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Abstract—In this paper, we derive a new analytical state—space
model for semiconductor optical amplifier (SOA) dynamics
with nonlinear gain compression. We show that a multichannel
closed-form state-space model is possible with polynomial gain
compression and position-independent carrier density. The
compressed model is significantly more accurate than existing
noncompressed models as demonstrated by comparison with
pump-probe experiments: response magnitude and recovery time
are more accurately modeled with explicit gain compression. We
then apply the model to design an optical feedback controller
that regulates the total optical power at the output of a gain-com-
pressed SOA.

Index Terms—Gain control, optical control, optical crosstalk, op-
tical feedback, optical pulse measurements, power control, semi-
conductor optical amplifiers, state—space methods.

I. PURPOSE: ACCURATE DYNAMIC MODEL FOR SYSTEM
DESIGN AND ANALYSIS

ECAUSE the semiconductor optical amplifier (SOA)
B is so versatile [1]-[5], it is the prime candidate for the
active unit in next-generation integrated optical circuitry. As
SOA-based photonic circuits become more complex, it be-
comes increasingly important to regulate their behavior for
the circuits and receivers that follow downstream. In response,
there is a growing collection of SOA control designs in the
literature [6]—[10].

Input—output state—space models are particularly useful for
SOA control design [6] as well as rapid system analysis [11]
even if some approximations must be made for the sake of ob-
taining analytical closed-form expressions. State—space models
are easily linearized to produce linear time-invariant systems for
which there is a rich field of analysis and design (see [12] for
example). The resulting controllers can be used to regulate and
groom the output of single SOAs or complex photonic circuits.
Furthermore, state—space models consist of sets of first-order or-
dinary differential equations, so system simulation is fast com-
pared to finite-element models [11].
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Current SOA state—space models [6], [11] do not contain ex-
plicit gain compression, a strong nonlinear effect that suppresses
the amplification dynamics and limits the maximum gain avail-
able [13], [14]. Nonlinear gain compression is an important
factor in applications such as asymmetric demultiplexers [15],
loop mirrors [16], cross-gain-modulation wavelength converters
[17], logic gates [18], and bit shapers [19].

In this paper, we develop a multichannel SOA state—space
model that includes gain compression for the first time; the
phenomenological compression constant ¢ that we employ
accounts for carrier heating and spectral hole burning [20],
[21]. Furthermore, we demonstrate that our compressed model
is significantly more accurate than the existing uncompressed
state—space models [6], [11]. Our model can be adapted to
complex control design and system analysis up to 100 GHz.

We start by deriving a generalized SOA state—space model
in Section II. We then evaluate the forms of gain that permit
closed-form solutions to the SOA photon propagation equation,
and show that only polynomial compression yields a usable so-
lution. In Section III, we verify the resulting compressed model
against pump—probe experiments that elucidate carrier recovery
and output dynamics: agreement between the model and exper-
iments is very good, while prior noncompressed models overes-
timate both magnitude and time constant. Finally, in Section IV,
we use the compressed model to design and demonstrate a con-
stant feedback controller that regulates the total output power of
a single SOA.

II. NONLINEAR STATE-SPACE MODEL DERIVATION

A. Governing Equations

The SOA governing equations consist of an optical power
propagation equation for each optical channel ¢ = 0,1,...,m

8PL'(Z7 t)

5, = iV P.Q.z )Pi(2,t) —aiPi(z,t) (D)

a set of optical power propagation equations for discretized am-
plified spontaneous emission (ASE), 7 = 1,...,u

0Qy (2,1)
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TABLE I
PARAMETER DEFINITIONS AND VALUES FOR THE MODELS AND SIMULATIONS
(ALL-OPTICAL CHANNELS ARE TAKEN TO BE IDENTICAL)

Parameter Symbol Value Unit
Inversion carrier density N — cm—3
Active region current I — mA
Total active region current I — mA
Nonradiative recombination rate R — em—3s~1
Linear recombination Ry 2.9 x 108 s—1
Bimolecular recombination Rp 4.5 x 10~11 3g—1
Auger recombination Rc 1.5 x 10 6s—1
Spontaneous radiation rate Rsp — s—1
Length L 1 mm
Ridge width w 2 pm
Active region height H 150 nm
Active region area A W x H m?
Active region volume \% AXL m3
Effective refractive index Neff 32 —
Data channel power P — mW
Set of data channels P — mW
ASE channel power Q* — mW
Set of ASE channels Q — mW
Optical carrier number m — —
ASE carrier number m — —
Optical carrier frequency w 2mc/1560e-9 rad/s
Single-pass gain g — cm—!
Con?nement & gain factor Ta 75 cm~?!
Transparency carrier density Nir 5 x 1017 cm—3
Log gain parameter [?] N 2.4 x 1017 cm—3
Waveguide loss o 17 cm~?!
and a population inversion density rate equation
ON(z,t) _ I(z,t) R(N, 2.1)
ot qvV
1ZgL(NPta) i(2,1)
A " hwi
=0
L
_EIZQJ(N‘,P7Q7Z7t)Q](Z7t) (3)
A hw;
i=1 J

with all parameters defined in Table I. The factor of 2 in the
ASE recombination term accounts for power in both transverse
modes [11], while the spontaneous emission R, is determined
by the cavity modes [22], [23]

RSP:]'(NVZ?t) :nsp,j(N7 Zt)gJ(N, P,sz7f)Af] (43)
_ N(z,t)g;(N,P,Q,z,t)c
~ (N(2,1) = Nuwj) (2008 ;L)

The discretization of the ASE spectrum need not necessarily
imply the presence of resonant cavity modes—there can be as
many discrete ASE channels as is necessary to represent the
broadband noise spectrum of the device, as well as the broad-
band effect of ASE on the carrier population outside the data
channel bandwidths.

To produce an input—output state—space model, we must in-
tegrate each of these equations over the length L of the SOA.

(4b)

B. General State—Space Form

A state—space model consists of a system of first-order ordi-

nary differential equations &(t) = f((t),u(t)) that keep track
of how the states z(¢) change due to 1nputs (t through func-
tions f, along with output relations y(¢ ( ) that
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determine the outputs y(t) due to (¢) and u(t) through func-
tions h. We proceed by casting the governing SOA equations
into this state—space form. Rearranging the propagation equa-
tions (1) and (2), we have

gi(N,P,Q, z,t)P;(z,t) = <Oéi + %) Pi(z,t)  (5)
and

ad
gj(N,P,Q,Z,t)Q;-t = <:|:_ + O!j) jS + Rsp,j(N,Z,t).

0z
(6)
Substituting (5) and (6) into the stimulated emission terms of
the rate equation (3), we get
ON(z,t)
ot
g
0z

+ o;

Z hw;

a"'aj Q;—(th)+

Pi(Z,t)

(-0}

N

0
_5_’_0%.

dN(t)

Pi(Lvt) — Pi(ovt)
hwiL
Qj_(L/t) - Q;_(Ot)

hij

+ [Qj(ovt) B Q;(L7t>

hij

Oéipi(t)
hwi
L% Q}’(f/)]

hwj

a;Q; ()
+ D @®
hw]'
where the overbars indicate length-averaged quantities, for
example

_ A1 [E
Pit) 2 Z/0 Py(z,1)0z. )

For (8) to be useful in producing a state-space model, it must
have an analytical closed form, so there must exist analytical
closed-form solutions for P;(z,t) and Q;-t(z, t). Hence, the so-
lutions to (1) and (2) (the output relations) and (8) (the state
update equation) constitute the general state—space form for any
set of gains g(N, P, Q, z,t), with state N (¢), inputs P(0, ) and
Q*(0,t), and outputs P(L,t) and Q* (L, t).

C. Solving the Propagation Equation With Gain Compression

For rational gain compression [13] in the multichannel case,
we have for each channel ¢

oPi(z,t) 9i(N, z,t)P;(z,t) B
0z 1+¢ [P,L-(z,t) + Ei(z,t)]

a;Pi(z,t) (10)
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where ¢; is the gain compression factor that accounts for spectral
hole burning and carrier heating [20], [21], and where

m 1
Si(z, ) 2 Y Pe(z )+ Y _[QF (2.0 +QF (2] ()
o
is used to emphasize that the sum of remaining channels k& # 4
and ASE is an unknown function in z. Equation (10) is an ordi-
nary differential equation in z, specifically an Abel equation of
the second type, class A. Although certain forms of Abel equa-
tions are analytically solvable, to our knowledge this particular
one (10) has no analytical closed-form solution due to the pres-
ence of the ¥;(z, ¢) term, even with clever algebraic rearrange-
ment as in the appendix of [25]. Even if we restrict the model to
only one single channel or total optical power, (10) reduces to
0z 14+ eP(z,t)
which again is an Abel equation (second type, class A) without
a closed-form solution.
Because rational gain compression is analytically in-
tractable, we turn to polynomial gain compression [13] in the

multichannel case with form

M = gi(N,z,t)Pi(z,t)(l — € [Pi(z,t) + Ei(z,t)])

0z
—OéiPi(Z, t) (13)

where again (11) is used for the remaining channels k& # 7 and
ASE. This ordinary differential equation in z (13) is a Bernoulli
equation that has an analytical solution, but the solution con-
tains indefinite integrals without explicitly known integrands in
9i(N, z,t) and ¥;(z,t), and therefore cannot be used to find
a definite P;(z,t); the indefinite integrals persist even in the
single-channel case with ;(0,¢) = 0.

From the previous analysis, we conclude that two assump-
tions are necessary to include nonlinear gain compression in a
state—space model. The first assumption is that N(z,t) = N ()
so that g(N, z,t) = g(N,t). Because the final state—space form
collapses the SOA into a lumped input—output device, this first
assumption is not restrictive to our model. The second assump-
tion is that gain compression acts via the inversion level density
N (t) and that direct coupling via 3;(z,) can be ignored. This
second assumption is potentially more restrictive, but the com-
pression factors ¢; could be exaggerated to compensate for the
additional compression contributed by the other signal channels.
Furthermore, a single channel can be used to represent the total
power of several channels if the channels have roughly equal op-
erating parameters and the gain dispersion over their frequency
span is relatively flat. With these two assumptions the solution
to the propagation equation (13) is

i=1

12)

Pi(z,t) = Pi(0,)(9i(N, 1) — i)

X | (gi(N,t) — a;)e~los(Nt)—ailz

+ 61— e7 VD=l 0, (N, 1) Pi(0, 1)

(14)
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which is definite and therefore usable with the carrier rate (8).
Note that when ¢; = 0, we recover the output relation

Py(z,t) = P;(0,t)elos (V-0 el (15)

which is the uncompressed model of [6]. Using (14), the average

power levels in the SOA are

_

cigi(N, 1) (el V-0=db — 1) Py(0, 1)
QL(N7 t) — Oy

Pi(t) =

xIn|1l+

(16)

Because length integration collapses the SOA into a length-
symmetric lumped device, forward and backward propagating
ASE powers are indistinguishable inside the cavity. Hence, we
take Q;(z,t) £ QF (2,t) = Q; (2,t) for z € (0, L). The solu-
tion for (2, t) is obtained from (2) with the same assumptions
as for P;(z,t)

Gj(N7t) +Cj(N7t)(Pj(N'/Z?t)

Qil=1) = 2,9, (N. 1)

7)

where

GJ(N7t) égj(Nvt)_aj (18a)
G(N,b) 2 \/4ejgj(N, £)Repj (N, 1) + G2(N,t) (18b)

©j(N,z,1) £ tanh [M + arctanh(fj(N’ t))]

2 G(N,t)
(18¢)

&(N,t) £26;9;(N,1)Q;(0,t) — G;(N,1). (18d)

Averaging over the device length, we have

Ej (N7t) ‘Ej (]\T7t)
L [cj(N,w + 1} [c;-(m) - 1]
L [0j(N, L,t)+1][¢;(N, L,t)—1]

1
X ——————.
26jgj(N7 t)

+G(N, 1)

19)

D. State—Space Model

The final state—space model consists of the m + 1 output re-
lations

Pi(L,t) = P;(0,t)(gi(N. 1) — a;)
X [(gi(N, ) = ay)e”borthm el
+ 61',(1 _ e—[gz'(]\T,t)—ou']L)gi(Z\[7 t)E(O,t)] -
(20)

1

and i ASE equations

Gj(N7t) +Cj(N7t)(pj(N7L7t)

Qi) = 2¢g;(N, 1)

1)



KUNTZE et al.: NONLINEAR STATE-SPACE MODEL OF SOAS WITH GAIN COMPRESSION

along with the state update equation

dN(t)  I(t) 4
1 - P(O t) Oéipi(t)
Z; th + hw; )
4 [ Q4(L,t) — Qj(0,t Q]
A ; ( hwj - hugj)> @2)

which contains (16) and (19)—(21).
Single-pass gains g;(N,t) are often taken to be linear in the
literature
9i(N,t) = Tia;i(N(t) — Niyi) (23)
although logarithmic forms are more accurate over the full range
of carrier densities [24]

N + Ns,i

9:(N.1) Nox + Nox

= Fz a; In (24)

In these gains, I" is the modal confinement fraction, a is the in-
cremental gain parameter, Ny, is the transparent carrier density,
and Nj is a fitting parameter [24]; each parameter may be varied
over the channels 7 to model spectral gain dispersion. Similarly,
nonradiative recombination may assume the simpler form

(25)

where a single recombination time constant 7. is used, or the
more complete form [24]

R(N,t) = RyN(t) + RgN2(t) + ReN3(t)  (26)
where R4 B c are recombination coefficients. We are now
ready to verify and apply this new state—space model described
by (20)-(22).

III. MODEL VERIFICATION

Here, we employ pump—probe experiments and simulations
to verify the accuracy of the state—space model. The data from
pump-probe experiments are richer than digital pulse experi-
ments because they reveal system dynamics over a wider range
of time scales and are not limited by modulator rise times or de-
tector bandwidths.

A. Experiment and Simulation

The essential aspects of the pump—probe experiment are con-
veyed in the schematic Fig. 1; the complete experiment config-
uration is described in detail in [26]. A Ti:sapphire-pumped op-
tical parametric oscillator produced a train of nearly transform-
limited laser pulses (150 fs full width half maximum, 13-ns pe-
riod) at 1560 nm. The pulses were split into high-energy pump
and low-energy probe pulses that were then frequency-shifted
from each other so that they could be distinguished at the de-
tector. For each pump—probe pulse pair, the pump pulse entered
the SOA first and induced an impulse response; the following
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Fig. 1. Essential components of the pump—probe experiment necessary for

state—space simulation.
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Fig. 2. Experimental and simulated gain curves of a multiquantum-well SOA.
The gain parameters T'a, Ny,, and N, are adjusted so that the calculated gain
matches the experimental gain.

probe pulse was then variably delayed and its relative transmis-
sion used to measure the output and carrier dynamics of the SOA
due to the pump pulse. Accounting for the insertion loss of the
SOA, the pump pulse delivered approximately 1 pJ of energy at
the input while the probe pulse delivered 0.1 pJ [27]. We ver-
ified our state—space model by replicating these essential ex-
perimental elements in simulation. Using a 2-ps window about
the center of each pump pulse, the rate equation (22) was in-
tegrated with a resolution of 10 fs over a duration of 1.5 ns to
produce a complete time response of the SOA induced by in-
jected pump pulses at a given bias. Then, at 10-ps increments
across the 1.5 ns of the pump response, we carried out delayed
probe integrations using the pump response’s inversion density
N(t = 6t — 1 ps) as the initial state for each probe integration
(2-ps windows were employed about the centers of the probe
pulses). The outputs were calculated with the output relation
(20). ASE was modeled with a single ASE channel. This simu-
lation method is fast and efficient by leveraging the state—space
model and its capability of setting initial states.
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Fig. 3. Experimental and simulated pump—probe responses of a multiquantum-
well SOA at bias currents of 30, 50, and 70 mA. Inset: bias-dependent values of
gain compression € used to fit the model.

B. Device and Model Parameters

The SOA under test was an antireflection-coated
multiquantum-well ridge-waveguide architecture
with  five Inggo5Gag.195As0.8Pp.2 active layers and

Ing.505Gag.195A80.405P0.595 barriers grown by chemical beam
epitaxy on an InP substrate [27]. Its electroluminescence
peak was near 1560 nm as determined by measurements of
its ASE spectrum [27]. The remaining physical dimensions
and parameters are given in Table I. To match the model
parameters to the experimental device, we first matched the net
gain curves as a function of bias current as shown in Fig. 2.
In the laboratory, net gain was measured by comparing input
and output pulse magnitudes at very low input powers within
the linear regime of the SOA. For the model, we set the input
power to zero, found the equilibrium carrier density Ny, and
then calculated

net(N) = g(N,t) — « 27
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Fig. 4. Comparison of compressed and noncompressed state—space models of
[6] (with ASE added) and [11] at 70 mA. The compressed model achieves a sig-
nificantly better fit with experiment when the gain curves of Fig. 2 are properly
matched over the gain regime.

where g(N,t) is the single-pass gain of the sole signal channel
using the logarithmic gain form (24). We then used the co-
efficients of the polynomial nonradiative recombination (26)
and the gain compression factor € as fitting parameters in the
pump—probe simulation to set the magnitude and time constant
of the response: increasing ¢ dampens the magnitude and slows
the time constant, while increasing R4 (and to a lesser extent
Rp and R¢) has the opposite effect. If the gain curve fit was
upset, we iterated until suitable gain curve and pump—probe fits
were obtained; the final values are listed in Table 1.

There is some disagreement between the observed and simu-
lated gain curves at low bias: the observed gain curve exhibits
an inflection point around 10 mA. We attribute this low-bias
disagreement to diode parasitics and current leakage [28] ef-
fects that are pronounced below threshold and that are not mod-
eled—the quantity I(¢) we set is the direct active region cur-
rent and is not subject to parasitic electronic effects. However,
there is excellent fit over the positive gain regime where the SOA
would normally operate.

C. Experiment—Model Comparison

Fig. 3 shows general experiment-model agreement over a
range of bias points. In the gain regime, the response magnitudes
and recovery time constants agree well between experiment and
simulation; fitted values of € are shown in the inset. The initial
spikes in the experimental data that last < 1 ps are due to in-
stantaneous two-photon absorption and ultrafast carrier heating,
phenomena not captured in the governing SOA equations nor
the resulting state—space model. However, up to 100 GHz, the
state—space model performs extremely well.

By contrast, Fig. 4 demonstrates the inadequate modeling by
the noncompressed models of [6] (with ASE added) and [11] at
70 mA: with the gain curve fit of Fig. 2, the noncompressed
model greatly overestimates the response magnitude and re-
covery time constant compared to the compressed model. Sim-
ilar overestimations are present at the other bias points.
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(a)
P(0,t) P(L,t)
data SOA -
channels
controller [
(b)
P(0,t) P(L,t)
2o(0,) SOA
PO (07 t) + .
Py(0,0) + k P(L,0)

Fig. 5. Feedback controller using total input—output optical powers: (a) general
control scheme, and (b) constant output feedback controller simulated in Fig. 6.

IV. OpTICAL FEEDBACK CONTROL FOR
CONSTANT OUTPUT POWER

With the compressed model qualified, we apply it to design
a controller that regulates total output power to protect devices
and detectors downstream from power transients. We have
shown [6] that maintaining constant output power keeps the
inversion carrier density constant, which, in turn, decouples
the data channels and suppresses interchannel crosstalk; a
controller operating on total input and output powers in a multi-
channel system will have the same effect even if the individual
channels are not resolved by the controller.

Fig. 5(a) illustrates a general total-power control scheme. The
total power is measured at the output, sent to the control circuit,
and the resulting control signal is added to the data channels on
a separate control channel Py (0, t) so that the total input power
into the SOA is

P(Oat) = 20(07t> + PO(O*,t)' (28)

Fig. 6 shows a numerical integration of the compressed
model’s response to a series of 20% and 40% optical modula-
tions (representing one and two-channel adds/drops for a group
of five channels) as shown in Fig. 6(c) when using the constant
feedback controller of Fig. 5(b)

Py(0,t) = Py(0,0) + k[P(L,t) — P(L,0)].  (29)
With this constant feedback, the output power is given by
Py = P I+ VB = [+ e g
2fa
where
fa :G(Nvt)[zo(ovt)+P0(070) _kP(L/O)] (31a)
Jo =kG(N, 1) (31b)
_ —ervr . I fa[l — e VL]
fe=G(N,t)e + ) (3lc)
fa =keg(N,t)[L — e N10E), (31d)
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Fig. 6. Regulation of the total output power, using the control scheme
of Fig. 5(b) with constant controller & = —10: (a) total optical output,
(b) inversion carrier density, and (c) data channel optical input.

We design k = —10 for ¥((0,0) = Py(0,0) = 1 mW; the bias
current is set to a constant 70 mA. The total output power in
Fig. 6(a) is kept relatively constant because the population inver-
sion density in Fig. 6(b) is held constant by the optical feedback
channel, despite data channel adds/drops in Fig. 6(c). This con-
troller could be realized by tapping off a small percentage of the
output light, collecting it with a broadband photodetector, and
driving a laser of frequency w;—¢ through a high-speed differen-
tial amplifier [29] with a reference calibrated to a desired output
P(L,0).

V. CONCLUSION

In summary, a new SOA state—space model with polynomial
gain compression was derived from a generalized state—space
model. The model behaved as expected in comparison with the
previously verified uncompressed model—gain was suppressed
and recovery time increased. The compressed model achieved
significantly better agreement to experimental pump—probe data
than previous noncompressed models. We employed the model
to design an output power regulator that maintained a relatively
constant output power despite disturbances at the input. This
model could be used to design and analyze a variety of control
schemes or evaluate communication system performance.
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