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Abstract

This paper extends some duality results from a standard optimization setup to a noncooperative (Nash) game framework. A Nash game (NG)
with coupled constraints is considered. Solving directly such a coupled NG requires coordination among possibly all players. An alternative
approach is proposed based on its relation to a special constrained optimization problem for the NG-game cost function, with respect to the
second argument that admits a fixed-point solution. Specific separability properties of the NG-game cost are exploited and duality results are
developed. This duality extension leads naturally to a hierarchical decomposition into a lower-level NG with no coupled constraints, and a
higher-level system optimization problem. In the second part of the paper these theoretical results are applied to a coupled NG with coupled

constraints as encountered in optical networks.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

A powerful tool in standard constrained optimization is the
duality approach (Bertsekas, 1999). For separable problems,
use of duality enables a hierarchical decomposition into a lower-
level set of optimization problems, and a higher-level sys-
tem problem for the Lagrangian multipliers. As the lower-level
problems can be analytically tractable or decoupled, this de-
composition may offer significant computational advantages.
As an example, the duality approach and separability have been
used successfully in developing network congestion control
algorithms, with the Lagrangian multipliers playing the role
of pricing parameters (Kelly, Maulloo, & Tan, 1998; Low &
Lapsley, 1999).

Recently, as alternative to the traditional system-wide net-
work optimization (Kandukuri & Boyd, 2002; Yates, 1995;
Zander, 1992) game theory approaches have been used for
optimization and control of networks (Basar & Olsder, 1999;
Nash, 1950). In large-scale networks control decisions are
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often made independently by users, each according to their own
performance objectives (Libman & Orda, 1999). Noncoopera-
tive game theory is a suitable framework to model interactions
between such self-interested users. Instead of defining a central
cost function, a noncooperative game is defined between users
(players). Each player maximizes its own utility function (min-
imizes its cost function) and its action affects the utility of all
other players. Game-theoretic approaches have been used for
network flow optimization (congestion control), as well as for
network power allocation (power control). In network conges-
tion control each user’s utility depends only on its own action
and is not coupled to the other users’ actions (Alpcan & Basar,
2002; Altman, Basar, & Srikant, 2002; Basar & Srikant, 2002;
Low & Lapsley, 1999; Shen & Basar, 2004). Coupling appears
in the constraints only, specifically in the link capacity con-
straints. This is contrasted with network power control via game
theory, in wireless networks or in optical networks (Alpcan,
Basar, Srikant, & Altman, 2001; Koskie & Gajic, 2005; Pavel,
2006b; Saraydar, Mandayam, & Goodman, 2002). In such prob-
lems utilities are coupled; each user’s utility depends not only
on its own action but also on the other users’ actions. Of in-
terest are more general game problems that combine the two
cases such that both utilities (cost functions) and constraints
are coupled.
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In this paper we extend duality results from a standard op-
timization setup to a game theoretical framework. A short ver-
sion of this work appeared in Pavel (2005). We consider a
noncooperative (Nash) game with coupled cost functions and
coupled constraints. Existence conditions for a Nash equilib-
rium (NE) solution are based on a two-argument system cost
function (Basar & Olsder, 1999). This augmented cost func-
tion is defined in a Nash game (NG) sense and we call it the
NG-game cost function. Solving directly an NG with coupled
constraints requires coordination among possibly all players.
Alternatively, we first show that such a game is related to a con-
strained optimization of the NG-game cost function, with re-
spect to its second argument, that admits a fixed-point solution.
We exploit the separability property of the NG-cost function
with respect to its second argument, and extend standard dual-
ity results (Bertsekas, 1999) to a game framework. This enables
us to obtain a hierarchical decomposition of the coupled NG
into a lower-level modified NG, with no coupled constraints,
and a higher-level system optimization problem. In effect this
decomposition has the form of a two-level hierarchical game
(Basar & Olsder, 1999): the upper-level game is a Stackelberg
(leader—follower) game between the system and the players,
and the lower-level one is an NG between players. As in stan-
dard optimization, this hierarchical decomposition may have
computational advantages, for example, if it leads to a simpler
or an analytically tractable NG.

In the second part of the paper we discuss such an NG for
optical networks. In Pavel (2006b) a noncooperative channel
game was formulated towards optical signal-to-noise ratio
(OSNR) maximization. This is part of recent efforts aimed
at addressing dynamical aspects in optical networks, from
stability analysis to optimizing channel OSNR, (Forghieri,
Tkach, & Favin, 1998; Pavel, 2004, 2006a). The OSNR NG
formulation in (Pavel, 2006b) enabled an explicit closed-
form NG solution. However, the link total power constraint
was not considered. Such a constraint needs to be consid-
ered as optical fiber is shared by all wavelength-multiplexed
channels in a link and total power needs to be below the
nonlinearity threshold (Agrawal, 2002; Mecozzi, 1998). This
coupled constraint can be regarded as a link power capacity
constraint.

We formulate an OSNR NG with coupled utilities (as in
wireless networks) and coupled constraints (as in congestion
control). Solving directly such an NG with coupled constraints
requires coordination among possibly all channels and is im-
practical (Pan & Pavel, 2005). Instead we use a duality ap-
proach. We show how to hierarchically decompose the coupled
NG into a lower-level NG with no coupled constraints between
channels, and a higher-level network optimization problem for
pricing. Moreover, the lower-level NG is analytically tractable;
its solution can be found decentralized based on its relation to
the game in Pavel (2006b). The higher-level problem induces
players to cooperate towards satisfying the coupled constraint
by adjusting the price.

The paper is organized as follows. In Section 2 we review
NG with uncoupled constraints. In Section 3 we consider NG
with coupled constraints. We show that such an NG is related

to a constrained optimization for the NG-game cost function,
with respect to its second argument. We develop extension of
Lagrange multiplier results and express them in a two-argument
form, with fixed-point solution. In Section 4 we develop duality
results and hierarchical decomposition in an NG-game sense.
In Section 5-7 we apply these results to an OSNR game in
optical networks. In Section 5 we review the OSNR model in
Pavel (2006b) and we formulate a coupled OSNR NG with
total power constraints. Applying duality results, in Section
6 we decompose it into a lower-level NG with no coupled
constraints, and a higher-level link problem for pricing. We
propose a recursive hierarchical algorithm, based on the explicit
solution of the lower-level NG and on price adjustment. For a
given price from the link, at the lower-level the algorithm is
decentralized with respect to channels. The pricing parameter
is adjusted at the link level, based on the measured total power.
This adjustment acts as a coordination so that channels satisfy
the total power constraint. An example is given in Section 7
and conclusions in Section 8.

In the following we present some preliminary notation. For
a twice continuously differentiable function f : R”" — R, we
denote its gradient by V f, defined as the row vector whose ith
component is 0 f(x)/0x;, X = (x1, ..., xy) € R™. We denote
its Hessian by V? f (x), defined as the symmetric matrix whose
(i, j)th entry is equal to (0% f/0x;0x 7)(x). For a two-argument
function, f(u;x), f : R" x R" — R, we denote its gradi-
entby V f(u; x) = [V, f(u; X) V,f(u;x)], where V, f (u; x),
V, f(u; x) are the gradients with respect to the first argument
u=(uy, ..., u,) € R™ and second argument x=(x1, ..., Xp) €
R™, respectively.

2. NGs with uncoupled constraints

In this section we review some definitions and results for non-
cooperative (Nash) games with uncoupled constraints, i.e., with
decoupled actions sets (Basar & Olsder, 1999; Nash, 1950). We
give definitions with respect to both the individual cost func-
tions of the players and the NG-game cost function.

Consider an m-player NG, each player i minimizing the indi-
vidual cost function J; : Q — R, i € M, # ={1,...,m}. We
typically assume J; to be continuously differentiable. Let Q =
Qpx---xQy,, Q;=[m;, M;], be the action set, so that 2 is a sep-
arable set. Letu=[uy...u;...un)’ € Q, withu; € Q;, denote
the vector of player actions. Letu_; =[uy...u;—1, i+ oty |T
denote the vector obtained by deleting the ith element from u.
We then write u = (u_;, u;) € Q, oru=[u;] € Q. An NE
solution of the game is defined as follows.

Defintion 1. Consider an m-player game, each player mini-
mizing the cost function J; : © — R. A vector u* = [u] or
u*=(u*,, u’) € Qis called an NE solution of this game if for
every given u*;,

Jiuw' uf)<Ji(ut;, x) Vxi € Q Vied.

Such an NG has coupled cost functions but decoupled con-
straints (action spaces €; are decoupled); any two players i and



228 L. Pavel / Automatica 43 (2007) 226—-237

J can choose independently their actions from separate action
sets, Q; and Q;, j #i.

By Definition 1 u* is an NE solution when u] is solution to
the individual optimization problem for player i, given all other
players have equilibrium actions u*;. In this sense, each cost
function J; (parameterized by u*_l.) is minimized individually,
but the NE solution has to satisfy simultaneously the set of
m inequalities in Definition 1. Equivalently this definition can
be formulated using an augmented “system-like” cost function
(Basar & Olsder, 1999, p. 176) that we will call NG-game cost
function. The NG-game cost function J : @x Q2 — Ris defined
as the two-argument function

m
7(u;x) :=Z]g(u,i,xi) Vxe 2, ue (1)

i=1

with X = [x]...x;...x,]T, and u u_; defined as before. An
NE solution can be defined equivalently with respect to the
NG-game cost function J, (1), as follows.

Defintion 2. Consider an m-player game, with each player min-
imizing the cost function J; : @ — R. A vector u* € Q is
called an NE solution of this game if its NG-game cost function
J defined by (1) satisfies

7(u*; u*)<J~(u*; X) VxeQ

This is equivalent to

m m
Sont L uH< Y it x) YxeQ

i=1 i=1

for every given u* . If u* is an NE in the sense of Definition
1, it follows immediately that u* satisfies also Definition 2.
Conversely, it can be shown that if u* is an NE in the sense
of Definition 2, it satisfies component-wise all inequalities in
Deﬁnition 1 (Basar & Olsder, 1999, p. 177). The NG-cost func-
tion J defined by (1) is separable in the second argument x, for
any given first argument u. We call this property separability in
an NG-game sense. The NG-cost function and its separability
property will be instrumental in our developments.

An NE solution exists if well-defined reaction curves of all
players exist and these have a common intersection point. Since
in what follows we will be using the NG-cost function equiv-
alence, we reformulate results for NE solution (existence and
necessary conditions) with respect to the NG-game cost func-
tion J. Without loss of generality we assume that assumption
(A.1) holds such that an NE solution is inner.

(Al). u; = m;, uj = M; are not minimizing J;, i.e.,
for any given u_;, Ji(u—;,m;)> Ji(u_;, u;), Yu; # mj;
Jitu_;, M) > Ji(a—;, u;), Yu; # M,;.

In general, player parameters can be selected to satisfy (A.1)
(Alpcan et al., 2001; Pavel, 2006b), or alternatively projection
methods can be used (Bertsekas, 1999).

Proposition 1. Let Q = Q| x --- x Q,, with Q; a closed,
bounded and convex subset of R. For each i € ./ the cost
function J; : Q — R is continuously differentiable on Q2 and

strictly convex in u; for every uj € Qj, j # i. Then the asso-
ciated NG with NG-game cost function J defined by (1) admits
an NE solution.

Under (A.1), an NE solution u satisfies the following
necessary conditions with respect to the NG-game cost J,
ViJ(u;u) =0, ie.,

Vo J(u; X)|x—u = 0, )

where the notation used denotes a fixed-point solution.

Proof. Under the conditions of convexity of J; and compact-
ness of €;, by Theorem 4.3 in Basar and Olsder (1999, p. 173),
it follows that there exists an NE solution to the game with in-
dividual costs J;. With respect to the NG-game cost J, (1) , we
use arguments similar to those used in Theorem 4.4 of Basar
and Olsder (1999, p. 176). Since J is separable in the second
argument X, using (1) we see that

oJi(u_y, x1) OJm(@_py, Xp)
Ox Ox,, '

3

VXJN(u; X) = [

Hence , the Hessian of J with respect to X, fo 7(u; X), is a
diagonal matrix and its ith diagonal element is

2
V2, T )y = A0
0x;

By strict convexity of J; with respect to its argument it follows
that J itself is strictly convex with respect to its second argu-
ment X, for every given u. Thus, there exists an x* minimizing
J (u; x) over X, for every given u. We can introduce the reaction
set of the game

P) ={ve QT v)<T(u;x),Vx € Q} )

so that x* € ¥(u). The properties of T imply that ¥ is an upper
semicontinuous mapping that maps each point u in the convex
and compact set 2 into a closed convex subset of (2. By a fixed-
point theorem (Basar & Olsder, 1999, Theorem C.2, p. 483),
it follows that ¥ (u) has a fixed point u*, i.e., u* € ¥(u*), so
that, by (4), u* satisfies

Ju*: u)<JT(u*:x) VxeQ, 5

i.e., in effect X = u* minimizes f(u; X), over X € Q, and is a
fixed-point of ¥(u). By Definition 2, u* is an NE solution to
the m-player game. The individual components of u* constitute
an NE solution in the sense of Definition 1 and by (A.1) it is
inner.

Next we consider the necessary conditions to find an NE
solution, with respect to J; first and then to J. In order to find
u? we solve the necessary condition

0J;
—Lu_j,uj))=0 Viel (6)
au,-
which defines the reaction curve R; of the ith player. The
optimal u} is parameterized in u_;, u’ = R;(u_;). An NE

l
solution u* is a fixed-point vector solution to the set of m
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equations, (6), or u} = R;(u*;). We will then denote J* =
Ji (ufi, u;") the Nash individual optimal values.
~Novv with respect to 7. , in order to find an x* minimizing
J(u; x), over x as in (4), we need to solve first

V,J(u;x) =0 (7

for every given u. This gives x* parameterized by u, x* € ¥(u).
Since an NE solution u is a fixed point of ¥(u), we need to
solve (7) for a fixed-point solution: we set X = u and solve
V,J(u; u)=0. This is written compactly as in (2), which using
(3) yields the component-wise form

0J;

—(u_;, x;)

=0 Vie
o, i€

Xi=U;

In the foregoing we set x; =u; to look for a fixed-point solution
yielding (0J;/0u;)(u_;,u;) =0, Vi € ./, which is identical
to (6). Hence the two-argument form (2) is equivalent to the
component-wise form (6). [J

Remark 1. As described above, the procedure to find an NE
solution is as follows: find a solution to each individual min-
imization with cost function J;, stack the resulting set of m
parameterized equations in vector form and find a fixed-point
solution. With respect to J, this procedure involves minimiz-
ing J with respect to the second argument x as in (4), followed
by solving for a fixed-point solution as in (5). This last step is
realized by setting x = u and solving (7), or u = ¥(u), for a
solution u*. For convenience we use the compact notation in
(2) to denote this fixed-point minimization of J. Specifically,
from (5) we write

J(u*; u*) = min J (u; X) ©))
xeQ —
and
u* =arg { min J (u; x) } . 9)
xeQ x=u

3. NGs with coupled constraints: Lagrangian extension

In this section we consider NGs with coupled constraints,
i.e., with coupled action spaces. Without loss of generality we
consider only inequality constraints, since equality constraints
can be treated similarly. Solving directly such an NG requires
coordination among possibly all players. Alternatively, we ex-
ploit the fact that an NG with coupled constraints is related
to a constrained minimization of the NG-game cost function,
with respect to the second argument and fixed-point solution
(Lemma 1). Then as in standard optimization, we develop La-
grange multiplier results and express them in a two-argument
form, with fixed-point solution (Lemma 2). In the next section
we use this extension to obtain duality results and hierarchical
decomposition of NGs with coupled constraints.

Consider an m-player NG, each player minimizing the indi-
vidual cost function J;: Q@ — R, Q=0Q; x --- x Q,,, subject
to R coupled inequality constraints

gm<0, r=1,... R,

or g(u)<0in vector form, with g(u) = [g; (u)...gR(u)]T. The
overall action set Q C R™ is coupled in this case,

Q={ueQgu<0}. (10)

A vector u = (u_;, u;) is called feasible if u € Q. As in Defi-
nition 1, u* is an NE solution if

S ) <t x) Vi € Qi(uty) Vie (11)
where now Q; (u*,) is the projection set defined as
QL) = {x; € Qil(ul;,x;) € Q). (12)

Unlike games with uncoupled action sets (Section 2), in this
case there are no separate sets from which players can choose
independently their actions. For such coupled action sets, the
following theorem gives sufficient conditions for existence of
an NE solution (Basar & Olsder, 1999, Theorem 4.4, p. 176).
We restate this result here as Theorem 1.

Theorem 1. Let Q be a closed, bounded and convex subset of
R™, and for each i € . let the cost function J;: Q — R be
continuous on Q and convex in u;, for every u; € ﬁj, j €
M, j #i. Then the associated NG admits an NE solution.

We show next that an NG with coupled constraints can be
related to a constrained minimization of the NG-cost function,
with respect to the second argument, that has a fixed-point
solution. This result will be followed by Lagrangian extension
in a game theoretical setup.

Lemma 1. Consider an NG for m players, each player mini-
mizing the individual cost function J;(u_;, u;), u € Q C R™,
subject to coupled constraints g-(0)<0,r =1, ..., R. Assume
that Theorem 1 is satisfied so that an NE solution u* exists, and
denote by J*=J;(u* ,, u?) the Nash individual optimal values.

(a) Then with respect to J defined by (1), an NE solution u*
satisfies

T u)<JW*x) VxeQ, g, x)<0 Vi,

13)

where g(u_;, x;) = [g1(u_;, x;) ... gr(u_i, x;)]".
(b) Let u* be a solution for the constrained minimization of
NG-game cost function J defined by (1) such that

T u)<Ju*x) VxeQ, gu';x)<0 (14)

with g(u*; u*) <0, where the two-argument augmented
constraint (u*; x) : Q x Q@ — R is defined as

) =) g, x). (15)
i=1

Then u* is an NE solution and the optimal NG cost is

Tr=Tru =) (16)
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Proof. We give the proof for a single coupled constraint. Ex-
tension to the multiple constraint case can be done by appro-
priately using vector inequalities.

(a) Using (10), we see that the projection set (12) is
Qi(ur)) = (x; € Qilg(ur

—i

x;) <0}.
Using also (11), we see that u* as an NE solution satisfies

Jiut ul)<Ji(ut;, x) Vx € Q, gt x)<0  (17)

for all i € .4, with g(u* ., u7)<0. Using (1), (17) it follows
immediately that (13) holds.

(b) We show the next part by contradiction. Since g, (15), has
a special form with the same constraint repeated for each term
in the sum, note that g(u*; u*) =mg(u*). Hence g(u*; u*) <0
is equivalent to g(u*;, u}) <0 (feasibility).

Suppose that u* is a solution of (14), i.e.,
J~(u*; u*)gf(u*; X) VxeQ, gu*;x)<0

with g(u*; u*) <0, but is not an NE in the sense of (11) or (17).
Then, it follows that there exists an ig € .# and some X;, € €;,
with

g(u*, | %) <O (18)
such that

Jio (ll>k

_ioyii0)<Ji0(U* M*)

—ig® “ip
Then adding }_; ; Ji (u*) on both sides yields

T*; %) < T u%),  Xo=(u*; . %) € Q.

Now from (18) and g(u*;, u}) <0, it follows that

Zu*iXo) = Y g(u*, uf) + g, %) <0, Vi #ig
i#ip
so that Xg is feasible. The two foregoing inequalities imply that

u* is not a solution of (14), which is false. Hence (14) implies
(17) or (11), and (16) follows. [

This relation to a special constrained optimization problem is
exploited in the following. Optimality conditions for standard
constrained optimization involve a set of Lagrange multipliers
(Bertsekas, 1999, chap. 3). The next result gives necessary and
sufficient conditions for an NE game optimal solution, in terms
of Lagrange multipliers.

Lemma 2. Consider an NG with individual cost functions
Ji(u_;, u;),u € QcC R™, subject to the constraints g,(u) <0,
r=1,..., R. Assume J; and g, are continuously differentiable
convex functions, and let .o/ (u) = {r|g,(u) = 0} denote the set
of active constraints.

(a) (Necessity): Let u be an NE solution. Then there exist
unique p*, 1t >0 such that

ViL(u;x; 1| _, =0 (19)

and =0, Vr¢.o/(u),ie, yig(w)=0,r=1,..., R,
where L is the two-argument Lagrangian function defined
by

L(u;x; ) = T x) + 1 (u; x). (20)

(b) (Sufficiency): Let u* be a feasible point and y be such that
w.=20,r=1,..., R, with u. =0, Vr ¢ o/ (u), or

u.grm)=0, r=1,...,R. 21

Assume that w* minimizes the Lagrangian L (20), over
X € Q, as a fixed point, i.e.,

u* =arg {min Z(u; X; u)|xzu} (22)
xef

in the sense of (9). Then (u; x) = (u*; u*) is an NE game
solution in the sense of (14), i.e.,

T u)<Tuhx) ¥xeQ, Eu*;x)<o0,

and hence is an NE solution in the sense of (11).

Proof. (a) (Necessity): The proof is based on a penalty ap-
proach as in standard constrained optimization (Bertsekas,
1999, Section 3.1.1, p. 281). We consider only the set of
active constraints, treated as equality constraints. For the in-
active constraints a zero penalty can be taken. Around an NE
solution u = (u_;, u;), the original game with cost functions
Ji(u) and constraints g(u) can be approximated locally by an
unconstrained game with penalized cost functions

k o
FFuh) = J; by + §||g<u’<)||2 + 5|uf-‘ —u;* Vi

with uf = (u/‘_i,uf), for some >0 and k =1,2,... . The
same penalty term is added to all cost functions J; to penalize
violation of the constraints. For each i, it can be shown that {uf.‘ }
converges to u; as k — oo (as in Bertsekas, 1999, Propositions
3.1.1 & 3.3.1, p. 278). Thus, component-wise the sequence {u*}
(NE solutions of the unconstrained game) converges to u. Now
for an NE solution uX of the unconstrained game with cost
functions Fl.k (u¥) necessary conditions as in (6), Proposition 1
hold. Thus the set of m equations (0 Fik / auf.‘ )(uk) =0, Vi, needs
to be solved for a fixed-point solution. Equivalently, for Vi,

oJ; og
ﬁ(u’ji, uky + kg(uk)ﬁ(u'ii, uby + ofut —u;| =0.
1 1

By an argument similar to that in Propositions 3.1.1 and 3.3.1 of
Bertsekas (1999), it can be shown that limy_, o kg(uk )=p*>0.
Taking k — oo and using {uf} — u; in the foregoing set yields
that u* satisfies
0J;

L, up) + @7
au,-

0g ,
—(u_;,u;)=0 Vi. (23)
au,-

Thus, (23) are the necessary conditions for an NE solution u of
the original game, given in a component-wise form. As in (2),
we can write these conditions in a compact two-argument form
with fixed-point notation, based on L defined in (20). Using
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the separability property of both 7. , (1), and g, (15), it can be
seen that L, (20), is separable and satisfies a relation similar to
(3). Moreover component-wise, relation (19), i.e.,

VeL(u; x; )| _, =0,

is identical to the set of m equations (23). So, the necessary
conditions for an NE solution are given in a compact two-
argument form as in (19).

(b) (Sufficiency): Since u* is a feasible point satisfying (21),
using (15) gives u'g(u*; u*) = 0. Then (20) yields

L(u*; u*; w = J(u*; u®).

From (22), u* minimizes the augmented Lagrangian Z(u; X; W,
with respect to the second argument and is a fixed-point solu-
tion. Then similar to (5) we have

L u*; <Lx;p VxeQ.
Using (20) and p >0 on the right-hand side yields
J*;u)<Ju*:x) VxeQ g(u*; x)<0

for Vx such that g(u*; x) <0, so (14) holds. By Lemma 1 it
follows that u* is an NE solution as in (11). [

Note that as J; and g, are differepvtiable convex functions
and Q=[R", the Lagrangian function L (u; x; ) is convex with
respect to X, so the Lagrangian minimization is equivalent to
the first order necessary condition. Thus in the presence of con-
vexity the first order optimality conditions are also sufficient.

Remark 2. By Lemma 2 an NE solution u* can be obtained by
minimizing the augmented Lagrangian L (u; X; p), with respect
to the second argument and finding a fixed-point solution, (22),
via (19). This u* is a solution to the constrained minimization
of the NG-cost function J, with respect to the second argument,
in the sense of (14). We can interpret L, (20), as a Lagrangian
for J and g. As in (8), we can write in a compact notation,

)

X=u

J(u*;u*) = min
xeQ,8(u;x) <0

f(u; x):|

where in fact u* is obtained via (19).
4. Duality and hierarchical decomposition

In this section we develop duality results for NGs with cou-
pled constraints, based on the Lagrangian extension. We intro-
duce a dual cost function related to the minimization of the
associated Lagrangian function (cf. Lemma 2), similar to stan-
dard optimization (see Bertsekas, 1999, p. 359). For NGs with
convex coupled constraints, we show that duality enables de-
composition into a lower-level NG with no coupled constraints,
and a higher-level optimization problem.

Consider an NG with coupled constraints as in Section 3.
Recall the associated Lagrangian function L, (20), and its min-
imization in a fixed-point sense, as in (22), Lemma 2. The

resulting fixed-point solution is a function of p, u* = u*(w).
Consider the dual cost D(p) as a function of p, defined as

D(w) = L(u*; u*; p),

or in a fixed-point notation as in (8),

, (24)

X=u

D) = [min Lau;x; .U)]
xeQ

where g(u; u) <0. The dual NG problem can be defined as
maximizing D(u) subject to 4 >0, with the dual optimal value
defined as

D* = D). 25
21% () (25)

The following result characterizes the primal and dual optimal
solution pairs.

Theorem 2. (u*; u*) is optimal NE solution—Lagrange multi-
plier pair in the sense of (25) if and only if
(NG-feasibility):

e g @WHuH<0, r=1,...,R.
(Dual feasibility):
w=>0.

(Lagrangian optimality):

ut = arg{ [min Z(u; X; ,u*):|
xeQ

o

(Complementary slackness):

wgr@u)=0, r=1,...,R.
Proof. If (u*; 1*) is an optimal NE solution-Lagrange multi-
plier pair, then u* is feasible and y* is dual feasible and the
first two relations follow directly. The last two relations follow
from Lemma 2.

For sufficiency, using Lagrangian optimality we obtain

L@u*;u*, 1) = [min L(u; x; u*)]
xeQ?

x=u
so that

Z(u*; u*, ,u*)<Z(u*; x; 1) Vx € Q.

Using (20) and complementary slackness yields
L(u*; u*, W = J(u*; u®).

Then from the foregoing inequality we can write
f(u*;u*)sf(u*; X) Vx €, gu*;x)<0.

Therefore (14) holdsNand, ‘tN)y Lemma 1, u* is an optimal NE
game solution with J* = J(u*; u*). Using (24), evaluated at
w*, and the foregoing relations yields

=J(u";u),
X=u

D) = 223 L(u; x; 1)
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and for the optimal dual cost D*, (25),
D*>D(*) = J(*;u*) = J* O

If a Lagrange multiplier p is known then all optimal NE
solutions (u*, u*) can be found by minimizing the Lagrangian
L over x € Q, in the fixed-point sense as in (22). However,
among those solutions u*(u), there may be vectors that do not
satisfy the coupled NG-feasibility condition g(u*) <0, so this
has to be checked.

In the following we exploit the fact that both the NG-game
cost and the constraints are separable in the second argu-
ment.We show that the dual NG-cost function D(u) can be
decomposed and, equivalently, found by solving a modified
NG with no coupled constraints.

Theorem 3. Consider an NG with cost functions J;(u—;, u;),
u € Q C R™, subject to the coupled constraints g,(u) <0,
where J; and g are continuously differentiable and convex func-
tions. The dual cost function D(u) (24) can be decomposed as

D(p) = Z |:mig L,-(u_i,xi».u)]

Xj €54

i=1 Xi=uj
m
= Y Li(u* (). uf (). ), (26)
i=1
where
LiCa_;, xi, ) = Ji(u_, x;) + p g(u_;, x;) 27)

and w*(u) = [u] (w)] is a fixed-point solution to the set of m
minimizations in (26). Alternatively, D(u) can be obtained by
solving a modified NG with cost functions L;, (27) and no
coupled constraints.

Proof. By Lemma 2, the necessary conditions for NE optimal-
ity with respect to the Lagrangian L, (20), require to solve

ViL(ux: p)],_, =0, (28)

or, equivalently component-wise, (GZ(u; X; ()/0xi) | x;=u; =0,
i =1,m. Using (1) and (15) we can write L, (20), as

Layx; =) Li(u_,x;, p (29)

i=1

with L; as in (27). Using (29) into the foregoing yields
iaL-(u-x-' )=0, i=1,m
/_1 ax1 J —J] ] l,t - £ - £ .

Due to separability with respect to x, this yields

0
—Li(u_, x;; ) =0,

o i=1,m. (30)

Therefore, component-wise (28) is the same as (30). For either
(28) or (30) we need to find a fixed-point solution. Now (30)
are the first order necessary conditions for minimizing L; (27)

with respect to x;. Since J; and g, are convex, they are also
sufficient. For each given u_;, from (30) we obtain x;'=x; (u_;),
so that

xi(u_;) =arg min[L;(u_;, x;, W], i=1,m. (3D

X;€84;
Moreover, because we look for a fixed-point solution we set
X = u, i.e., component-wise we need to solve

xi(u,i)zu,- Vi:l,...,m

for a fixed-point vector denoted by u* = [u}] and x = [u],
which depends on p. With this u* we return now to the value
functional in (29). The first step taken in order to obtain u* was
minimization with respect to x, so that from (29) we have

m
minZu;x; = min Li(u_;, x;j,n), xeQ
min L(u; X; ) ‘?Zl iU, xi, )

1=

for any given u, with L; as in (27). Since Q2 = Q| x --- X Q,,
and the right-hand side is separable with respect to x = [x;],
x; € &;, it follows that

X Xi €84;

m
min L u;X; |) = min L;(u_;, x;, 32
Xeg(mggl(“u) (32)

for any given u. Now evaluating (32) at the fixed-point u*=[u;],
X = [u;"] obtained as above, we can write

[min Z(u; X; ,u):|
xe

u=u*x=u*

|:min Li(u_;, x;, M)}

Xl'EQi

|
.ME

Il
=

ui=u},xj=u;

Li(u*; (), uf (), ).

Il
.MS

i=1

We write this in a compact fixed-point notation, as in (8),

mi Zu;x;
g s

X=u

m
:Z [min L,-(u_i,xz',ﬂ)}
i=1

Xi EQ,‘

Xi=u;

which using (24) gives (26). The proof is completed by recalling
that u* is a fixed-point solution to the set of m optimizations
(31), i.e., equivalently u* is an NE solution to the NG with cost
functions L;, (27). [

Theorem 3 yields a decomposition into a lower-level mod-
ified NG with cost functions L;, (27), with no coupled con-
straints, and a higher-level optimization problem. In general,
u*(u) may not be NE optimal for the given g, in the sense of
attaining the minimum NG cost such that L;." = Jl.*. However,
by Theorem 2 there exists a dual optimal price u* >0 such that
u(p*) = [u; (1*)] is NE optimal. Hence, y* can be found as the
maximizer in (25), with D(u) as in (26). A sufficient condition
is that the dual cost D(p) is strictly concave in p, for u*(u)
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as obtained from the lower-level game, (27). Alternatively, the
price u can be adjusted until the slackness conditions in Theo-
rem 2 are satisfied indicating that the dual optimal price u* is
found.

The formulation in Theorem 3 has a hierarchical game in-
terpretation (Basar & Olsder, 1999). At the upper level is a
Stackelberg game (Basar & Olsder, 1999, p. 179): the system
is the leader that sets “prices” (Lagrange multipliers) and the m
players are the followers. Given prices as set by the leader, an
NG is played at the lower level between m players, with cost
functions L;, (27). Each player reacts to given “prices” and the
price acts as a coordination signal.

As in standard optimization, the hierarchical game decompo-
sition in Theorem 3 may offer computational advantages. For
example, the lower-level game may admit a closed-form ex-
plicit solution, or the higher-level problem may have a reduced
dimension. One such application of these results is presented
in the following sections.

5. OSNR game in optical networks

In this section we consider an NG with coupled constraints in
the context of maximizing OSNR in optical networks, (Pavel,
2006b).

Consider an optical link composed of N cascaded optical
amplifiers and optical fiber spans. A set .# = {1, ..., m} of
channels are transmitted across the same optical fiber by
wavelength-multiplexing. Every few tens of km of fiber an
optical amplifier is used to compensate the loss of the previous
optical span. Such an amplifier simultaneously boosts the op-
tical power of all channels, each with gain G;, at the expense
of introducing amplified spontaneous emission (ASE) noise,
with power ASE;, i € .. Optical amplifiers are operated to
maintain a constant total power at their output. This compen-
sates for variations in optical span loss across a link (Forghieri
et al., 1998). The total power target needs to be selected be-
low the threshold for nonlinear effects (Mecozzi, 1998). Then
at the input of each intermediary optical span the following
condition holds:

m

Y pkj=P Vk=1,...N, (33)
j=1

where py ; is the ith channel power at the output of the kth
span, or input of the (k 4 1)th span.

Let u; and ng; denote the ith channel signal and noise opti-
cal power at the input (at Tx), respectively. Similarly, let py ;
and ng'; be the ith channel signal and noise optical power at
the output (at Rx). The channel OSNR at the receiver (Rx),
defined as OSNR; = pn.i/ n‘l’vufi, is given as (see Pavel, 2006b,
Lemma 2)

u;
noi + 2 jenlijuj’

where I' = [I'; ;] is system matrix with

OSNR; = (34)

N

GV ASE;
Fl',j = Z —J—l

Vi,je M.
G;) Py J

v=1

Channel OSNR (34) is affected by noise accumulation in optical
amplifiers and depends on all channel powers at the input (Tx).
Based on this model, an NG can be formulated towards OSNR
optimization.

The same notation as in the previous sections is used. Here
u = [u;], or u = (u_j, u;), is the vector of channel powers at
the Tx, with u; € Q;, Q; = [0, umax], u € Q.

An NG can be defined where each channel (player) mini-
mizes an individual cost function J;, by adjusting its own trans-
mission power, in response to the other channels’ actions. Con-
sider the following cost J;:

Jiui, ui) = —pUi(u_j, u;), (35)
where U; is the channel utility function related to OSNR max-
imization defined as

Ui(u,i,ui) =In (1 (36)

a;
+ 1/OSNR; — F,‘,,-)

and ¢; is a channel parameter. Note that this logarithmic utility
function is monotone in OSNR and can be expressed as

Ui(u_s, u;) =In (1 +a ) ai >0, (37)
X
where X_i:Zj#i I'; juj+no;. Thus, U; is twice continuously
differentiable, monotone increasing and strictly concave in u;.
In the above, f3; is a parameter indicating channel’s desire to
maximize its OSNR, selected such that an NE solution is inner.

Remark 3. The cost function (35) is the simplest one, as it has
only an utility term. A similar utility function, that had an ad-
ditional ad hoc pricing term, was used in the game formulation
in Pavel (2006b),

Ji(ui, up) = ogu; — Ui (ai, u;). (38)

However no coupled constraints were considered in Pavel
(2006b). For a game with cost functions J; (38), and no cou-
pled constraints, Theorem 3 of Pavel (2006b) gives conditions
for existence and uniqueness of the NE solution. We restate
here this result which will be used in the following.

Proposition 2. The m-player NG with individual cost functions
J i, (38), admits a unique NE solution u* if a; are selected such
that

E Fi,j <da;

J#

Vi e M.

~_l ~
The optimal NE solution u* is inner and u* =T b, where

I= [T“,;j] and b = [I;i] are defined as
~ ai, j=i, iz _ap;
rp,=1" .. b = —

" {Fi,j, Jj #1, ! o
and I'; j being defined in (34).

In the following we formulate a game that considers explic-
itly such a coupled constraint that corresponds to link power
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capacity. Such a constraint needs to be considered because all
wavelength-multiplexed channels in a link share the optical
fiber, and because total power needs to be below the thresh-
old for nonlinear effects (Agrawal, 2002). As in (33), the total
power at Tx has to be constrained also, Zj”-’zlu j < Po, so that
nonlinearity is limited. Hence, a general OSNR game in opti-
cal networks has utilities (37), and constraints being coupled,
and hence has a coupled action set

m
Q={ueQ Zujgpo ) (39)
j=1

As in (11), (12), an NE solution u* € Q satisfies
T up) ST, k) Va € Qi(ut,), Vi (40)

where Q; (u*,) is the projection set from Q, (39),

m
Qiur) = 1xi € |Y uj+xi<Py. (@1
J#i

6. OSNR game: a hierarchical decomposition

In this section we consider the coupled OSNR NG with cost
functions J;, (35), and coupled constraint (39). The existence
of an optimum NE solution is guaranteed by Theorem 1, since
the cost functions J;, (35), are strictly convex, on a compact
and convex action set Q. Each channel’s cost function J; (35),
(37) is coupled to all other channels’ actions due to the presence
of X_;. Moreover, due to the coupled constraint (39), solving
directly for an NE solution of this game requires coordination
among possibly all channels and is impractical. We apply the
results in Section 4 as a natural way to obtain a hierarchical
decomposition.

Based on Theorem 3 applied to the OSNR game, with sep-
arable NG-cost function and linear constraints, we have the
following decomposition result.

Corollary 1. Consider the coupled OSNR NG with cost func-
tions Ji(u_;i, u;), (35), (37), subject to the linear constraint
(39). Then the dual cost function D(u),

>
X=u

D(u) = |:mi3 Z(u; X; ,u):|

can be decomposed as

D(w =) Liw, uf(w, )+ Yy ue'u, — Py, (42
i=1 i=1

where w*(u) = [u} (w)] is an NE solution to the NG with cost
functions L; (43) and no coupled constraints.

Liu_j, x;, @) = Ji(u_j, x;) + px;, i€.M. (43)

Proof. Since each cost function J;, (35), is convex in u; and
the constraints are linear, Theorem 3 and (26), (27) hold.

We rewrite the linear constraint (39) in a two-argument form:
g x)=eu+x — P, (44)

where e=[1, ..., 11T is the (m — 1) x 1 all ones vector. Using
(44) we see that L;, (27), is given here as

Li(a_;, xi, ) = Ji(u_;, x;) + pox; + p(e"u_; — Po) (45)

and (26) holds for L;, (45). Recall that in (26) we minimize
first with respect to x; on the right-hand side, and then solve
for a fixed-point solution. From (45) we see that only the first
two terms depend on x;. Hence, substituting for L; (u_;, x;, ),
(45), on the right-hand side of (26) and isolating the terms that
are independent of x; yields

m
+ Y et — Py

m
D(w =) min Li(u_;,x;, )
i i vy i=]
with L; defined as in (43). A fixed-point solution u* =[uf.‘] to the
set of m optimizations on the right-hand side of the foregoing
is an NE solution to the NG with cost functions, L;, (43), and
the last part of the claim follows. [

Corollary 1 leads to a hierarchical decomposition into a
lower-level modified NG with cost functions L; (43), and a
higher-level optimization problem used for coordination. This
decomposition is computationally simpler as shown below. For
a given price u, the lower-level game admits a closed-form ex-
plicit solution. Specifically using (43), (35) we see that L; sat-
isfies

Li(u_j, x;, ) = Ji(u_s, x;)

for o; = p, Vi, where J; is defined in (38). Therefore, for each
given p, the NE solution u*(p) to the lower-level game with
cost L; is unique and can be obtained from Proposition 2 as

~_ 1
w=T" (;bo - no) , (46)

where bg = [a; ], no = [no;]. Next we propose a recursive
hierarchical algorithm based on the explicit solution (46) and
on price coordination at the higher level. By Theorem 2 applied
to the coupled OSNR game J;, (35), (39), (u*, u*) is an optimal
NE solution—-Lagrange multiplier pair if and only if u* is NG
feasible,

m
durw< Py, uf e, ie., (47)

i=1

w =0, ,u*(Z;"zlu;" — Py) = 0 (slackness condition) and the
Lagrangian optimality condition

ut = |:arg ;Iélg Z(u; X; ,u*):| (48)

X=u

holds. By Corollary 1 and (42), we see that u* () solvi_ng (48)
can be found as an NE solution to the modified NG L; (43),
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with no coupled constraints. For every given price p, this NE
solution u*(u) is unique as in (46). Furthermore, from (46) it
is seen that all components of u*(u) decrease with . We can
exploit the linear constraint and adjust the price u to satisfy the
slackness condition. Instead of maximizing D (u), the optimal
price u* can be obtained such that the slackness condition holds,
i.e., as the point of interception between the curve representing
total power, uf(1)=>_"i-, u’ (w), with the level Py (Fig. 1). This
method has the interpretation of a coordination mechanism. The
link as the coordinator sets the price at the optimal value p*. The
channels respond by adjusting their power levels to u} (u*) that
minimizes their own cost. A hierarchical adjustment algorithm
is proposed for both coordinating link price (higher level) and
channel powers (lower level).

A

7 u; ()

e

\

u

Ty

Fig. 1. Graphical plot of total power versus price.

6.1. Link algorithm

For every K iterations of the channel algorithm, the new link
price u is computed based on the received total power for all
channels in the link u(K) = ijluj(l() as

ptk + 1) = [uk) + n(ur(K) — Pyl (49)

where 7 is the step size and [z]T = max{z, 0}.

This simple price update based on Fig. 1 requires only mea-
surement of total power. Moreover, it corresponds to a gradient
descent technique if link price is adjusted slower than channel
powers. At the higher level, p(k) acts as a coordination sig-
nal that aligns individual optimality with the system constraint,
(39) or (47). This is the new price given to the channels, who
repeat K iterations of the following algorithm.

6.2. Channel algorithm

Based on a price u(k) from the link, the optimal channel
power vector u*(u(k)) can be found explicitly as in (46). This
requires global centralized information. However, the following
iterative update algorithm can be used:

( +1)—i_l<;_
T D= a \OSNR:(n)

This is a decentralized algorithm, since the only information fed
back is the individual channel OSNR;, that can be measured in

Fi,i) u;(n). (50

Channel OSNR, Total Power and Price vs Time
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Fig. 2. OSNR, total power and price evolution.
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real time, and the channel “gain”, I'; ;. In Pavel (2006b) it was
proved that for fixed u this algorithm converges to the optimal
NE solution (46).

Even if the optimal solution is coupled as in (46), it can be
iteratively computed by using the decentralized algorithm (50).
Thus, individual channels do not have to coordinate with other
channels at the lower-level game. We note that the approach
in this paper is different from the very recent results in Pan
and Pavel (2005) where the capacity constraint was considered
indirectly by modifying each channel cost function. The re-
sults in Pan and Pavel (2005) do not allow for an analytically
tractable NE solution and developing decentralized algorithms
is not immediate.

Our decomposition approach is similar to the one used for
optimization flow control that relies on utilities being decou-
pled and system cost function being separable (Low & Lapsley,
1999). The problem in our case is not separable in a standard
sense, but is a genuine coupled NG with coupled constraints.
However, we exploited the fact that this coupled OSNR game
is separable in an NG sense.

7. Numerical example

A MATLAB simulation was used for a link with 10 amplified
spans and eight channels. Each optical amplifier has a parabolic
gain profile and the link has a total power constraint of 8.3 dBm.
Assume initially that only the first six channels were present
with powers set for equal OSNR. At 7 =100 two new channels 7
and 8 are added. The OSNR for existing channels has a sudden
drop due to the extra two channels in the link (see Fig. 2).
If the channel algorithm is used to adjust all powers (f; =1,
a; = I';; and u = 10), OSNR converges to new steady-state
values, but total power limit is exceeded (Fig. 2). For every
K =100 iterations (1000 time steps in Fig. 2), the link adjusts
the price u via the link algorithm and channels readjust their
powers. After a few link iterations, the total power satisfies the
constraint, while the OSNR levels are slightly below than that
during the first interval.

8. Conclusions

We extended duality results from a standard optimization
to a noncooperative (Nash) game framework. We showed that
an NG with coupled constraints can be solved by solving a
constrained optimization of the NG-game cost function with
respect to the second argument, and fixed-point solution. We
exploited the separability of the NG-cost function with respect
to the second argument, and extended duality and hierarchical
decomposition in an NG sense. In the second part of the paper
we applied these theoretical results to an NG with coupled
constraints in optical networks. The duality approach offered
a natural way to hierarchically decompose the coupled OSNR
NG into a lower-level NG, with no coupled constraints, and
a higher-level link problem. Moreover the lower-level NG is
analytically tractable and its solution can be found iteratively,
decentralized with respect to channels.
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