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Dynamics and stability in optical communication networks:
a system theory framework�
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Abstract

This paper addresses the problem of dynamics analysis in optical networks from a system control perspective. A general framework for
-nding the transfer matrix representation of an optical network is developed, based on linear fractional transformations. Under the natural
assumption of equal time-delay for all channels in a link, the network transfer matrix is simpli-ed such that channel cross-coupling is
evidenced. The optical network stability problem is then reformulated as a robust stability problem and stability conditions are developed
by applying �-analysis.
? 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In the context of evolution from optical point-to-point
communication links towards recon-gurable optical net-
works, dynamic aspects in optical networks have started to
be considered very recently, as in Bala and Brackett (1996),
Mukherjee (2000) and Barnes (2002). Recon-gurable opti-
cal networks operate in a dynamic environment, with exist-
ing channels being continuously in-service while network
recon-guration (channel add/drop) is being performed.
Such optical networks are in fact large-scale, time-delay
dynamical systems, with channel add/drop acting as a dis-
turbance for the existent channels. This paper addresses the
problem of dynamic response analysis in optical networks
from a system and control theory perspective.
In optical communications, information is transmitted by

modulating the optical power of light pulses of a speci-c fre-
quency (wavelength). Multichannel optical systems are re-
alized by wavelength division multiplexing (WDM), which
consists of several sources multiplexed in the wavelength
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domain. Optical signals, corresponding to multiple channels
at diCerent wavelengths, are transmitted together on a single
optical -ber. Each channel’s information is recovered at the
receiver after demultiplexing and conversion from optical
to electrical domain. An essential parameter in determining
the performance of an optical communication system is the
optical power per channel. Optical signals experience power
loss during propagation through an optical -ber, which is
compensated by using optical ampli-ers every few tens
of km.
The need to study dynamics and dynamic eCects in opti-

cal networks is motivated by two important facts. Firstly, the
presence of optical ampli-ers which have active control, to-
gether with their operation in recon-guration scenarios intro-
duces a time-dependent component. The most widely used
multichannel optical ampli-er is the Erbium-doped -ber
ampli-er (EDFA), -rstly studied from a dynamical point of
view in Sun, Zyskind, and Srivastava (1997). Due to their
slow gain-dynamics, EDFAs do not introduce any channel
cross-talk (cross-coupling), at the high bit-rates used in op-
tical communications. EDFAs react only to variation in av-
erage optical signal power. However in dynamically recon-
-gurable networks, channel add/drop and hence changes in
optical signal power, occur on time-scales comparable with
the EDFA time-constant. This requires consideration of dy-
namics as well as transient control in optical ampli-ers, see
for example Sun et al. (1997), Srivastava, Sun, Zyskind, and
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SulhoC (1997) and Pavel (2003). Other devices such as dy-
namic equalizing -lters (see Ford & Walker, 1998), are also
used to adjust optical power pro-le in wavelength domain.
This enables all channels to reach the receiver with equal
optical power, and hence with equal optical signal-to-noise
ratio. ECectively, an optical link is a multivariable dynam-
ical system composed from cascaded dynamical optical
elements.
Secondly, for recon-gurable optical networks, mesh type

con-gurations can be realized, not only link con-gurations.
Since channel routes can be changed dynamically via chan-
nel add/drop or switching, closed cycles can be formed, (see
Bala & Brackett, 1996), and time-delay eCects need to be
considered. Network recon-guration, failures or protection
switching can cause abrupt changes in optical power across
some wavelengths, which can be transferred to other wave-
lengths. Due to dynamic cross-coupling eCects as well as
due to propagation time-delay, for ring-type con-gurations,
bursts of power Iuctuations occur, resulting in possible net-
work instability. This was shown recently in simulation and
experimental studies, as in Yoo, Xin, and Garrett (1998),
Kim, Bae, Joon Ahn, and Park (2000), Pavel (2002). The
resulting dynamic behavior of such a network is complex
and, to the best of our knowledge, no analytical network
dynamics studies exist.
In conventional switched communication networks, dy-

namics is an important aspect of the data-layer, in terms of
traOc congestion, control and stability, (see Altman, Basar,
& Srikant, 1999; Alpcan & Basar, 2002; Wang & Paganini,
2002). In these networks, channels are characterized by
static loss/gain only. Given the inherent dynamics of an op-
tical link, optical network dynamics is an important aspect
even at the physical layer. The analytical study of optical
network dynamics is the problem considered in this paper.
For tractability, linearized models are assumed.
The paper is organized as follows. In Section 2, we formu-

late the problem for a generic optical network in ring-type
con-guration. In Section 3, we -nd the network transfer
matrix, in terms of a modi-ed RedheCer star-product with
propagation delay feedback. We specialize these results for
transient response analysis under channel add/drop. In Sec-
tion 4, we address the network stability by reformulating
it as a robust stability problem and resorting to �-analysis.
Simulation results are shown in Section 5, with conclusions
being given in Section 6.

2. Problem formulation

The following general notations are de-ned. Assume as
in general network theory, (see Anderson, 1973), that the
optical network is characterized by a set of nodes, a set of
optical links L={1; : : : ; L} connecting the nodes, and a set
of channels, M = {1; : : : ; m}. Optical add-drop multiplex-
ers (OADM) that are used to separate and recombine wave-
length channels, constitute network nodes. The input to each

Fig. 1. Optical network—quasi-ring con-guration.

Fig. 2. Quasi-ring con-guration: schematic and optical paths.

optical link is either from optical sources (Tx) or from other
optical links, via the OADM (switching) nodes. In what fol-
lows, we consider a generic optical network con-guration as
in Fig. 1, corresponding to three OADM nodes. The topol-
ogy is schematically shown in Fig. 2, with the correspond-
ing optical paths. Such a ring-type topology, with partially
closed loops being formed between channel optical paths, is
called a quasi-ring topology. It is representative for selected
paths extracted from a mesh con-guration, and it is simi-
lar to those considered in network recon-guration studies,
(see Bala & Brackett, 1996; Yoo et al., 1998; Pavel, 2002).
Special cases of completely closed ring con-gurations (see
Kim et al., 2000), can be realized by modi-cations of this
diagram. We assume the m channels are separated in two
wavelength sets, �1 and �2, each with m1 and m2 channels,

�1 = {�1;1; : : : ; �1;m1}; �2 = {�2;1; : : : ; �2;m2}: (1)

This partitioning in two sets is the simplest case that can evi-
dence coupling between channels. Without loss of generality
we assume that �1 and �2 sets are ordered. From Fig. 1, chan-
nels �1 are added (transmitted) at the Tx1 site (OADM1)
and dropped (received) at the Rx1 site (OADM3). Channels
�2 are added at the Tx2 site (OADM2) and dropped at the
Rx2 site (OADM2).
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We denote by Nl the number of optical spans in link
l∈L, with Nl ∈N;N = {1; : : : ; N}. Each optical link
between two adjacent OADM nodes has several optically
ampli-ed spans. An optically ampli-ed span consists of
optical -ber and in-line optical ampli-ers or dynamic opti-
cal ampli-ers. An in-line optical ampli-er is controlled to
maintain either a constant launched average output power
or a constant gain. Around an operating point de-ned by the
nominal average channel power, the linearized model is de-
noted by GOA. GOA is a MIMO, square LTI transfer matrix,
(see Sun et al., 1997; Pavel, 2003), with high-pass diago-
nal terms and low-pass oC-diagonal terms, and with typical
time-constants of 1–10 ms. Thus, on time-scales relevant to
network recon-guration, channel cross-coupling can exist.
Dynamic optical ampli-ers are realized by combining op-
tical ampli-ers with dynamic gain equalizer -lters (DGE).
These -lters with spectrally adjustable attenuation are used
for dynamically equalizing channel powers, as in Ford and
Walker (1998) and Pavel (2003).
In what follows, we assume that an optical span is de-

scribed by an overall transfer matrix, combining the transfer
matrices of optical ampli-ers, -lters, and -ber.
Let u and y denote the vectors of average optical power

at the network input and output, respectively, partitioned
accordingly to the two wavelength sets, �1; �2,

u =

[
u1

u2

]
; y =

[
y1

y2

]
; u1;2; y1;2 ∈Rm1; 2 : (2)

Based on this setup, we formulate the problem of -nding the
transfer matrix between u and y, (2), for the optical network
(Figs. 1 or 2). Furthermore, we seek to study cross-coupling
eCects between the two groups of wavelengths, and also to
analyze the network stability.
As notation, let a square LTI system G be given as

G :

{
ẋ = Ax + Bug;

yg = Cx + Dug;
G(s) =

[
A|B
C|D

]
; (3)

where x ∈Rn is the state vector, ug; yg ∈Rm are the input
and output vectors, respectively. We use the standard equiv-
alence between state-space and transfer matrix G(s), with
the variable s being often omitted for simplicity. As in (2),
let ug; yg, (3), be partitioned as

ug =

[
ug1

ug2

]
; yg =

[
yg1

yg2

]
; ug; yg ∈R(m1+m2): (4)

From the system G; yg=Gug, we de-ne a related system, G̃,
that maps the same input vector, ug, to the reversed output
vector, ỹg, such that

ỹg = G̃ ug; ỹg =

[
yg2

yg1

]
; ỹg ∈R(m2+m1): (5)

Notice that in state-space representation, systems G and G̃
have the same state equations, and only the output equations
are reversed, i.e., as input–output relationship

G̃ =

[
0 Im2

Im1 0

]
G: (6)

3. Optical network transfer matrix

In this section we -nd a closed form of the optical net-
work transfer matrix. We start by -nding optical span and
optical link transfer matrices. We show how the distributed
multichannel time-delay can be lumped on a link-by-link
basis. The network transfer matrix is then determined by ap-
plying linear fractional techniques. Next we show that net-
work dynamics depends explicitly on time-delay along the
optical path and on channel group cross-coupling across the
network.
Consider the general con-guration in Fig. 1, with nota-

tions as in the previous section. Recall that each optical link
between two adjacent optical add-drop sites (nodes), is com-
posed of cascading several optically ampli-ed spans. Across
an optical span, between any two optical ampli-er sites, op-
tical signals experience power loss and delay due to propa-
gation through the optical -ber. Let us(t) and ys(t) denote
the optical power vector at the input and at the output of an
optical span, respectively. Then the following relation holds

ys;1(t)

...

ys;m(t)

=


�1 · · · 0

. . .

0 · · · �m




us;1(t − �1)

...

us;m(t − �m)

 ; (7)

where �i and �i; i = 1; : : : ; m, are channel -ber loss coeO-
cients and propagation time-delays, respectively.
Channel -ber loss coeOcients are typically the same and

are denoted here by �. With respect to the propagation
time-delay we use the following assumption.
(A1): All channels in an optical span (link) experience

essentially the same propagation time-delay.
This is justi-ed as follows. In an optical span (link), diCer-

ent channels (wavelengths) share the optical -ber and travel
across the same distance. Since optical spans have typical
lengths of tens of kilometers, propagation-induced delay is
on the order of fractions of ms. Due to chromatic disper-
sion, (see Agrawal, 2002), diCerent wavelengths travel with
slightly diCerent speeds and experience slightly diCerent de-
lays. However, for adequate receiver detection, dispersion
management techniques are used periodically in any opti-
cal system, see Agrawal (2002). As a result, dispersion in-
duced delay (pulse broadening) is maintained at a fraction
of the bit period (typically fractions of ns). Thus, on net-
work recon-guration time-scales, from �s to hundreds of
ms, dispersion-induced delay diCerences are negligible com-
pared to the average propagation delay, and (A1) is valid.
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From (7) and (A1) it follows that

ys(s) = �D�(s)us(s); D�(s) = e−�sIm; (8)

where � and � are the -ber loss coeOcient and the propaga-
tion delay, respectively.
Recall that an optical ampli-er is described by a MIMO

LTI transfer matrix, denoted GOA, (see Sun et al., 1997;
Pavel, 2003). Let G(k)(s), denote the transfer matrix of the
kth optically ampli-ed span, that combines the optical am-
pli-er transfer matrix (GOA), and the -ber loss coeOcient
(�). Then the overall span transfer matrix, including the de-
lay eCects, is given as

GD; (k)(s) = G(k)(s)D�(s); (9)

where D�(s) is de-ned in (8). For an optical link with N
optically ampli-ed spans, the link transfer is given next.

Lemma 1. Consider an optical link realized by a series in-
terconnection of N optical spans, each span having a trans-
fer matrix, GD; (k)(s), (9), corresponding to a time-delay
� per span, by (A1). Then the optical link has a transfer
matrix SD(s) given as

SD(s) =DN (s)S(s);

where S(s) =
∏N

k=1 G(k)(s); DN (s) = e−(N�)sIm.

Proof. We use the fact that in any LTI system, G(s), when
all channels have the same time-delay, then delay at the
input is equivalent to delay at the output, i.e.,

G(s)D�(s) =D�(s)G(s): (10)

For an optical link with N spans we have

SD(s) =
N∏

k=1

GD; (k)(s); (11)

which, using (9) and (10), can be rewritten as

SD(s) =
N∏

k=1

G(k)(s)
N∏

k=1

D�(s): (12)

The result follows immediately using
∏N

k=1 D�(s) =
e−(N�)sIm and the given notations.

Lemma 1 shows that under (A1), the distributed
time-delays can be lumped together on a link-by-link basis.
With this result, let PD; QD and XD be the optical link

transfer matrices in Fig. 1, be given as in Lemma 1. Recall
that u and y, (2), denote the network input and output optical
power vectors, partitioned accordingly to �1 and �2. Then
the equivalent network block diagram for Fig. 1 is shown
in Fig. 3.
The following result gives a closed-form for the optical

network transfer matrix (Fig. 4).

Fig. 3. Optical network block-diagram.

Fig. 4. Two-port network representation.

Fig. 5.

Theorem 2. Under (A1) the optical network transfer ma-
trix, T, of Fig. 1 (Fig. 3),[

y1

y2

]
=T

[
u1

u2

]
is

T=

[
0 Im1

Im2 0

]
R

([
0 Im2

Im1 0

]
PD;

[
0 XD

Im1 0

]
QD

)
;

where PD; QD, and XD denote the optical link transfer
matrices as in Lemma 1, and R(·; ·) is the Redhe9er
star-product (see Zhou, Doyle, & Glover, 1996).

Proof. We prove this result by rearranging the network
block diagram in Fig. 3 in a convenient way and then ap-
plying linear fractional techniques. By combining each half
of an add-drop site with the adjacent optical link, Fig. 3 can
be redrawn as in Fig. 5.
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Fig. 6. Network representation: star-product con-guration.

Fig. 5 is equivalent to the interconnected system in Fig. 6.
This is seen by switching the output order of PD and using
(5) for the reversed output system, P̃D.
The closed-loop system in Fig. 6 is described by[
y2

y1

]
= R(P̃D; R̃D)

[
u1

u2

]

with R(; ) the RedheCer star-product and R̃D de-ned as

R̃D =

[
XD 0

0 Im1

]
Q̃D: (13)

Therefore[
y1

y2

]
=

[
0 Im1

Im2 0

]
R(P̃D; R̃D)

[
u1

u2

]
(14)

and the result follows by using (13), and the de-nition of
the reversed output systems P̃D and Q̃D as in (6).

Remark 1. Theorem 2 gives a closed form for the trans-
fer matrix of the optical network as a two-port system.
This expression is particularly useful as it is based on lin-
ear fractional transformations (LFT) with their interconnec-
tion properties, (see Zhou et al., 1996). This result could be
used to -nd directly the optical network state-space repre-
sentation. Alternatively, a scattering-matrix representation
can be found as in the case of electrical networks (see
Anderson, 1973).

Remark 2. Theorem 2 is developed for a generic network
as in Fig. 1 (or Fig. 2), where add and drop is done via
three OADM nodes. It can be shown that any possible
quasi-closed cycle con-guration that involves coupling be-
tween two groups of wavelengths can be reduced to this
con-guration, and hence to Theorem 2.

Fig. 7. Quasi-ring con-guration (four nodes).

For example, one possible con-guration has two nodes,
and add-drop is done at the same site (as for OADM2). This
is a special case of Fig. 1 (Fig. 3), that can be obtained by
setting XD = Im2 in Fig. 3 and Theorem 2.
Another possible con-guration has four nodes (see

Fig. 7), where each group is added and dropped at a dif-
ferent node. This can be reduced to Fig. 3, by using Fig.
7 and Fig. 2. In this case, group �1 propagates through an
extra link, XD;1, similar to the �2 group propagating via the
XD link in Fig. 3. The network transfer matrix is given as
in Theorem 2 with PD replaced by

P̂D =

[
XD;1 0

0 Im2

]
PD:

More complex con-gurations could be studied by decom-
position into basic con-gurations as in Fig. 2 (or Fig. 1),
followed by interconnection of the two-port forms (Fig. 4),
and use of LFT properties. Such an example diagram is
shown in Fig. 8(a) and (b).

Remark 3. An alternative transfer matrix representation of
the network can be obtained by using the connection ma-
trix concept as in switched communications networks (see
Alpcan & Basar, 2002; Wang & Paganini, 2002). We in-
dicate next how to obtain such an overall description. The
input to each of the L links is either from sources or from
other links. De-ne an (L×m) source-to-link connection ma-
trix F , that maps source channels to links, with

Fj; i =


1 if channel source i

uses link j;

0 otherwise

i ∈M; j ∈L (15)

and a diagonal (m × m) link-to-link interconnection matrix,
Hl;j, with the diagonal element for channel i

hl; j(i) =


1 if link j is connected

to link l;

0 otherwise:

i ∈M; l; j ∈L:

(16)
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Fig. 8. More complex con-guration: (a) decomposition, (b) two-port
interconnection.

Then it can be shown that for all the links we can write

uL = HxyL + Fxu; (17)

with

uL =


uL1

...

uLL

 ; uLj =


uLj; 1

...

uLj;m


and similar for yL; yLj . In (17), uL; yL are the augmented,
mL-dimensional, link input and output vectors, while Hx; Fx

are the full block matrices for link-to-link and source-to-link
interconnection.Hx andFx can be de-ned appropriately from
Hl;j, (16), and Fj; i, (15), respectively. From Lemma 1, for
link l we have yLl =SD; l(s)uLl , so that yL(s)=SD; x(s)uL(s)
with

SD; x(s) =


SD;1(s) · · · 0

. . .

0 · · · SD;L(s)

 : (18)

Similarly to Hx; Fx, we can de-ne a link-to-output connec-
tion matrix, Jx, so that

y = JxyL: (19)

Using (17)–(19), the network transfer matrix between u and
y can be written as

T(s) = Jx(ImL − SD; x(s)Hx)−1SD; xFxu: (20)

This is a general representation, that has however a large
inner dimensionality, i.e., (mL×mL) as opposed to (m×m).
In addition it does not provide a direct way of analyzing
stability, nor any direct insight into network dynamics as
given by Theorem 2.
In what follows, we use Theorem 2 to show that network

dynamics depends explicitly on the coupling between the
two groups, and on the total network time-delay. Recall
Fig. 3 and partition PD and QD accordingly to �1; �2

PD =

[
PD;11 PD;12

PD;21 PD;22

]
; QD =

[
QD;11 QD;12

QD;21 QD;22

]
: (21)

Assuming that the optical links PD; QD and XD are com-
posed of N1; N2 and N3 optical -ber spans, respectively, then
from Lemma 1 we have

PD(s) =DN1 (s)P(s); QD(s) =DN2 (s)Q(s);

XD(s) =DN3 (s)X (s);
(22)

where P;Q; X are link transfer matrices without delay

P(s) =
N1∏
k=1

G(k)(s); Q(s) =
N2∏
k=1

G(k)(s);

X (s) =
N3∏
k=1

G(k);22(s);

andDNi(s)=e−(Ni�)sIm. Then, an equivalent network transfer
matrix is given next.

Theorem 3. Under (A1), for the system PD; QD as in (21),
the overall network transfer matrixT between u and y can
be represented as[

y1

y2

]
=T

[
u1

u2

]
; T=

[
T11 T12

T21 T22

]

with Tij ; i; j = 1; 2 being de:ned as

T11 = QD;11$DPD;11;

T12 = QD;12 + QD;11PD;12$̃DXDQD;22;

T21 = PD;21 + PD;22XDQD;21$DPD;11;

T22 = PD;22$̃DXDQD;22 (23)

and $D; $̃D being sensitivity-like transfer matrices

$D = (I − PD;12XDQD;21)−1;

$̃D = (I − XDQD;21PD;12)−1:
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Proof. Recall from Zhou et al. (1996), that for two corre-
spondingly partitioned systems G and H

G =

[
G11 G12

G21 G22

]
; H =

[
H11 H12

H21 H22

]

the RedheCer star-product, R(G;H) is de-ned as

R(G;H)

=

[
Fl(G;H11) G12(I − H11G22)−1H12

H21(I − G22H11)−1G21 Fu(H;G22)

]
;

where Fl(G;H11) (Fu(H;G22)) is the lower (upper) linear
fractional transformation (LFT)

Fl(G;H11) = G11 + G12H11(I − G22H11)−1G21;

Fu(H;G22) = H22 + H21G22(I − H11G22)−1H12:

Then using Theorem 2 and (21) it follows that

R(P̃D; R̃D) =

[
Fl(P̃D; XDQD;21) PD;22$̃DXDQD;22

QD;11$DPD;11 Fu(R̃D; PD;12)

]
;

where

Fl(P̃D; XDQD;21) = PD;21 + PD;22XDQD;21$DPD;11;

Fu(R̃D; PD;12) = QD;12 + QD;11PD;12$̃DXDQD;22

and R̃D and $D; $̃D as in (13), (23), were used. Then the
result follows immediately.

Note that typically link transfer matrices Qi;j; Pi; j ; i; j =
1; 2; ; i �= j are strictly proper. This follows since the ampli-
-er transfer matrix (see Sun et al., 1997; Pavel, 2003), does
not have any high-frequency cross-talk. Therefore, since
both $D and $̃D exist, the above network representation is
well-de-ned as a star-product.
Based on star-product properties, an optical network

state-space representation can be found, by using state-space
descriptions of individual optical spans (links) and an LTI
approximation for the pure time-delay part.

Remark 4. Theorem 3 provides insight into the network
dynamics. Note that coupling between the two sets of wave-
length is due to the cross-transfer matrices across optical
links, e.g., Q12 and P21. When these cross-term factors are
identically null for all frequencies, there is no wavelength
coupling, equivalent to the network transfer matrix having a
block diagonal form. This means that there will be no delay
induced eCects to be propagated from one group to another,
corresponding to perfect decoupling between channels. This
is the case of typical electrical switched networks, which do
not have link dynamics, but only static gain coeOcients.

Remark 5. Note that the distributed time-delay in (23) can
be lumped along a path using Lemma 1 as in (22). For
example for the T12 matrix block we can write

T12 =DN2 (Q12 +DNtQ11P12$̃DXQ22);

where DNt = e−Nt�; Nt = N1 + N2 + N3, and �t = Nt� is the
total network propagation delay.

Remark 6. Theorem 3 can be used to study network tran-
sient response at dynamic recon-guration (sudden channel
add/drop). Cross-talk between two groups of wavelengths
can be regarded as a disturbance rejection problem in fre-
quency domain, with performance given by the H∞ norm
of the oC-diagonal terms in (23). For the case of dynamic
power changes on channels in �2, the eCect on the channels
in �1 set, i.e., on y1, can be determined by using the transfer
matrix from u2 to y1;T12, and its H∞ norm, since

‖y1‖2 = ‖T12‖∞‖u2‖2:

4. Stability analysis framework

In addition to being useful for analyzing optical network
dynamic response, Theorem 3 can be used to address the
optical network stability analysis. This problem will be con-
sidered in this section, by reformulating it as a robust sta-
bility problem and solving it via �-analysis.
An underlying basic assumption is that all optical links

are stable systems, so that from (23) in Theorem 3 it follows
that the internal stability of the overall optical network is
equivalent to stability of $D, (23),

$D = (I − PD;12XDQD;21)−1: (24)

Conditions for stability of $D, (24), can be found by rep-
resenting it in a feedback con-guration as in Fig. 9(a), and
by applying the standard small gain theorem.
Speci-cally, $D is internally stable if and only if the

H∞ norm of the loop-transfer matrix is less than unity. Ap-
plying Lemma 1 to individual terms in (24), we separate

Fig. 9. Loop con-guration for network stability.
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the time-delay blocks as in (22), and lump them as

Dt = e−�t sIm1 ; �t = (N1 + N2 + N3) ∗ �; (25)

where �t in (25) is the total propagation delay. We also
de-ne the loop-transfer matrix:

L = P12XQ21: (26)

The equivalent representation of Fig. 9(a) is given in
Fig. 9(b), where the MIMO loop-transfer matrix L is con-
nected by feedback via the time-delay block Dt . General
stability results do not exists for such a problem in the
multivariable case.
A possible approach is to use an LTI approximation for

the time-delay part, such as Pad Ue approximation. This ap-
proach is taken in the following. The basic idea is to isolate
the unknown time-delay as a real block diagonal uncertainty,
to rearrange the system in a M' structure, where M is the
transfer matrix from the output to the input of the perturba-
tion, and then to use robust stability and �-analysis results.

Theorem 4. Under (A1), optical network stability in Fig. 3
(or Fig. 5) is equivalent to robust stability of the closed-loop
system in Fig. 10(b). Therefore, the closed-loop system is
stable if and only if

sup
!

�'(M (j!))¡* ∀w (27)

for all ' such that ‖'‖∞6 1
* , where

M (s) = Fl(Gx;Pade(s); L(s))

is assumed stable, with L(s) being the loop transfer matrix,
(26), and Gx;Pade(s) the nominal Pad<e approximation ofDt ,
(25).

Proof. Recall that the equivalent representation for network
stability analysis is shown in Fig. 9(b), with L;Dt as in
(26),(25). Let the delay �t be expressed as

�t = �0 + ,0,; ,∈ [ − 1; 1] (28)

with �0 nominal delay, ,0 a known scalar, and , an un-
known, bounded real scalar. Let a single-channel delay e−�t s

be approximated by a PadUe LTI system, HPade(s), which is
expressed as an upper LFT of a generalized plant Gg;Pade by
a real uncertainty ,

HPade(s) = Fu(Gg;Pade(s); ,):

Under (A1), the multichannel delay, Dt(s), Fig. 9(b), is
expressed therefore as

Hx;Pade(s) = Fu(Gx;Pade(s); '); ' = , ∗ Im1

Fig. 10. M' con-guration for network stability.

with ,∈ [ − 1; 1], and Gx;Pade(s), block-diagonal as

Gx;Pade(s) =


Gg;Pade(s) · · · 0

. . .

0 · · · Gg;Pade(s)

 :

Then the con-guration in Fig. 9(b) is equivalent to Fig.
10(a), and the result follows from standard small gain the-
orem and �-analysis theory, (see Packard & Doyle, 1993;
Zhou et al., 1996). Since the block diagrams in Fig. 10(a)
and (b) are equivalent, stability of the closed-loop system
in Fig. 10(a) is equivalent to robust stability of the system
in Fig. 10(b), assuming that

M = Fl(Gx;Pade; L)

is stable. Then use of robust stability condition (27) ensures
network stability.

Remark 7. Note that a state-space realization for the gener-
alized plant Gg;Pade can be found depending on the approx-
imation order, i.e., on the order of HPade(s). For example,
for a -rst-order PadUe approximation

HPade(s) =
−�ts=2 + 1
�ts=2 + 1

we have

Gg;Pade(s) =

[
Ag|Bg

Cg|Dg

]
with

Ag = − 2
�0

; Bg =
[

−,0
�0

4
�0

]
;

Cg =

− 2
�0
1

 ; Dg =

−,0
�0

4
�0

0 −1

 :
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Remark 8. This robust stability problem is in the class of
repeated real diagonal perturbations, i.e., uncertainty in each
channel is identical. The � value gives the magnitude of the
tolerated perturbation before instability,

‖'‖∞6
1
*l

;

where *l is the peak of the � lower bound, (see Packard
& Doyle, 1993). This gives the maximum delay X�, (28), or
maximum path length, before instability,

X� = �0 + ,0
1
*l

:

Theorem 4 is the -rst theoretical result for optical network
stability, based on a linearized model. An interesting ex-
tension would be to use a nonlinear model and Lyapunov
techniques for time-delay systems (see Niculescu, 2001).

5. Simulation results

Consider a network con-guration as in Fig. 1, with twelve
optical dynamic ampli-er spans, each span of approximately
70 km, corresponding to about �= 0:33 ms delay. The net-
work has 80 wavelengths grouped in 10 sub-bands propagat-
ing across a total 12×70 km loop, resulting in a total nomi-
nal delay of about �0=4 ms. Each dynamic optical ampli-er
is composed of an optical ampli-er (EDFA) and a DGE,
which is modeled as a wavelength decoupled system. Each
EDFA is modeled as a (10×10) MIMO transfer matrix with
high-pass diagonal terms, and low-pass oC-diagonal terms.
We assume that the two groups �1 and �2 are equal, and

are added at t=−∞ so that at t=0 the system has reached
equilibrium. At t = 50 �s a sudden increase in power oc-
curs on the �2 group with a 1:5 dB tilt. Results are shown in
Fig. 11(a) and (b) for the case when the loop time-delay
(loop path length) is varied. For the case when time-delay
is four times larger �t = 16 ms, Fig. 11(b), the network be-
comes unstable, with sustained bursts of power Iuctuations
or oscillations. This corresponds to previous results on phys-
ical networks, (see Kim et al., 2000; Pavel, 2002). Using
Theorem 4, we can obtain an estimate of the maximum delay
before instability. Numerical calculation using the � toolbox
in Matlab gives � = 1:05 yielding a destabilizing perturba-
tion of X�t ≈ 15 ms. This shows that Theorem 4 provides a
good estimate although slightly conservative.

6. Conclusions

In this paper, we have developed an analytical approach
for studying dynamic behavior in optical networks. To our
knowledge, this represents the -rst theoretical study of dy-
namic response in optical networks, from a control theory
perspective. Such a problem is extremely complex as the op-
tical network is a large-scale multivariable, interconnected
system, with distributed time-delays. This work is relevant

Fig. 11. Simulation results for: (a) nominal, (b) four times larger
time-delay.

for recon-gurable optical networks where closed cycles, af-
fected by time-delay, can be formed.
We found a closed-form expression of the network

transfer matrix, by resorting to linear fractional transfor-
mation techniques. Under the natural assumption of equal
time-delay for all channels in a link this expression was sim-
pli-ed such that cross-coupling is evidenced. We derived
some network stability conditions, obtained by reformulat-
ing the problem as a robust stability problem and resorting to
�-analysis.
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