848

A Noncooperative Game Approach to OSNR Optimization
in Optical Networks

Lacra Pavel

Abstract—We consider a game theory framework for power control in
optical networks. Channel optical signal-to-noise ratio (OSNR) optimiza-
tion is formulated as an m-player noncooperative game, based on a gen-
eral network OSNR model. Conditions for existence and uniqueness of the
game equilibrium solution are given. An iterative algorithm for power con-
trol is proposed, that uses only channel specific feedback measurements and
is shown to converge to the equilibrium solution.

Index Terms—Game theory, iterative power control, Nash games, optical
networks.

[. INTRODUCTION

Optimization-based approach for control of communication net-
works has attracted considerable attention in recent years. Game-the-
oretic models have been employed for flow optimization (congestion
control) and power control allocation in wireless networks. There
exists a rich literature on these problems as reflected in works such as
[21-[41, (8], [10], [20].

Control of optical networks via an optimization-based approach is a
new area for which there is not much known to date. This area is placed
in the context of evolution of optical communications from statically
designed, point-to-point links, toward wavelength-division multiplexed
(WDM) networks. Essential problems are stability and optimal channel
performance in optical networks of general topology, online reconfig-
urable [12], [19]. These are some of the interesting questions that can be
formulated and addressed within the rigorous control theory approach,
[14], [15].

In this note we formulate a game-theoretic model for optical
networks, specifically related to channel optical signal-to-noise ratio
(OSNR) optimization. We introduce the problem from the mathemat-
ical model and game formulation. We follow by establishing existence
of an equilibrium and giving conditions for its uniqueness, and then
developing iterative control algorithms. Existent OSNR approaches,
either static [7] or heuristic online procedures, [6], are developed for
single links, not appropriate for reconfigurable optical networks. In
large-scale optical networks it is difficult to maintain a centralized
information system. In this sense cooperation among channels is
impractical, and this leads to our approach based on noncooperative
game theory [5] as a suitable framework. This problem is similar to
power control via noncooperative game approaches in wireless net-
works, a topic which has been explored extensively in works such as
[2], [8], and [20]. The problem needs to be formulated and addressed
separately for optical networks, as there are several differences when
compared to wireless networks [2], [8]. In wireless networks, channels
are characterized by uncoupled loss/gain with single Tx to Rx links.
Optical networks have specific features: cascaded amplified spans,
accumulation and self-generation of optical noise, cross-talk and
possible coupling and saturation [1].
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Considering these differences and specific physical features of op-
tical networks, relevant questions that we address in this note are: what
is a natural way of formulating a tractable OSNR optimization game
in optical networks of general topology? How is this game compared
to the SIR optimization game in wireless networks? Is there a natural
decomposition that leads to iterative algorithms with provable conver-
gence, decentralized with respect to channels?

The main contribution of this note is to formulate and efficiently
solve a noncooperative game in optical networks, toward optimizing
channel OSNR. This appears to be the first work on this problem,
for which a short version appeared in [16]. We concentrate firstly on
problem formulation, derivation of the mathematical model and justi-
fication of the assumptions. We show that although based on different
physical mechanisms, the OSNR model in optical networks is math-
ematically similar to the SIR model in wireless networks [2], [8], but
has a richer system matrix structure for which the results from wireless
cannot be applied. Conditions for uniqueness of the Nash equilibrium
as well as proof techniques and conditions for selecting pricing param-
eters are different, in this sense generalizing the results in [2]. Our work
provides a starting point for future contributions in the area of optical
network control.

The note is organized as follows. In Section II, we develop a network
OSNR model. In Section III, we formulate a noncooperative game be-
tween channels toward maximizing OSNR. We define channel utility
as a logarithmic function that reflects channel’s preference for OSNR,
and a pricing function linear in transmitter power. We explicitly char-
acterize the Nash equilibrium and give conditions for its uniqueness
for the general network model. In Section IV we introduce an iterative
power control algorithm that converges to the Nash equilibrium, and
we discuss some pricing strategies. In Sections V and VI, we give a
numerical example and conclusions.

II. NETWORK OSNR MODEL

Consider a network with a set of optical links £ = {1,..., L} con-
necting the optical nodes, where channel add/drop is realized. A set
M = {1,...,m} of channels are transmitted, corresponding to a set
of multiplexed wavelengths. A link { has /N, cascaded optically am-
plified spans. Let M, be the set of channels transmitted over link /.
For a channel i € M we denote by R; its optical path, or collec-
tion of links, from source (Tx) to destination (Rx). Let u; be the ith
channel input optical power (at Tx), andu = [u1, . .., u,]7 the vector
of all channels’ input powers. Let s; be the ¢th channel output power
(at Rx), and n; the optical noise power (in the ¢th channel bandwidth)
at Rx. The ith channel optical signal-to-noise ratio (OSNR) is defined
as OSNR; = s;/n;. We develop a network OSNR model, extending
the single link model in [7].

Each kth span in /th link is composed of optical fiber with wave-
length independent loss L; ., and an optical amplifier with wavelength
dependent gain Gy . ;. Channel ¢ transmission is [7]

hl,k,i = Gl,k,i Ll,k Vk=1,...,N. D

Optical amplifiers simultaneously amplify many channels, but intro-
duce spontaneous emission noise (ASE), [21]. ASE is wavelength-de-
pendent and accumulates across cascaded amplifiers. At kth amplifier
on /th link, ASE power for the ith channel is given as [1]

ASE; i =20,y [Gri,i — 1) hy; B, 2)
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where ng, > 1 is amplifier excess noise factor, i is Planck constant,
B, is optical bandwidth, and v; is optical frequency corresponding to
wavelength ¢. As in [7] we assume that
A.i.1) ASE noise power does not participate in amplifier gain satu-
ration.
If noise power at amplifier input is v;,;, then noise power at ampli-
fier output is [1], [7]

Vout,i = Vin,i Glks + ASEk ;. 3)

We consider only forward propagation of signal and noise in
steady-state, [7], i.e., we do not consider amplifier gain dynamics,
[21], [18]. This is justified for an OSNR optimization problem where
power adjustments need to be made at steady-state, after updating
network topology.

Lemma 1: Let p; 1., vk, denote signal and noise power, respec-
tively, at the output of the kth span on /th link. Let u;, no,; denote the
ith channel’s signal and noise power, respectively, at Tx. Under (A.i.1),
the ith channel OSNR, along a path R;, is given as

u;

OSNR; = 4
al T ASFE,
noit+ D D FmTa— H, ., =
167, k=1 [[,_ Taui kot
while
Dik,i =pi0,iH ik
N, k
vk =v10,iH ik + ZASEI,r,i H higi Q)
—1 g=rt1

where H, 1 ; = H];:1 hiq.i, Tii = Hy n, i, are the intermediary and
full Ith link transmission.

Proof: The proof follows by recursively using (1) and (3) (see
[16] and [17]). [ |

When the network is in steady-state, optical amplifiers are typically
operated in automatic power control (APC) mode, [1]: The same total
power is launched into each span of a link, this uniform distribution
limiting the nonlinear effects [11]. In what follows, we also assume
that

A.i.2) all the amplifiers in a link have the same spectral shape, with

the same total power target.

A.1.2) is representative for uniformly designed optical links, [1]. All
optical spans in a link use fiber with the same loss coefficient, hence the
same span length is supported before optical amplification is needed.
APC mode ensures equal span launching power Fj 7, selected below
the threshold for nonlinear effects, [7], [11]. Then, at the output of each
span

Z pri; = Poy

JEM,

VieR;, Vk=1,...,N. (6)

This leads to a more complex mathematical model; the inherent
scaling on the total power translates into coupling between all chan-
nels” powers; OSNR depends on all channels’ powers.

Lemma 2: Under A.i.1) and A.i.2), the OSNR for the ¢th channel is
given as

u;

noi+ 3 Tiju,
e

OSNR; = Vie M ©)
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where the full (m X m) system matrix I' = [T'; ;] is defined as

-1
( Tyj
q=1 Ty
andI'; ; = 0,if j e M.

Proof: Using (5) and the notations in Lemma 1 recursively into
(6) yields

Ny G;C )
B

lER; k=1

jEM;

ASE[,k’;
Po:

-1
> <H Tq,j> H ., uj=PFP, VYIeER,. (8)

JEM \g=1

Since all amplifiers in a link have the same shape by A.i.2), Gi k.,
can be decomposed as Gy ,x,; = Gi,i - ok, Where oy g is the loss of a
variable optical filter, adjusted to achieve constant total output power
Py i, [7]. Then, using this with (1) and notations in Lemma 1 yields

k
k N .
Hi..=Gp, H Qiq Qg = g Lig. 9)

q=1

Substituting (9) for H; % ; into (8) we can find the wavelength inde-
pendent part as

L P
[Taw.= °£11 VIERi, k=1,...,N,.
q=1 ) > ij (qul Tq-,f)“‘j
JEM,
(10)
Using (9), (10) and Lemma 1, it follows that OSNR, (4), can be
rewritten as (7). |

Note that in [17], this approach is used to include the cross-talk ac-
cumulation generated at the optical nodes, in addition to ASE noise
accumulation.

III. NETWORK OSNR OPTIMIZATION: NONCOOPERATIVE GAME
FORMULATION

Next, we use Lemma 2 to formulate the network OSNR optimization
problem as a noncooperative game, [13], [S]. Each channel is a player
that minimizes its own cost function (or maximizes its utility function),
by adjusting its transmission power, in response to the other channels’
actions. Recall that u denotes the vector of channel input powers and
denote by u_; the vector obtained by deleting the :th element from u,
Uy = [U1 e tUizt, Uit .- um]lv. The relevant concept is the non-
cooperative Nash equilibrium (NE) [13], [5].

Definition 1: Consider an m-player game, with each player mini-
mizing the cost function .J;, over u; € [0, umax]. Then a vector u* is
called a Nash equilibrium (NE) solution of this game if

Ji(u") < inf
( ) T U €0, Umax]

Ji(uiauii) Yi.

Thus u” is an NE when u; is solves individual optimization problem
J;, given all channels on its path have equilibrium power levels, u” ;.
Existence of an NE solution depends on existence of a common inter-
section point for all players’ reaction curves, [5]; uniqueness depends
on the specific problem. In the following, we show that while similar
in some respects to wireless case [2], [8], the NE solution for optical
networks needs a more general uniqueness condition.
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We define a channel utility function U; that reflects the channel’s
preference for maximizing OSNR;. We define also a linear pricing
term, so that each channel : minimizes the cost function

Ji(ui,u_;) = o u; — BiUi(ug,u_y), u; € [0, Umax]

1D

where channel power is limited to be below some ¢ .« threshold on
transmitter power. In the above, «;, 3; are channel specific parameters,
that quantify the willingness to pay the price and the desire to maximize
its OSNR, respectively. Linear pricing is justified by recognizing that
increasing the power may in fact degrade the OSNR of other channels,
as seen from Lemma 2.

We consider an utility function appropriately defined for optical net-
works that is a generalization of the one used in [2]. The following
assumptions are used.

A.ii.1) The utility function U; is a continuously differentiable func-
tion in u;, monotone increasing and strictly concave in u;.
A.ii.2) u; = 0, u; = Uymax are not solutions to the minimization of
the cost function J;.
We construct a utility function that satisfies A.ii.1) and A.ii.2).
Rewrite OSNR,; (7) as

Uu;

OSNR;, = ————
: X_i+Tiiu

with X_; = Zl‘i,j u;+no,; (12)
FE

where X _; denotes the total interference on channel ith due to other
channels’ power.

Note that OSNR;, (12), is a strictly increasing function with respect
to u;, and tends to 1/T; ;, for infinite channel power. Even though a
different physical mechanism is present (ASE noise accummulation),
relation (12) bears a striking similarity with the wireless SIR model,
[2], [8]. The system matrix in the SIR model [2], [8] has a special struc-
ture with equal rows, which was instrumental in the uniqueness results.
In contrast, for optical networks I' (Lemma 2) is a full general struc-
ture matrix, with coupling due to all channels and all spans. Moreover,
OSNR;; is no longer a linear function of «; and unlike the wireless case,
a direct logarithmic utility of SNR cannot be used. For the general full
matrix I', we define a more general utility function

a; >0 (13)

U, =In <1 + a; OSNR. )

1-T;; OSNR;

where a; is a channel specific parameter. Note that (13) is monotone
in OSNR, so that maximizing utility is related to maximizing channel
OSNR. Equivalently, using (12)

w;
’71_21 1 7
U n< —|—aX >

where X _; is given as in (12), as a function of the full system-matrix T.
This dependence will be instrumental in the following results. There-
fore, the cost function to be minimized is

14

Ji(ui,u_;) = oau; — 35 1n <1 + a; Y ) (15)

From (14), it follows immediately that U; satisfies A.ii.1). Using (15),
it can be shown that there exists a nonempty interval from which to
select 3; /«v;, such that A.ii.2) holds.

The following result characterizes the Nash equilibrium (NE) solu-
tion.
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Theorem 3: The m-player game problem with individual cost func-
tions .J;, (15), admits a unique NE solution u* if a; are selected such
that

Zri’j < a; Vi.

J#

16)

Proof: From (11), (15) and A.ii.1) it follows directly that
9%.J;/Ou;® > 0. Since the cost function .J; is strictly convex in u.,
there exists a minimizing u;, for any given u_;, such that

J(ui,uy) < J(u;,u_;) Yu; # u;
on the closed and bounded (compact) set [0, *max]. Furthermore, by
A.i.2), u] is inner.
To find «} we solve the necessary conditions d.J; /0u; = 0. From
(15), we obtain

a; B

23

T+ X5 = Vi 17)

a; u;

which defines the ith player’s reaction curve. From [5, Th. 4.3], the
vector solution of (17) is an NE solution to the m-player game. Use
the definition of X*;, (12), to rewrite (17) as

Equivalently, in matrix form, this is written as

Tu" =b (18)

where matrix I' and vector b are defined as I = [T, ;] and b = [bi]

with
~ a;,
L= T,

Therefore, a unique NE solution u* exists if the matrix Tis invertible.
Recall that T" is a positive-entry matrix. If (16) holds, then I" (18) is
strlctly diagonally dominant; from Gershgorin’s Theorem [9] it follows
that T is invertible, and the unique NE solution is u* = =T b |

Remark 1: ForagivenT', the a; factors can be selected such that the
diagonal dominance condition (16) holds on I'. If T" is itself diagonal
dominant, then a possible choice is a; = I'; ;. Once I" changes (e.g.,
upon reconfiguration) these factors can be adjusted to satisfy (16).

Remark 2: For the special case when fi,j =1,a; = L, (16) re-
covers the simple condition in [2]. However for a full system matrix I,
the general condition in Theorem 3 is needed.

j=1i N
J# ' @;

IV. NETWORK OSNR OPTIMIZATION: ITERATIVE ALGORITHM

Next, we propose a decentralized iterative algorithm, and we show
that this algorithm converges to the NE solution if the diagonal domi-
nance condition in Theorem 3 holds. Consider

Bi X i(n)

o a;

ui(n+1) = Vi (19)

as recursive relation for updating transmitter power level, based on (17).
Thus, (19) corresponds to a parallel adjustment scheme, [5], whereby
each player responds optimally to the previously selected action of the
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other players. Relation (19) requires the total interference factor X _;,
which from (12) depends on all channel powers, u;, and all channel
gains, i.e., centralized information. However using (12) we can express
(19) in terms of OSNR, , i.e.,

3, 1 1
i 1)=20 = — — I Jui(n).
uiln+1) o a; <OSNR,i(n) ) uin)

(20)
This corresponds to a decentralized algorithm, since the only informa-
tion fedback is the individual channel OS N R;, which can be measured
in real-time, and the channel “gain,” I'; ;.
The following result gives convergence conditions for this algorithm.
Lemma 4: 1f (16) holds, then algorithm (20) converges to the NE
solution.
Proof: Let e;(n) = wui(n) — u; where u* = [u]] is the NE
solution. Using (17), (19), and (20) yields

1
ci(n+1)=—=—3% Ti;e;(n) @n
'

so that

1
1) |lece=max|e;(n + 1)|<max| — L le:(n
[ e(n+1)] miv\|{’ (n+ )|_m?x<ai ; ,]|(’](n)|>

where we used the fact that T' is component-wise positive. Using
Jes(m)] <)l e(n) [l VJ yields

1
| e(n+1) ||o< max <a_ ZF,;J) [| e(n) ||s -

"
Using (16) on the right-hand side of the foregoing yields

I e(n+1) [leo<ll €(n) [l Vn=0,1,2,....

By a contraction mapping argument this shows that e(rn) — 0 and
u(n) — u”.
]

A. Discussion on Pricing Strategies

Next we discuss parameter selection via pricing strategies, for the
logarithmic utility (15).

1) Proportional Pricing: This is the case when pricing parameters
«; are selected to be proportional to the system matrix entry for channel
i, T ;,1.e.,, a; = T'; ;k;, and all 3; are equal to 1. We will show that the
scaling factors k; can be selected such that all channel achieve some
desired OSNR level, ~; . Using this with (12) and (17) for the NE so-
lution, we can write

1, . ;1 ,
—u; = (T —ai)u; + a2 Vi.
o : Ty ks
In matrix vector form, we have
Tu" =v with X =diag(er,...,€...6m) v=J[vi] (22)

where e; = 1/ + a; — [';;, and v; = (a;/T;;)(1/k;). Using the
NE solution, (18), u* =T' b, and b = v — ng, we get after some
manipulation

(23)
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assuming that €; # 0. Then if p(T £71) < 1, where p is the matrix
spectral radius, (23) has a unique solution v. Moreover, for ¢; = € # 0,
using (22), we can rewrite this condition as an upper bound condition
on the desired OSNR level 7;, i.e.,

i< «; Vi. (24)
p(T)+ (Tii — as)
Therefore, if (24) holds v can be uniquely found as in (23), and hence
the k; factors can be found such that the desired OSNR level ~v; is
achieved. This corresponds to a centralized pricing strategy, and as in
[2], shows the trade-off between “gain” of the system matrix, in terms
of the spectral radius, and the level of OSNR achieved. Unlike [2],
for the general model I" these parameters and the upper bound for the
desired OSNR level are different for each channel.
2) Decentralized Pricing: For the case when 3; can be adjusted
individually, we can show that if 3; satisfies the lower and upper bounds
; 1+ (a; =Ty o o
pi> 1-Tvr ai X
g < ) I
b < a—l Umax | @; +Z .7 | +no

i

Vi

then each channel will achieve at least ~;, i.e., OSNR,; > ~;, with
u; < Umax at each iteration.

3) Minimum OSNR Level: Finally, consider the case when all
Ui = Umax and OSNR; > ~min. Using (7), it can be shown that a
sufficient condition for this is

1

Ymin S — <
max; <Z F,;yj)
J

which shows the tradeoff between minimum achievable OSNR, ~iin,
and the norm (gain) of system matrix I'. Unlike the wireless case, [2],
the system matrix I" plays an essential role, i.e., we cannot obtain a
condition independent of the system matrix.

V. NUMERICAL EXAMPLE

A MATLAB simulation was used for a basic network configuration
[Fig. 1(a)] with three links, ten amplified spans per link, each optical
amplifier with a parabolic gain profile as in [7]. Assume that initially
only six channels were present and the optimal power vector was ob-
tained as in [7], for equal 23 dB OSNR. At step n = 100 the net-
work is reconfigured and two new channels 7 and 8 are added to pass
only through link /5. With transmitter powers maintained as before,
the OSNR for the existing channels has a sudden drop at » = 100 [see
Fig. 1(b)], due to the extra channels sharing the link. If the iterative
algorithm (20), with 3; = 1, a; = I';; and «; proportional to ['; ;,
is used to adjust all channel powers, channel OSNR levels converge to
new steady-state values [Fig. 1(b)], and all of them satisfy the goal of
at least 20 dB.

VI. CONCLUSION

In this note, we developed a framework for OSNR optimization in
optical networks via a game theory approach. The optical OSNR model
leads to a system matrix with a more general structure than in wireless
networks. Under some reasonable assumptions on the utility function,
we obtained uniqueness conditions and explicit expression for Nash
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OSNR vs Time

OSNR (dB)

17

ch1
ch2
ch3
ch4
chb
ché
ch?
chsg

| 1 | | 1 | I

100

(@)

Fig. 1. (a) Example network configuration. (b) OSNR evolution in time.

equilibrium. We developed an iterative network power control algo-
rithm, based on decentralized feedback of channel parameters, and we
shown it converges to the Nash equilibrium. It would be interesting to
explore whether such an approach can be extended to other elements
in addition to optical amplifiers. Another possible direction is adding
extra constraints on the total power, as a capacity constraint so that non-
linearity is limited. Optical networks present new challenging questions
for control and game theory. We hope that this study would initiate fur-
ther research in the area.
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