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Abstract

This paper presents an application of control theory towards suppressing cross-gain modulation effects in erbium doped fiber

amplifiers (EDFAs). These effects arise due to sudden input power changes at network reconfiguration or system faults. An extended

nonlinear model of the EDFA is derived, including amplified spontaneous emission (ASE). Two novel EDFA control applications are

developed and compared: one based on L2 nonlinear control and the other based on optimized gain scheduling. The design of each

control law is subject to realistic physical constraints as encountered in industrial application.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Regarded as the greatest innovation since optical fiber in
the past decade, the erbium doped fiber amplifier (EDFA)
has revolutionized the optical communication industry by
enabling amplification of many lightwave channels simul-
taneously (Ramaswami & Sivarajan, 2002). An EDFA is
an optical fiber usually a few meters in length that has been
doped with erbium ions ðEr3þÞ (Giles & Desurvire, 1991).
However, there are a number of challenges that must be
overcome as WDM optical networks are transformed from
static point-to-point systems into dynamic, reconfigurable
networks, and EDFA control is one such challenge. When
information is dynamically routed through fiber links
(Ramaswami & Sivarajan, 2002), data channels are
expected to be added and dropped at designated points
in the network with minimal power transients occurring
(Srivastava, Sun, Zyskind, & Sulhoff, 1997; Sun &
Srivastava et al., 1997). During channel add/drop, the
EDFA suffers from cross-gain modulation which induces
e front matter r 2007 Elsevier Ltd. All rights reserved.
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power transients on surviving channels (Sun, Zyskind, &
Srivastava, 1997). These unwanted power transients are
detrimental to channel performance and control schemes
have been realized to reduce them (Ding & Pavel, 2005;
Motoshima et al., 1997, 2001; Sun & Zyskind et al., 1997).
Though effective, these methods lack a systematic con-
sideration of plant characteristics, virtually all being based
on conventional proportional-integral-derivative (PID)
and linearization techniques. The EDFA is a nonlinear,
multivariable system, whose behavior is highly dependent
on its operating point. Thus, there is a need for more
systematic and sophisticated control that results in robust
and dynamic EDFA devices operating over a wide range of
conditions. This is the problem that is addressed in this
paper. Preliminary results appeared in Stefanovic and
Pavel (2005) and Ding and Pavel (2005).
Current control design approaches start with a linearized

EDFA model and ignore the amplified spontaneous emission
(ASE) noise. The EDFA model is developed here as a full
nonlinear system with ASE. Based on this extended,
nonlinear EDFA model, two control schemes are developed.
The first one is a nonlinear L2 control scheme based on
(Doyle, Francis, & Tannenbaum, 1993; Doyle, Glover,
Khargonekar, & Francis, 1989; Khalil, 2002; Lu & Doyle,
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1993; van der Schaft, 1991, 1992) that minimizes the variation
of the average inversion level. This ensures that the channel
gains remain constant. The second control scheme is used for
comparison and it is an optimized gain scheduling approach.
Instead of interpolating among several pre-designed con-
trollers, a single parameterized PID controller is derived
based on the known EDFA system model. The two control
schemes are compared via simulations. The L2 nonlinear
control shows promising results when compared to the gain
scheduled PID, producing faster and smoother transient
responses. This paper presents an example of a practical
industrial problem tackled by using L2 nonlinear control.

This paper is organized as follows. In Section 2, an
extended EDFA model is developed that includes the effect
of ASE. In Section 3, the design specifications are stated
and the two control schemes are developed. Simulation
results from the two schemes are compared and contrasted
in Section 4, followed by conclusions.
2. Plant specification and modeling

2.1. EDFA model with ASE

In this section, a state-space model for the EDFA
including the ASE contribution is developed. As a starting
point, the steady-state nonlinear model (Feng et al., 2002)
and the basic propagation and rate equations in Giles and
Desurvire (1991) are used. This new extended EDFA
model will be used for control design.

The basic mechanisms in an EDFA are stimulated emission,
which amplifies the signal, and spontaneous emission, which
causes noise (Agrawal, 1997; Giles & Desurvire, 1991). ASE is
the result of excited atoms releasing energy without stimulus
from the input channel powers and it produces noise
(Ramaswami & Sivarajan, 2002). ASE can have a significant
effect under certain conditions of EDFA operation and
manifests itself prominently with higher average inversion
levels (Agrawal, 1997). A large channel drop increases the
magnitude of the ASE present on the output channels.

Let niðr;f; zÞ for i ¼ 1; 2; t denote the ground state,
excited state and total erbium ion populations, respectively,
with n1 þ n2 ¼ nt. Also, let ik denote the normalized optical
intensity. Here r is the radius, f is the azimuth angle, and z

is the distance along the EDFA fiber (Giles & Desurvire,
1991). PkðzÞ will denote the power of the kth beam of light,
or the channel power, as a function of distance along the
EDFA fiber. Let nk denote the frequency of the light beam
centered at lk ¼ c=nk and sak and sek are the absorption
and emission cross sections, respectively.

The EDFA rate and propagation equations (Giles &
Desurvire, 1991) are

dn2

dt
¼
X

k

Pkiksak

hnk

n1ðr;f; zÞ �
X

k

Pkiksek

hnk

n2ðr;f; zÞ

�
n2ðr;f; zÞ

to

, ð1Þ
qPk

qz
¼ uksek

Z 2p

0

Z 1
0

ikðr;fÞn2ðr;f; zÞrdr dfðPkðzÞ þmhnkDnkÞ

� uksak

Z 2p

0

Z 1
0

ikðr;fÞ � n1ðr;f; zÞrdr dfðPkðzÞÞ,

ð2Þ

where t0 is the spontaneous lifetime of the excited erbium
atoms, uk represents either the forward ðþ1Þ or reverse
ð�1Þ direction of propagation through the EDFA. m

represents the number of modes in the fiber, and set to 2
here. Dnk represents the effective noise bandwidth, and is
set to 100GHz here.
Eqs. (1) and (2) by themselves cannot be used for

control. In Feng et al. (2002), a model was derived that
includes an ASE term, but it was not placed in state-space
form, nor was the ASE term used. In Appendix, a new
extended EDFA model with ASE in state-space form is
derived, given in its final form as

_x ¼ �
x

to

�
1

ztoL

X
k

�gkmDnkLxþ uk

�gkmDnkx

ðak þ gkÞx� ak

��

�ð1� eukfðakþgkÞx�akgLÞ þ ðeukfðakþgkÞx�akgL � 1ÞQin
k

��
,

Qout
k ¼

�gkmDnkx

ðak þ gkÞx� ak

½1� eukfðakþgkÞx�akgL�

þ eukfðakþgkÞx�akgLQin
k , ð3Þ

where x ¼ N2ðtÞ ¼ 1=L
R L

0
N2ðz; tÞdz is the average inver-

sion defined as the average fraction of atoms in the upper
energy level, and Qin

k and Qout
k represent the normalized

input and output powers of the kth EDFA channels,
respectively.
The standard EDFA model (Sun & Zyskind et al., 1997),

typically used for PID control is

rSL
d

dt
þ

1

to

� �
x ¼ QpumpðtÞ �

XN

k¼1

Qin
k ðtÞfe

½ððgkþakÞx�akÞL� � 1g,

Qout
k ðtÞ ¼ Qin

k ðtÞ e
½ððgkþakÞx�akÞL� k ¼ 1; . . . ;N, ð4Þ

GðtÞ ¼
Qout

totalðtÞ

Qin
totalðtÞ

,

where

Qin
totalðtÞ ¼

XN

k¼1

Qin
k ðtÞ; Qout

totalðtÞ ¼
XN

k¼1

Qout
k ðtÞ

with GðtÞ being the total gain.
The new EDFA model (3) shows some interesting

features when compared to the simplified model (4). There
are two new terms in the state equation, and one new term
in the output equation in (3). These terms are due to ASE
contribution and they are independent of the input power.
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3. Controller designs

In this section the two control schemes are outlined: the
L2 nonlinear control scheme and the gain scheduled PID
control scheme.

3.1. L2 control application

As an objective for the L2 nonlinear control scheme,
consider controlling the average inversion. By keeping the
average inversion constant, the output powers of each
channel remain constant, as seen from (3). The control
signal is the pump power, which typically should not have a
response time faster than 1210ms.

First, background of fundamental L2 control theory is
reviewed. Next, an extended EDFA system model with a
designed performance output equation is constructed.
Finally, the linear H1 control design and the nonlinear
L2 solution is then presented.

3.1.1. L2 nonlinear control background

L2 nonlinear control (Khalil, 2002; Lu & Doyle, 1993;
Pavel, 1996; Pavel & Fairman, 1996; van der Schaft, 1991,
1992) is an extension of H1 control to nonlinear systems.
The objective is to attenuate disturbance effects on the state
and performance outputs. The full information problem
(FI) (Doyle et al., 1989; Lu & Doyle, 1993; Pavel &
Fairman, 1996) system is defined as

_x ¼ f ðxÞ þ g1ðxÞwþ g2ðxÞu;

z ¼ h1ðxÞ þ k11ðxÞwþ k12ðxÞu;

y ¼ ½xT 0�T þ ½0 wT�T:

8><
>: (5)

Here, w, u, z, and y represent the disturbance and control
input, performance, and measured output. For the FI
problem, the state is directly available for measurement.
System (5), has an L2 gain van der Schaft, 1992, g, from w

to z, ifZ T

0

kzðtÞk2 dtpg2
Z T

0

kwðtÞk2 dt, (6)

where k � k denotes a euclidean norm.
Theorem 3.1 of (Pavel, 1996) (or see Pavel & Fairman,

1996) provides a general L2 control solution for the FI
system. This result is used in this paper and is restated
below as Theorem 1.

Theorem 1. Assuming k12ðxÞ has full column rank, and

S1ðxÞo0 8x 2 Rn, where S1ðxÞ ¼ k11ðxÞ
Tk11 � g2I , the L2

control objective is achievable for the FI problem with

feedback u ¼ F21ðxÞ provided that:
(1)
 9V ðxÞX0, V ð0Þ ¼ 0 solution of the Hamilton–Jacobi

inequality (HJI) HFI ðV ;xÞp0, (7), with V xðxÞ denoting

dV ðxÞ=dx:

HFI ðV ; xÞ ¼ VxðxÞf ðxÞ � FT
1ðxÞSðxÞF1ðxÞ þ hT1 ðxÞh1ðxÞ.

ð7Þ
_x ¼ f ðxÞ þ gðxÞF1ðxÞ is asymptotically stable, where
(2)
F1ðxÞ ¼ ½F
T
11ðxÞ FT

21ðxÞ�
T ¼ �S�1ðxÞ

�
1

2
gTðxÞVT

x ðxÞ þ kT
1 ðxÞh1ðxÞ

� �
,

SðxÞ ¼ kT
1 ðxÞk1ðxÞ �

�g2I 0

0 0

" #
,

k1ðxÞ ¼ ½k11ðxÞ k12ðxÞ�;

gðxÞ ¼ ½g1ðxÞ g2ðxÞ�:
3.1.2. FI problem construction for EDFA

In the following, the EDFA model (3) is associated to the
FI problem (5). A standard nonlinear shift will be used
later in the paper to denote x ¼ 0, w ¼ 0 and u ¼ 0 as the
equilibrium point to generate a specific average inversion
level, x0, with particular input powers. The value of the
state x can be directly computed in real-time using
measurements of the input and output powers on a
particular channel.
Next, choose a performance output, z, such that k12ðxÞ

has full column rank and S1ðxÞo0. An appropriate choice
is to attenuate both x and u. Hence set

z ¼ ½xT 0�T þ b½0 uT�T (8)

such that the L2 gain (6) from the disturbance inputs, w, to
the state, x, and pump power, u, is attenuated. Here, b is an
arbitrary scalar, and it is set to unity. HFI ðV ;xÞ (7) is stated
as

HFI ðV ; xÞ ¼ AFI ðxÞ
dV ðxÞ

dx
þ

1

4

dV ðxÞ

dx
QFI ðxÞ

dV ðxÞ

dx
þ RFI ðxÞ,

(9)

where, AFI ðxÞ ¼ f ðxÞ, QFI ðxÞ ¼ ð1=g
2Þg1ðxÞg

T
1 ðxÞ�

g2ðxÞg
T
2 ðxÞ, RFI ðxÞ ¼ x2 and f ðxÞ, g1ðxÞ, g2ðxÞ are appro-

priately defined from the right-hand side of (3) after the
nonlinear shift from x0 (see Table 1).

3.1.3. Linear FI problem solution

It is shown in van der Schaft (1991) that the linearized g
is valid on some neighborhood of the nonlinear system.
Thus, linearizing and solving for g directly, the results will
be extended to the nonlinear system. In the following, the
linear terms of a nonlinear f ðxÞ will be denoted by using a
capital letter, i.e. F. Taking only the linear terms of the
HJE, HFI ðV ; xÞ ¼ 0, (9), the linear Riccati equation is
obtained:

ATPþ PAþ PQFIPþ R ¼ 0. (10)

From basic H1 theory (Doyle et al., 1993), restrict QFIp0
and solve for P40. From this restriction on QFI , an
explicit restriction for g can be written as

gX

ffiffiffiffiffiffiffiffiffiffiffiffi
G1G

T
1

G2G
T
2

s
(11)
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Table 1

Nonlinear EDFA system terms

Terms Expression

f ðxÞ:
�

x

to

�
1

ztoL

P
k �gkmDnkLxþ uk

�gkmDnkx

ðak þ gkÞx� ðak þ ‘kÞ
ð1� eukfðakþgk Þx�ðakþ‘k ÞgLÞ

� �� �
g1ðxÞ: �

1

ztoL
½u1ðe

u1fða1þg1Þx�ða1þ‘1ÞgL � 1Þ . . . uN ðe
uN fðaNþgN Þx�ðaNþ‘N ÞgL � 1Þ�

g2ðxÞ: �
1

ztoL
upumpðe

upumpfðapumpþgpumpÞx�ðapumpþ‘pumpÞgL � 1Þ
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Note that here, G1 and G2 represent the linear parts of
g1ðxÞ and g2ðxÞ and hence are not functions of x, but are
constants. The above relation would not be very useful if a
static, unsatisfactory lower bound for g is given. To address
this, arbitrary scaling is introduced on the pump input and
disturbances. Let the scaled channel power and pump
power disturbances be Dw ¼ X ww and Du ¼ X uu, where
X w and X u are scaling factors. The EDFA model in FI
form (5) is rewritten as

_x ¼ f ðxÞ þ
g1ðxÞ

X w

ðDwÞ þ
g2ðxÞ

X u

ðDuÞ;

z ¼ ½xT 0�T þ ½0 1�TðDuÞ;

y ¼ ½xT 0�T þ ½0 I �TðDwÞ:

8>>><
>>>:

The scaling terms X w and X u are considered as positive
scalar values for simplicity. Based on this scaling, the g
variable can be manipulated. Notice that AFI ðxÞ and RFI ðxÞ

are not affected by the scaling factors. With scaling, (11)
becomes

gX
X u

X w

ffiffiffiffiffiffiffiffiffiffiffiffi
G1G

T
1

G2G
T
2

s
. (12)

The g that achieves equality in (12) represents gmin, the
smallest possible g for a valid solution. The following
expression must be satisfied (van der Schaft, 1991):

kxk2 þ kDuk2pg2kDwk2, (13)

where k � k denotes a Euclidean norm. Now, substituting
gmin from (12) into (13) and using the scaling notation, we
obtain

kxkp
X u

X w

ffiffiffiffiffiffiffiffiffiffiffiffi
G1G

T
1

G2G
T
2

s
þ �

 !
kDwk, (14)

where � is a non-negative value. The controller,
u ¼ �GT

2Px, from (van der Schaft, 1991) solves the
linearized FI problem, and this is a linearization of the
full nonlinear controller in Theorem 1.

3.1.4. Nonlinear FI solution

If the linearized HFI is solved, there exists a neighbor-
hood about the operating point such that (13) is satisfied
for a nonlinear controller (van der Schaft, 1991). A positive
value, 0:2x2, is added to RFI ðxÞ to solve the HJI (9) as a
specific HJE. This is done by extending results in Lukes
(1969) and Pavel (1996) based on Taylor approximation. In
Lukes (1969), it was proven inductively that the solution of
each Taylor term coefficient for V ðxÞ is calculable given the
previous coefficients of V ðxÞ.
Two conditions must be satisfied according to Theorem

1. If the solution of the HJI, HFI ðV ;xÞp0, (9), is found,
then the second condition is that

_x ¼ f ðxÞ þ 1
2
QFI ðxÞV xðxÞ (15)

is asymptotically stable. The first term in (15), f ðxÞ, defined
in (9), has a stable vector field over the state space (Khalil,
2002). If it can be guaranteed that the second term in (15)
has a stable vector field, or an unstable vector field that
does not have sufficient magnitude to overcome the first
term, then the second condition of Theorem 1 is satisfied.
This can be done by examining the geometry of the terms
over the state space.
QFI ðxÞ (9) is manipulated by increasing the g value from

its minimum value, but its multiplicative influence on V xðxÞ

(see Theorem 1 conditions) is unclear because V ðxÞ is not
known in advance. However, a few inferences can be made.
First of all, since the linear part is valid, V ðxÞ will satisfy
V ðx0Þ ¼ 0 and V ðxÞ40 at least in some region around x0.
The shape is parabolic in this region, so that Vxð0Þ ¼ 0 and
VxðxÞo0 for xo0, and VxðxÞ40 for x40 in a neighbor-
hood of x0. If a V ðxÞ can be obtained that looks parabolic,
all that would be necessary is to make QFIo0 8x
(assuming 1

2
QFI ðxÞVxðxÞ is stable, or of sufficiently small

magnitude). From the structure of QFI (9), notice that the
first term is positive, and the second term is negative.
Hence, if the second term dominates the first, then the
objective is achieved. The final nonlinear solution is
obtained by tuning and iteration.

3.2. Gain scheduling control

In this section a gain scheduling PID scheme optimized
for the EDFA at any operating condition is presented. This
will be used for comparison with L2 nonlinear controller.
The design objective is to keep the output power of each
channel constant and to limit the settling time to less than
1ms when up to 97% of the input power is dropped or
added. The real-time information available to this con-
troller is the total input and total output powers since these
are typical measurements used in the industry at amplifier
sites (Pavel, 2003). By maintaining a constant total gain,
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Table 3

The PID controller’s parameters

Parameters Kr t1 t2

PID 33:8oOL

Kp

1

5oOL

3

50oOL
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(4), the gain and the output power of each channel remains
approximately constant.

3.2.1. Plant linearization

Based on (4), a linearized model is generated for a
nominal operating condition (xo, Qo

pump, Go, Qino
k , and

Qouto
k , 8k ¼ 1; 2; . . . ;N). The pump power and the total

gain after linearization are treated as control input ðuÞ and
output ðyÞ:

dxðtÞ

dt
¼ ADxðtÞ þ B1Q

inðtÞ þ B2uðtÞ,

QoutðtÞ ¼ C1DxðtÞ þD11Q
inðtÞ þD12uðtÞ,

yðtÞ ¼ C2DxðtÞ þD21Q
inðtÞ þD22uðtÞ, ð16Þ

where DxðtÞ ¼ xðtÞ � xo, QinðtÞ ¼ QinðtÞ �Qino, uðtÞ ¼

QpumpðtÞ �Qo
pump, Q

outðtÞ ¼ QoutðtÞ �Qouto, yðtÞ ¼ GðtÞ � Go

and all parameters are given in Table 2.
The transfer function from u to y can be rewritten as

GðsÞ ¼ Kp=ðsþ oOLÞ with

Kp ¼

PN
k¼1Qouto

k ðgk þ akÞL

SLrQino
total

,

oOL ¼
1

to

1þ
to

Sr

XN

k¼1

Qouto
k ðgk þ akÞ

( )
ð17Þ

depending on the operating point.
A PID controller in cascade form is designed

PID : KPIDðsÞ ¼ Kr

ð1þ t1sÞð1þ t2sÞ

t1sð1þ 0:1t2sÞ
. (18)

In order to increase the phase margin of the loop-gain
function, GðsÞKPIDðsÞ, from simulations it is found that
t1 ¼ 1=5oOL and t2 ¼ 3=50oOL are optimal. This ensures a
minimum phase margin of 50�. With a simple single-pole
plant, direct calculation by pole placement (Skogestad &
Postlethwaite, 1996) is used. The characteristic equation of
the closed-loop system is given as

t1sð1þ 0:1t2sÞðsþ oOLÞ þ KpKrð1þ t1sÞð1þ t2sÞ ¼ 0.

(19)

Since the dynamics change for different operating condi-
tions Kr is normalized first with respect to oOL. Therefore,
take KpKr chosen to be proportional to oOL, KpKr ¼

CoOL with C a constant to be designed. Using these into
(19), for desired closed-loop poles and the root locus
Table 2

Expressions for the parameters of the linear model of the EDFA

A ¼
�1

to

1þ
to

Sr
PN

k¼1Qino
i eððgkþak Þx

o�ak ÞLðgk þ akÞ

� �
, B1ðk; 1Þ ¼

Qino
k �Qouto

k

Qino
k SLr

, B2

C1ð1; kÞ ¼ Qouto
k ðgk þ akÞL, D11ði; jÞ ¼

Qouto
i

Qino
i

; i ¼ j;

0; else

8><
>: D12 ¼ 0

C2 ¼

PN
k¼1Qouto

k ðgk þ akÞL

Qino
total

, D21ð1; kÞ ¼
eððgkþaiÞxo�ak ÞL

Qino
total

�
Qouto

total

ðQino
totalÞ

2
, D22 ¼ 0
method, the optimal C is found, which places the closed-
loop poles at 7:6oOL; 7:6oOL, and 491oOL. The parameters
of the PID controller are summarized in Table 3.

3.2.2. Gain scheduling

The EDFA model is a highly nonlinear system. For
typical parameter ranges, oOL (17) varies from 1000 rad/s
to 10 000 rad/s. A controller designed for a single operating
point is not sufficient to effectively control the EDFA over
the entire range of operating conditions. Typically, a
classical gain scheduling approach (Rugh, 1991) is based
on linearizing the nonlinear system at several operating
points and designing a linear controller for each point, and
then interpolating, or ‘‘scheduling’’, the linear controllers.
In the EDFA case, interpolation is bypassed because
controller parameters have been derived for any operating
point (Table 3). The plant GðsÞ has its gain and pole (17) as
functions of Qino

k , Qouto
k , and xo. An estimate of Kp and oOL

(17) is obtained from the parameters directly measured, i.e.
Qin

totalðtÞ;Q
out
totalðtÞ and G(t), by first rewriting

Kp ¼
gþ arGo

S
; oOL ¼

1

to

1þ
to

Sr
gþ aQino

totalG
o

� �
,

(20)

where Go ¼ Qouto
total=Qino

total and gþ a ¼
PN

k¼1ðQ
outo
k =Qouto

totalÞ

ðgk þ akÞ. From values of gk and ak, gþ a, attains a value
from 1.28 to 2.91. This value is approximated by the mean
of its attainable range, i.e. 2.09. From (20), the plant can be
represented by two measurable parameters, Qin

totalðtÞ and
GðtÞ, which are used as the scheduling variables.

4. Simulations and discussions

In this section, the open-loop response of the nonlinear
system with ASE (3) is analyzed then the L2 nonlinear
controller and the gain scheduled PID controller are
compared. The following parameters are used in all simula-
tions: channels ¼ 32, channel powers Pin;k ¼ 42:6mW,
¼
1

SLr
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Ppump ¼ 150mW, fiber length L ¼ 13m. The data for the
EDFA are listed in Table 4.
4.1. Open-loop response of EDFA model with ASE

The four major terms of the state equation (3) without
state dynamics are plotted on a logarithmic scale in Fig. 1.
The linear terms are represented by the two parallel
looking plots. The term with the singularity in the middle
is the input power term. The singularity is the result of the
value 0 on a logarithmic scale. This term is the most
dominant. The most interesting plot is given by the
nonlinear ASE term (dotted). It starts as the smallest term,
then grows to be the second largest. Since the input term is
dependent on the input powers, the nonlinear ASE term
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Fig. 1. ASE model state equation terms in steady state.

Table 4

EDFA Parameters, signal and pump bands

(a) EDFA parameters

Core radius 1.8 mm
Er radius 1.7 mm
Er ion density, r 4:33Eþ 24 ions=m3

Metastable lifetime, t 10 ms

Channel separation (for Dn) 0.75 nm

(b) EDFA signal and pump bands

Pump band absorption emission

Wavelength (nm) alpha (dB/m) g� (dB/m)

980 3.229 0

Signal band absorption emission

Wavelength (nm) alpha (dB/m) g� (dB/m)

1530.072 6.49342764 6.3508087

..

. ..
. ..

.

1565.072 1.64433299 3.29519786
may have a significant effect on the state equation for
relatively low input powers at high inversion levels. This
confirms ASE experiments (Desurvire & Simpson, 1989).
Open-loop responses for two main channel drop situa-

tions; 50% and 97% channel drops are shown in Fig. 2.
Fig. 2(c) shows also the full failure case where 100%, or 32
channels, are dropped. Channel add cases are similar to
drop cases.
Note the different impacts that ASE has in Fig. 2. For a

50% drop, the effect of ASE is small. The ASE component
grows larger for the 97% drop case and is the largest for
the 100% drop case. The magnitude of the ASE in the
100% drop case surpasses that of channel output powers
for the 50% drop case. If the variation in the state x is
controlled, then the variation in ASE is restricted. The
100% channel drop case is a special example that
represents total channel failure at the EDFA input. It
corresponds to the extreme increase in the ASE magnitude
seen in Fig. 1. Since EDFAs are interconnected in optical
networks, such a channel failure could result in a
disturbance to other EDFAs in the network. If uncon-
trolled, the transient could propagate down an EDFA
chain and increase its transient speed through the fiber
length as demonstrated in Srivastava et al. (1997) and Sun
and Srivastava et al. (1997).
4.2. L2 controller design with parameters constrained to

physical limitations

The design constraint for the EDFA L2 nonlinear
controller, is the pump’s ability to deliver power over a
specified time scale. By simulation, a nonlinear L2 gain of
0:03 yields 15ms pump response time. By design, choose
scaling terms X w and X u that give an L2 gain of 0:003 for
the linearized system, and then increase the L2 gain to 0:03
to satisfy the nonlinear conditions. From the EDFA
model, (3), and the data in Table 4, the operating point,
x0 ¼ 0:60725, is calculated and a standard nonlinear shift is
performed to set x0 ¼ 0. Also Dw ¼ 0 and Du ¼ 0 represent
the signal powers and pump powers that define the
operating point.
The linear H1 control is used as a first step in the design

process. Denote G1 and G2 as the linear part of g1ðxÞ and
g2ðxÞ, and use (14) to obtain X u. Choose the L2 gain, g ¼
0:003 to get X u ¼ 4:1169� 10�21. If the value of g is
increased, then QFI ðxÞ can be made more negative to
achieve an L2 gain over a larger neighborhood. So g is
increased until the requirements for Theorem 1 are
obtained, which gives g ¼ 0:03. A global solution is not
needed, since simulations show that the controller func-
tions properly in the worst case channel drop. The final
controller used is

u32 ¼ � 1:0237xþ 7:8867ð10�1Þx2 þ 3:1106x3 � 9:95ð101Þx4

� 6:8735ð102Þx5 þ 2:6259ð102Þx6 þ 7:586ð102Þx7.

ð21Þ



ARTICLE IN PRESS

0 1 2 3 4 5 6

x 104 x 104

0

0.002

0.004

0.006

0.008

0.01

0.012

Dyn.ASE,ch=32 L=13 drop=0.5 x0=0.60725 xf=0.63073

time (s) time (s)

O
u

tp
u

t 
P

o
w

e
r 

in
 W

a
tt
s

0 1 2 3 4 5 6

x 104time (s)

0 1 2 3 4 5 6

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08
Dyn.ASE,ch=32 L=13 drop=0.97 x0=0.60725 xf=0.74848

O
u

tp
u

t 
P

o
w

e
r 

in
 W

a
tt
s

0

0.002

0.004

0.006

0.008

0.01

0.012

Dyn.ASE,ch=32 L=13 drop=1 x0=0.60725 xf=0.82948

O
u

tp
u

t 
P

o
w

e
r 

in
 W

a
tt

s

Fig. 2. Open-loop output power responses for channel drops with ASE. (a) Dynamic ASE model response with 50% channel drop. (b) Dynamic ASE

model response with 97% channel drop. (c) Dynamic ASE model response with 100% channel failure.
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4.3. Simulation results comparison

The results for 50% and 97% channel drop are shown in
Figs. 3 and 4. Both PID scheduled controller and nonlinear
L2 controller results are shown in the same figure. In both
cases, the L2 nonlinear controller clearly outperforms the
linear gain scheduled PID controller achieving shorter
transient time (15ms compared to up to 30 ms in Fig. 3 and
1.2ms in Fig. 4 for the scheduled PID controller) and much
smoother response. This advantage is maintained when
compared to other existent EDFA control schemes. In
Motoshima et al. (2001), a 0.8 dB change in output power
given a channel drop from 32 to 3 channels occurs
assuming a controller response time of 20ms. The L2

nonlinear controller ensures 0.3 dB suppression for a 15ms
response time. In Tran, Chae, Tucker, and Wen (2005), the
output power transients are suppressed to within 1.0 dB in
p5 ms. The L2 nonlinear control law can be made to
operate within p5ms with an even smaller output power
suppression within 0.3 dB. Hence, the L2 nonlinear control
law is competitive with the most recent EDFA control
schemes, and even surpasses them in performance. On the
contrary, the gain scheduled PID controller generates
spikes in the total gain and the pump power at the instance
of channels dropping. This is because the PID controller
acts upon the change of the total gain, which varies
instantaneously when channels drop. Notice the pump
power stays at zero for a short period in the PID controlled
cases to reduce the average inversion as fast as possible.
Fig. 3 shows a power change of approximately �0:6 dB for
the PID gain scheduling which is not as efficient as the L2

nonlinear controller, but falls below the 0.8 dB reference
(Motoshima et al., 2001).
Two more observations can be made from the simulation

results. First, note that the L2 nonlinear controller yields
similar responses in both cases whereas the scheduled PID
controller shows a great variation as seen in Fig. 4. The reason
is that the open-loop pole with only one input channel is much
smaller than for the previous plant with 32 input channels
which causes longer transient time for PID control. Secondly,
the final values of the pump and channel output power are
different in the two control schemes. This is reasonable
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Fig. 3. System response with 16 channel dropped from 32 channels: (a) pout, 32 channels, PID controller; (b) pout of 32 channels with controller; (c) ppump

with PID controller; (d) ppump with L2 controller; (e) total gain, G, with PID controller; (f) average inversion with L2 controller.
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because the objective of the scheduled PID controller is to
clamp the total gain, whereas the L2 nonlinear controller tries
to minimize the change of the average inversion.

As a remark, it can be noted that the channel add
behavior is very similar to the channel drop behavior and
does not contribute to any new insight. In the additional
case, there is a decrease in the average inversion level, so
the pump compensates by increasing its power, as opposed
to decreasing it for the channel drop case.

5. Conclusion

In this paper, transient control in erbium doped fiber
amplifiers (EDFAs) was considered. A new EDFA model
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that incorporates ASE was derived. Situations such as high
average inversion level coupled with a large channel drop
have been shown to generate significant ASE contribution.
As such, it has been shown that it is necessary to include
ASE in the EDFA system model to more accurately
describe EDFA operation.
Based on this model an L2 nonlinear control scheme has
been analyzed and compared to a gain scheduling PID
control scheme. The L2 nonlinear control method restricts
changes in the EDFA state variable. The design of both
control laws was subject to realistic physical constraints
and limitations. Simulation results were presented that
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compared the controller performances and highlighted
their trade-offs. The L2 controller consistently outperforms
the gain scheduled controller in transient response as well
as smoothness of control power. This is justified by the fact
that the ASE model is more complete, and the L2 controller
takes into account the nonlinear nature of the EDFA
system.
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Appendix A. Derivation of EDFA system model with

amplified spontaneous emission

The following assumptions are made: The erbium
population is uniformly distributed in a disk of radius b

(Giles & Desurvire, 1991) and along the length of the fiber
(Sun & Zyskind et al., 1997). Thus, ni represents the
average erbium concentration along the radius, angle and
length of the fiber.

Let the absorption and gain spectra be, ak and gk, (Giles
& Desurvire, 1991).

ak ¼ sak

Z 2p

0

Z 1
0

ikðr;fÞntðr;f; zÞrdrdf, ðA:1Þ

gk ¼ sek

Z 2p

0

Z 1
0

ikðr;fÞntðr;f; zÞrdrdf. ðA:2Þ

Then from (1), (2) and (A.1), (A.2) the following PDE
equations are obtained with respect to z and t:

q
qt
þ

1

to

�
1

zto

X
k

gkmDnk

 !
n2

nt

¼
�1

zto

X
k

uk

1

hnk

qPk

qz
,

ðA:3Þ

qPk

qz
¼ ukPkðzÞ ðak þ gkÞ

n2

nt

� ak

� �
þ ukgk

n2

nt

mhnkDnk,

ðA:4Þ

where n2 denotes the average inversion level, z ¼ rS=t is
the saturation parameter, r is the density of active erbium
atoms and S is the fiber cross-sectional area.

First, solve for Pk explicitly from (A.4). Define

Q ¼ �uk ðak þ gkÞ
n2

nt

� ak

� �
; R ¼ ukgk

n2

nt

mhnkDnk.

(A.5)

So that (A.4) becomes

qPkðzÞ

qz
¼ �QPkðzÞ þ R (A.6)

Then, power at the end of the fiber, PkðLÞ can be
obtained from (A.6) as

PkðLÞ ¼ e�HðLÞ

Z L

0

eHðzÞRðzÞdzþ Pkð0Þ

� �
, (A.7)
where HðzÞ ¼
R z

0 QðpÞdp and HðLÞ ¼ QðzÞL, or using (A.5)
expressed as

PkðLÞ ¼
�gkðn2=ntÞmnkDnk

ðak þ gkÞðn2=ntÞ � ak

½1� eukfðakþgkÞðn2=ntÞ�akgL�

þ eukfðakþgkÞðn2=ntÞ�akgLPkð0Þ. ðA:8Þ

Now the rate equation (A.3) is a PDE with respect to z

and t. Integrating both sides with respect to z along the
length of the fiber and normalizing by L gives

q
qt
þ

1

to

�
1

zto

X
k

gkmDnk

 !
x

¼
�1

ztoL

X
k

uk

1

hnk

ðPkðLÞ � Pkð0ÞÞ,

where x ¼ ð1=LÞ
R L

0 ðn2=ntÞdz is the average inversion level
taken as the state variable. Qk ¼ Pk=hnk is the normalized
power or photon flux (Giles & Desurvire, 1991). Using
(A.8), the state-space EDFA model with ASE is obtained
as in (3), with Qin

k ¼ Pkð0Þ=hnk, Qout
k ¼ PkðLÞ=hnk the

normalized input and output powers of the kth EDFA
channels.
Note that by forcing Dnk ¼ 0 (noise bandwidth) in (3),

this extended model becomes the simplified model without
ASE from (Sun & Zyskind et al., 1997), given in (4). The
control input is separated as a channel at a separate wave-
length with pump power PpumpðtÞ, QpumpðtÞ ¼ PpumpðtÞ=hnpump.
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