O ?AIX V7W,

ui

Γi,iui +
∑

j #=i Γi,juj + n0,i
≥ γi

98C BQNF <8 9 X9BA<U ?IAX, Γ̂u ≥ b̂, JQ@A@ b̂ =
[γ1n0,1, · · · , γNn0,N ]T ∈ Rn, Γ̂ ∈ Rn×N 98C <F =<D@8 <8

VcW/ .@B F1 = {u ∈ RN | Γ̃u = b̃} 98C F2 = {u ∈ RN |
Γ̂u ≥ b̂}/ !8 FNXX9AO, J@ Q9D@ 9 KAI:;@X ?IAXN;9B@C 9F <8

V>'W, JQ@A@ J@ !8C FI;NB<I8F BQ9B F9B<F?O F1 FN:^@EB BI BQ@

EI8FBA9<8B C@FEA<:@C :O F2/

V>'W Γ̃u = b̃
F/B/ Γ̂u ≥ b̂

V2W

!8 BQ@ ?I;;IJ<8= C<FENFF<I8, J@ F@K9A9B@ V>'W <8BI BJI

E9F@Fb V7W F = F1 ∩ F2 )= ∅, V5WF = F1 ∩ F2 = ∅, JQ<EQ

A@[N<A@ C<??@A@8B B@EQ8<[N@F BI !8C 9KKAIKA<9B@ FI;NB<I8F/

01 ;/&A%(7"C D%9?.):% !%"

% 8I8T@XKBO F X9O =<D@ A<F@ BI XN;B<K;@ KI<8BF BQ9B FI;D@

V>'W/ S@ X9O <XKIF@ FIX@ C@F<=8 EA<B@A<9, IA, I:^@EB<D@

?N8EB<I8 BI A@?IAXN;9B@ >' ?IA !8C<8= 98 9KKAIKA<9B@ FI;NB<I8

BQ9B FI;D@F >' 98C X@@B BQ@ C@F<=8 EA<B@A<9 9B BQ@ F9X@ B<X@/

S@ E98 NF@ BQ@ ?I;;IJ<8= A@FN;B BI @8FNA@ BQ@ 8I8@XKBO

?@9F<:;@ F@B F /

E@%/*%( F1GH !? Γ =

[
Γ̃
Γ̂

]
<F 8I8F<8=N;9A, BQ@ ?@9F<:;@ F@B

F = F1 ∩ F2 <F 8I8T@XKBO/

I*//5H .@B µ ∈ Rn
+ 9 8I88@=9B<D@ D@EBIA/ "[N<D9;@8B;O,

J@ E98 @UKA@FF F2 <8BI F2 = {u ∈ Rn | Γ̂u = b̂ +
µ, ?IA FIX@ µ ∈ Rn

+}/ #Q@ F@B F <F BQNF @[N<D9;@8B;O F =

{u ∈ RN | Γu = φ, ?IA FIX@ µ ∈ Rn
+}, JQ@A@ Γ =

[
Γ̃
Γ̂

]

98C φ =

[
b̃

b̂ + µ

]
/ !? Γ <F 8I8F<8=N;9A, BQ@A@ @U<FB 9 N8<[N@

u ∈ RN ?IA @D@AO 8I88@=9B<D@ µ/ #Q@A@?IA@ F <F 8I8T@XKBO/

'NKKIF@ EI8C<B<I8F <8 #Q@IA@X `/7 QI;C 98C F <F 8I8@XKBO/

S@ EI8F<C@A 98 9KKAIKA<9B@ FI;NB<I8 <8 F BQ9B F9B<F!@F 9 E@AB9<8

C@F<=8 EA<B@A<9/ #QNF, J@ ?IAXN;9B@ V>'&37W <8 JQ<EQ J@

X<8<X<H@ BIB9; KIJ@A EI8FNXKB<I8 FN:^@EB BI BQ@ EI8C<B<I8F

9A<F<8= ?AIX BQ@ C<??@A@8B F@AD<E@ A@[N<A@X@8BF/

V>'&3W min
∑

i ui

F/B/ Γ̃u = b̃, Γ̂u ≥ b̂
V76W

#Q@ EI8FBA9<8BF I? V>'&3W E98 :@ A@;9U@C 98C 9N=X@8B@C

<8BI

Γu ≥ b. V77W

JQ@A@ Γ =

[
Γ̃
Γ̂

]
∈ RN×N 98C b =

[
b̃
b̂

]
∈ RN .

%EEIAC<8= BI BQ@ ?N8C9X@8B9; BQ@IA@X I? ;<8@9A KAI=A9XT

X<8= \c], <? V>'&3W <F A@9;<FB<E, BQ@ FI;NB<I8 <F I:B9<8@C 9B

BQ@ @UBA@X@ KI<8B I? BQ@ ?@9F<:;@ F@B F / '<8E@ F Q9F I8;O I8@

@UBA@X@ KI<8B JQ@8 Γ <F 8I8TF<8=N;9A, BQ@ FI;NB<I8 <F N8<[N@;O

=<D@8 :O

u = Γ
−1

b. V75W

#I ?NABQ@A EQ9A9EB@A<H@ BQ@ FI;NB<I8 u, J@ 9FFNX@ FBA<EB

C<9=I89; CIX<898E@ I? X9BA<U Γ \2], JQ<EQ ;@9CF BI 8I8T

F<8=N;9A<BO I? BQ@ X9BA<U 98C N8<[N@8@FF I? BQ@ FI;NB<I8/

E@%/*%( F1JH 'NKKIF@ )'&$ B9A=@BF γi, i ∈ N2 9A@ EQIF@8

FNEQ BQ9B γi < 1∑
j∈N

Γi,j
, i ∈ N2/ !8 9CC<B<I8, K9A9X@B@AF ai

9A@ EQIF@8 9F ai >
∑

j #=i,j∈N Γij , ∀i ∈ N1. #Q@ X9BA<U Γ <F

FBA<EB;O C<9=I89;;O CIX<898B/ %8C BQNF, 9 N8<[N@ FI;NB<I8 BI

V>'&3W <F =<D@8 :O V75W/

I*//5H RAIX BQ@ 9FFNXKB<I8 BQ9B γi
∑

j∈N Γij < 1, i ∈
N2, <B <F 9KK9A@8B BQ9B γi < 1

Γii
98C |1 − γiΓii| >

γi
∑

j Γij , ∀i ∈ N2/ !8 9CC<B<I8, ai >
∑

j #=i,j∈N Γi,j , ∀i ∈
N1/ #Q@A@?IA@, X9BA<U Γ <F FBA<EB;O C<9=I89;;O CIX<898B/ +F<8=

G@AFQ=IA<8 BQ@IA@X <8 \2], J@ EI8E;NC@ BQ9B BQ@A@ @U<FBF 9

N8<[N@ FI;NB<I8 BI V>'&3W/

#Q@ 9FFNXKB<I8 I? FBA<EB C<9=I89; CIX<898E@ <8 #Q@IA@X

`/5 <F A@9FI89:;@ :@E9NF@ BOK<E9; D9;N@F I? Γij 9A@ ?IN8C BI

:@ I8 BQ@ IAC@A I? 10−3 98C C@F<A9:;@ ;@D@;F I? )'&$ 9A@

56T`6C4/

2%(9*< F1GH V>'&3W E98 :@ F@@8 9F 9 =@8@A9;<H@C 9KKAI9EQ

BQ9B EIX:<8@F E@8BA9; EIFB 9KKAI9EQ <8 \5] 98C 8I8TEIIK@A9B<D@

=9X@ 9KKAI9EQ <8 \`]/ SQ@8 N1 = ∅, N2 )= ∅, V>'&3W

A@CNE@F BI BQ@ E@8BA9; EIFB 9KKAI9EQ/ '<X<;9A;O, JQ@8 N1 )=
∅, N2 = ∅, V>'&3W A@CNE@F BI BQ@ =9X@TBQ@IA@B<E9; 9KKAI9EQ

7>'&3 FB98CF ?IA k><??@A@8B<9B@C '@AD<E@ &TK@AFI8 3AI:;@Xl/



a !""" #$%&'%(#!)&' )& ()**+&!(%#!)&', -)./ 01, &)/ 2, '"3#"*4"$ 5662

Γ̂ =





−γN1+1ΓN1+1,1 · · · 1 − γN1+1ΓN1+1,N1+1 · · · −γN1+1ΓN1+1,N
///

/ / /
/ / /

/ / /
///

−γN−1ΓN−1,1 −γN−1ΓN−1,2 · · · 1 − γN−1ΓN−1,N−1 −γN−1ΓN

−γNΓN,1 −γNΓN,2 · · · · · · 1 − γNΓN,N




. VcW

R<=/ `/ #Q@ ?@9F<:;@ F@B I? BJITK@AFI8 V>'&3W/ s1 = b̃1
a1

d s2 = b̃1
Γ12

/

98C BQ@ =<D@8 FI;NB<I8 <F &9FQ @[N<;<:A<NX 9EEIAC<8=;O/ #Q<F

?A9X@JIAL 9;;IJF BI FBNCO BJI C<??@A@8B BOK@F I? NF@AF 9B BQ@

F9X@ B<X@/

2%(9*< F1JH S@ <;;NFBA9B@ 9 BJITK@AFI8 V>'&3W, JQ@A@

K;9O@A 7 EQIIF@F BI EIXK@B@ 98C IKB<X<H@ Q<F NB<;<BO 98C K;9O@A

5 EQIIF@F BI X@@B 9 E@AB9<8 )'&$ B9A=@B γ2/ S@ ?IAX BQ@ 5T

:OT5 X9BA<U Γ 98C b 9F ?I;;IJF/

Γ =
[

a1 Γ12

−Γ21γ2 1 − Γ22γ2

]
,b =

[ a1β1
α1

− n0,1

n0,2γ2

]

#Q@ ?@9F<:;@ F@B F = F1 ∩ F2 <F FQIJ8 <8 R<=NA@ ` :O

9 CIBB@C ;<8@/ #Q@ A@;9U@C V>'&3W Q9F <BF A@;9U@C ?@9F<:;@

C@K<EB@C <8 BQ@ FQ9C@C A@=<I8/ #Q@ FI;NB<I8 <F =<D@8 :O u∗ =
Γ
−1

b, JQ<EQ <F <;;NFBA9B@C :O BQ@ C9AL KI<8B <8 R<=NA@ `/ u∗

<F 8I88@=9B<D@ EIXKI8@8BJ<F@ <? 8@BJIAL KA<E@ α1 <F F@B FNEQ

BQ9B s2 > n0,2
1−Γ22

/

49F@C I8 #Q@IA@X `/5, J@ E98 ?NABQ@A <8D@FB<=9B@ QIJ K9T

A9X@B@AF EQIF@8 :O =9X@ K;9O@AF 98C B9A=@B F@@L@AF <8"N@8E@

BQ@ INBEIX@ I? BQ@ 9;;IE9B<I8/ #Q@ A@FN;B <F FNXX9A<H@C <8

#Q@IA@X `/`/

E@%/*%( F1FH .@B κ :@ BQ@ EI8C<B<I8 8NX:@A I? Γ, Ti =
ai +

∑
j #=i,j∈N Γij , ∀i ∈ N1 98C Sk = 2− 2γkΓkk, ∀k ∈ N2/

'NKKIF@ Γ <F FBA<EB;O C<9=I89;;O CIX<898B :O F9B<F?O<8= EI8C<T

B<I8F <8 #Q@IA@X `/5/ !8 9CC<B<I8, Ti > Sk 98C b̃i > b̂k, ∀i ∈
N1, ∀k ∈ N2. #Q@ X9U<XNX 9;;IE9B@C KIJ@A 9;;IE9B@C BI

NF@AF 9A@ :IN8C 9F ?I;;IJF/

maxi∈N2 γin0,i

maxi∈N1 2ai
≤ ‖u‖∞ ≤ κ max

i∈N1

βi

αi

I*//5H .@B Ri C@8IB@ BQ@ <TBQ AIJ 9:FI;NB@ FNX I? X9BA<U

Γ, </@/,

Ri =
∑

j∈N

∣∣Γij

∣∣ . V7`W

+F<8= EI8C<B<I8F ?AIX #Q@IA@X `/5, J@ 9AA<D@ 9B

Ri =
{

1 + γi
∑

j∈N Γij − 2γiΓii < 2 − 2γiΓii, i ∈ N2;
ai +

∑
j #=i,j∈N Γij < 2ai., i ∈ N1.

V7aW

S<BQ BQ@ 9FFNXKB<I8 BQ9B ai+
∑

j #=i Γij > 2−2γkΓkk, ∀i ∈
N1, ∀k ∈ N2, J@ I:B9<8 ‖Γ‖∞ = maxi∈N Ri =
maxi∈N ai +

∑
j #=i Γij . +F<8= V7aW 98C BQ@ ?9EB BQ9B Γij ≥ 0,

J@ I:B9<8 98 NKK@A 98C ;IJ@A :IN8C I8 ‖Γ‖∞, </@/,

max
i∈N1

ai ≤ ‖Γ‖∞ ≤ max
i∈N1

2ai. V70W

!8 9CC<B<I8, ?AIX b̃i > b̂k, ∀i ∈ N1, ∀k ∈ N2, J@ I:B9<8 98

NKK@A :IN8C 98C ;IJ@A :IN8C ?IA ‖b‖∞, =<D@8 :O

max
i∈N2

γin0,i ≤ ‖b‖∞ = max
i∈N

bi ≤ max
i∈N1

b̃i = max
i∈N1

aiβi

αi
V7fW

'<8E@ Γ <F FBA<EB;O C<9=I89;;O CIX<898B, NF<8= X9BA<U 8IAX

FN:TXN;B<K;<E9B<D<BO, J@ I:B9<8 ?AIX V75W

‖b‖∞
‖Γ‖∞

≤ ‖u‖∞ ≤ κ‖b‖∞
‖Γ‖∞

, V71W

JQ@A@ κ <F BQ@ EI8C<B<I8 8NX:@A I? Γ =<D@8 :O κ =
‖Γ‖∞‖Γ−1‖∞ ≥ 1.

+F<8= V70W, V7fW 98C V71W, J@ I:B9<8

maxi∈N2 γin0,i

maxi∈N1 2ai
≤ ‖u‖∞ ≤ κ maxi∈N1 aiβi/αi

maxi∈N1 ai

≤ κ maxi∈N1 ai maxi∈N1 βi/αi

maxi∈N1 ai

≤ κ max
i∈N1

βi

αi
. V7cW

!B <F @9FO BI I:F@AD@ BQ9B BQ@ NKK@A :IN8C <F C@K@8C@8B I8

BQ@ K9A9X@B@AF I? BQ@ =9X@ K;9O@AF 98C BQ@ ;IJ@A :IN8C <F

C@K@8C@8B I8 BQ@ )'&$ ;@D@;F I? B9A=@B F@@L@A 98C K9A9X@B@A

ai I? BQ@ =9X@ K;9O@AF/ !8 @FF@8E@, =9X@ K;9O@AF EI8BAI; BQ@

INBEIX@ I? BQ@ XIC@; 98C BQ@ EQI<E@ I? )'&$ B9A=@B E98

I8;O 9??@EB BQ@ ;IJ@A :IN8C/ 'NEQ A@;9B<I8 C@FEA<:@F 9 ?9<A

FE@89A<I <8 JQ<EQ =9X@ K;9O@AF, JQI K9O ?IA BQ@<A KIJ@A 9B

αi, Q9D@ BQ@<A EQI<E@F I? K9A9X@B@AF ai, βi BI <8"N@8E@ BQ@

8@BJIAL 9;;IE9B<I8/

2%(9*< F1FH '<8E@ ‖u‖∞ ≤ ‖u‖2 ≤
√

N‖u‖∞, J@ E98

BA98F;9B@ BQ@ A@FN;B I:B9<8@C <8 V7cW C<A@EB;O <8BI "NE;<C@98

8IAX, </@/,

BL
∞ ≤ ‖u‖2 ≤

√
NBU

∞ V72W

JQ@A@ BU
∞ = κ maxi∈N1

βi

αi
98C BL

∞ = maxi∈N2 γin0,i

maxi∈N1 2ai
/

4O V72W, J@ E98 F@@ BQ9B BQ@ 8@BJIAL E98 @8EINA9=@ N8<?IAX

EQ988@; KIJ@A C<FBA<:NB<I8 :O ;@BB<8= BU
∞ E;IF@ BI

√
NBL

∞ 98C

KAID<C@ <8E@8B<D@ ?IA C<??@A@8B<9B@C F@AD<E@F :O ;@BB<8= BQ@X

?9A 9K9AB/ !B E98 :@ <XK;@X@8B@C :O BQ@ 8@BJIAL :O 9C^NFB<8=



P_+ 98C 3%-".b "&%4.!&G >!RR"$"&#!%#"> '"$-!("' +'!&G G"&"$%.!P"> 3)S"$ ()&#$). *)>". !& )3#!(%. &"#S)$i' 0

)'&$ ;@D@; γi 98C KA<E<8= αi/ >@EA@9F<8= αi @8EINA9=@F XIA@

NF@AF BI :@ =9X@ K;9O@AF, =<D<8= A<F@ BI XIA@ EIXK@B<B<I8F

IA F@AD<E@ C<??@A@8B<9B<I8 9F 9 A@FN;B I? Q<=Q@A NKK@A :IN8C/

)8 BQ@ IBQ@A Q98C, <8EA@9F<8= γi A9<F@F BQ@ ;IJ@A :IN8C 98C

@8EINA9=@F XIA@ NF@AF :@<8= B9A=@BTF@@L@AF/

=1 -(7"C D%9?.):% !%"

!8 BQ<F F@EB<I8, J@ EI8F<C@A BQ@ F@EI8C E9F@ JQ@A@ ?@9F<:;@

F@B F <F @XKBO/ !8FB@9C I? !8C<8= 98 9KKAIKA<9B@ ?@9F<:;@

FI;NB<I8, J@ !8C BQ@ E;IF@FB KI<8BF :@BJ@@8 F@B F1 98C F2/

S@ NF@ 9 [N9CA9B<E KAI=A9X V>'5W BI X<8<X<H@ BQ@ @AAIA 8IAX

FN:^@EB BI BQ@ EI8FBA9<8B C@FEA<:@C :O F2/

V>'5W minu ‖Γ̃u − b̃‖2

F/B/ Γ̂u ≥ b̂
V56W

S@ E98 BNA8 BQ@ EI8FBA9<8@C KAI:;@X V56W <8BI 98 N8EI8T

FBA9<8@C KAI:;@X :O FBNCO<8= <BF EIAA@FKI8C<8= CN9; KAI:;@X/

'<8E@ ‖Γ̃u− b̃‖2 = uT Γ̃T Γ̃u− 2(b̃T Γ̃)u + b̃T b̃, J@ C@8IB@

H = 1
2 Γ̃

T Γ̃,d = −2(Γ̃T b̃), D = −Γ̂(HTH)−1HT Γ̂T ,

c = b̂ + Γ̂(HT H)−1HTdd 98C ?IAX 9 .9=A98=<98 ?AIX BQ@

IA<=<89; KAI:;@X V>'5W/

D(µ) = min
u

L(u, µ) V57W

= min
u

(
1
2
uTHu + dTu + b̃T b̃ + µT (−Γ̂u + b̃)

)

'<8E@ BQ@ I:^@EB<D@ ?N8EB<I8 <F EI8D@U, BQ@ 8@E@FF9AO 98C

FN?!E<@8B EI8C<B<I8 ?IA 9 X<8<XNX <F BQ9B BQ@ =A9C<@8B XNFB

D98<FQ,</@/,

Hu + d− Γ̂T µ = 0. V55W

RIA n < N , Γ̃ <F 8IB ?N;; A98L/ #Q@A@?IA@, H <F F<8=N;9A 98C

BQ@A@ @U<FB XN;B<K;@ FI;NB<I8F BI V55W/ +F<8= KF@NCI<8D@AF@ \2],

J@ E98 !8C 9 FI;NB<I8 BI V55W =<D@8 :O

u = −(HTH)−1HT
(
d− Γ̂T µ

)
.

#QNF, 9?B@A A@K;9E<8= <8BI V57W, J@ I:B9<8 µ 9F 9 FI;NB<I8 BI

BQ@ CN9; KAI:;@X V>>'5W/

V>>'5Wmax
µ≥0

1
2
µT Dµ + µT c − 1

2
dT (HT H)−1HTd + bT b

V5`W

#Q@ KAI:;@X V.>'5W 98C CN9; KAI:;@X V>>'5W E98 :@

FI;D@C NF<8= N8EI8FBA9<8@C IKB<X<H9B<I8 9;=IA<BQXF <8 \76],

\c]/

!-/ !#"$%#!-" %.G)$!#_*

!8 BQ<F F@EB<I8, J@ C@D@;IK 9;=IA<BQX ?IA BQ@ E9F@ I?
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