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Output feedback control of nonlinear systems is an important open research topic which

attracts attention for both its theoretical interest and its practical applications. This

thesis relies on the theory developed by Maggiore and Passino in [27] towards a sepa-

ration principle for nonlinear systems. That work crucially relies on the existence and

construction of a setP, enjoying special properties, separating two non-convex sets. The

class of setsP we choose to work with is that ofpolytopes. In this thesis we develop

two algorithms to accomplish the task of separating two non-convex sets. The �rst al-

gorithm relies on semi-in�nite programming. The second algorithm relies on orthogonal

projection and outer polytopic approximation. Both algorithms are �rst tested on basic

examples and later used to design nonlinear observers for the Moore-Greitzer three-state

model of surge and stall in jet engine compressors.
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Chapter 1

Introduction and Terminologies

1.1 Motivation

In control theory, controller design relies upon access to the system state variables. Al-

though this access can sometimes be provided via hardware (e.g. sensors), there exist

circumstances in which either the state variables are not directly measurable, or it is

too costly to measure them. In such conditions, an alternative is to use, if possible,

an observerto estimate the system states. The estimated states are thenused by a

stabilizing controller as if they were exact. This is calleda certainty-equivalencecon-

troller. When the system is linear time-invariant, the separation principle guarantees

closed-loop stability of the certainty-equivalence controller. When the system is nonlin-

ear, certainty-equivalence controllers do not, in general, guarantee closed-loop stability

and modi�cations are needed to the observer estimate. Approaches have been developed

in recent years to achieve a separation principle for nonlinear systems. The main results

are found in [41, 2, 27].

Our point of departure in this thesis is the separation principle developed in [27]

(this is reviewed in Section2.1), which applies to a class of nonlinear single input single

output (SISO) systems that are observable only on an open region of the state and input

1



Chapter 1. Introduction and Terminologies 2

spaces. Crucial for the applicability of the approach in [27] is an assumption concerning

the existence of a setP with suitable properties. Checking the existence ofP and

constructing it is in general a rather di�cult task which lim its the practicality of the

approach in [27]. The primary focus of this thesis is to develop computer-aided methods

to construct the set P, thus making the technique in [27] viable. In short, we aim to

solve the following problem:

Problem 1: Given are two setsS1 = f Y 2 RN : CI (Y ) � 0g; S2 = f Y 2 RN :

CO(Y) � 0g, where CI ; CO : RN ! R are continuously di�erentiable and, for all Y 2

RN , @CI =@Y6= 0, @CO=@Y6= 0. Find , if possible, a convex polytopeP s.t.

S1 � P � S2: (1.1)

The relationship between Problem1 and the work in [27] is elucidated in detail in

Section2.2.

This thesis presents two algorithms to solve Problem1. The �rst algorithm extends

an inner polytopic approximation method developed in [15] and relies on semi-in�nite

programming (SIP). The second algorithm is novel and is based upon outer polytopic

approximation by means of boundary orthogonal projection (these terms are later elu-

cidated in more detail). Both algorithms are implemented inMatlab and tested by

means of examples. The two methods are applied to the problemof controlling surge

and rotating stall in the Moore-Greitzer jet engine compressor model.

In the remaining sections of this chapter we introduce relevant terminology on poly-

topes and overview some of the background concepts and literature necessary for this

work.

1.2 Polytopes: Terminologies

The following de�nitions and concepts are, in part, taken from [17], [15].
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Convex Polytope vs. Polyhedron. A subsetP of Rd is called aconvex polyhedronif

it is the set of solutions to a �nite system of linear inequalities, and calledconvex polytope

if it is a convex polyhedron and bounded. The dimension of a polyhedron (polytope) P

is the dimension of its a�ne hull (i.e., the a�ne subspace resulting from the intersection

of all a�ne subspaces containingP). A k-dimensional convex polyhedron (polytope) is

called a k-polyhedron(k-polytope). In this thesis, we omit convex for convex polytopes

and polyhedra, and call them simply polytopes and polyhedra.

Face of a Polytope. Let P be a convexd-polytope in Rd. c> x � d; d 2 R; c 2 Rd, is

called valid for P if c> x � d holds for all x 2 P. A subsetF of a polyhedronP is called

a faceof P if it is represented asF = P \f x j c> x = dg for some valid inequalityc> x � d.

Vertices, Edges, Ridges, and Facets. The faces of dimension 0, 1,d � 2 and d � 1

are called thevertices, edges, ridges and facets,respectively.

Convex Hull. For a subsetS of Rd, the convex hull conv(S) is de�ned as the smallest

convex set inRd containing S. The convex hull computation involves the determination

of conv(S) for a given �nite set of n points S = p1; p2; : : : ; pn in Rd.

Simplex. A set of k + 1 � 0 points is said to bea�nely independent if its a�ne hull has

dimensionk. A subsetP of Rd is called ak-simplex(k = 0; 1; 2; : : : ; d) if it is the convex

hull of k + 1 a�nely independent points. It has exactly k + 1 vertices and k + 1 facets.

For instance, a triangle is a 2-simplex and a tetrahedron is a3-simplex. We denote a

simplex by the collection of its vertices,

P = f v1; : : : ; vk+1 g:

H -representation and V-representation. Every polytope has two representations,

known as (half-space)H -representationand (vertex) V-representation. In the H -representation
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the polytope is described as the intersection of half-spaces,

P = f Y : H1(Y ) � 0; : : : ; HnH (Y) � 0g; H i (Y ) = h� i ; Y � pi i ;

where� i is the normal vector to thei -th hyperplane andpi is a point on the hyperplane.

In the V-representation, the polytope is expressed as the convex hull of its vertices

P = convf v1; : : : ; vqg = f Y : Y =
qX

i =1

t i vi ;
X

t i = 1; (8j ) t j � 0g:

A polytope expressed by anH -representation (orV-representation) is calledH -polytope

(or V-polytope).

Vertex Enumeration and Facet Enumeration Problem. Under some regular-

ity conditions, the conversions between theH -representation and theV-representation

of a polytope are well-de�ned fundamental problems. The transformation from H -

representation toV-representation is known as thevertex enumeration problemand that

from V-representation toH -representation is known as thefacet enumeration problem.

It can be shown that the facet enumeration problem reduces tothe convex hull problem.

An algorithm which solves the vertex/facet enumeration problem is called arepresenta-

tion conversion algorithm.

Voronoi Diagrams Given a setS of n distinct points in Rd, the Voronoi diagram is the

partition of Rd into n polyhedral regionsvo(p) : p 2 S. Each regionvo(p), called the

Voronoi cell of p, is de�ned as the set of points inRd which are closer top than to any

other points in S, or more precisely,

vo(p) =
�

x 2 Rd j kx � pk � k x � qk 8q 2 S � p
	

;

where k � k denotes the Euclidian norm. Figure1.1 illustrates an example of a Voronoi

Diagram of a set of points inR2. The set of all Voronoi cells and their faces forms a cell
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pvo(p)

v

nb(S,v)

Figure 1.1: Example of a Voronoi diagram.

complex. The vertices of this complex are called theVoronoi vertices, and the extreme

rays (i.e. unbounded edges) are theVoronoi rays. For each point v 2 Rd, the nearest

neighbor setnb(S; v) of v in S is the set of pointsp 2 S � v which are closest tov in

Euclidean distance. Alternatively, one can de�ne a pointv 2 Rd to be a Voronoi vertex

of S if nb(S; v) is maximal over all nearest neighbor sets. For a description of how to

construct Voronoi diagrams refer to [17].

Delaunay Triangulation Let S be a set ofn points in Rd. The convex hull of the

nearest neighbor setconv(nb(S; v)) of a Voronoi vertex v is called the Delaunay cell ofv.

The Delaunay complex (or triangulation) ofS is a partition of the convex hull conv(S)

into the Delaunay cells of Voronoi vertices together with their faces. In this thesis, we

denote the Delaunay complex byD = f d1; d2; : : : ; dr g, wheredi denotes a Delaunay cell

and is represented by a set of points whose convex hull constructs that Delaunay cell. In

Rd, under some regularity conditions,di is a d-simplex and the set of points describing

di has exactlyd + 1 members. The Delaunay complex is therefore a set of several sets of
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points, each of which havingd + 1 members. The Delaunay triangulation of Figure1.1

is given in Figure1.2.

Figure 1.2: Delaunay triangulation of Figure1.1.

Expression for Volume of a Polytope It is known that computing the volume of a

generalV-polytope (or H -polytope) is NP-hard [13], and there is no general formula for

it. The only available exception is the volume of and-simplex=f v1; v2; : : : ; vd+1 g, [11]:

d-Simplex Volume=
det [v1 � vn+1 ; v2 � vn+1 ; : : : ; vn � vn+1 ]

n!
: (1.2)

Now, the volume of a polytopeP in Rd can be evaluated by summing the volume of

every d-simplex in P. The following steps are taken:

(1) Calculate the Centroid of the polytope.

�Vc :=
1
m

mX

i =1

vi

wherevi represents the vertices of the polytopeP.
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(2) For each of the facetsf i 2 F , where F is the set of all facets of the polytopeP,

calculate the Delaunay triangulationD i = f di
1; di

2; : : : ; di
kg, wheredi

j 's represent the

individual Delaunay Cells.

(3) Along with the centroid of the polytope, each Delaunay cell di
j 2 D i forms an d-

simplex. Evaluate the volume of each such simplex using (1.2). Sum the volume of

all simplexes for the facet.

(4) Repeat for each facet and sum all the results for the polytope volume.

1.3 Literature Review

To the best of our knowledge, our proposed Problem 1, in the present context, has not

yet been investigated. However in literature, one frequently encounters thepolyhedral

separation problem:Given two nested convex polyhedraS1 and S2, whereS1 � S2, �nd a

polyhedronP with the minimum number of facets, such thatS1 � P � S2. This problem

is di�erent from our Problem 1 because we do not requireS1 and S2 to be convex polyhe-

dra and do not seek to �nd a polyhedronP with minimum number of facets. However, in

an attempt to correlate our Problem 1 to the polyhedral separation problem, one might

propose the following solution to our Problem 1: Find an inner polytopic approximation

to the outer setS2, and an outer polytopic approximation to the inner setS1, to construct

two polytopesP2 and P1, respectively, and trivially check the containment ofP1 in P2, by

testing if all the vertices ofP1 are contained inP2. Although this approach may initially

appear attractive, it su�ers from greater computational ine�ciency and a higher degree

of uncertainty in comparison to our two polytopic separation techniques described in the

subsequent sections. This will become evident throughout the next chapters.

In what follows, we brie
y summarize some of the main resultsand methodologies

encountered while formulating the topic of this thesis.
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1.3.1 Semi-in�nite Programming

Semi-in�nite programming refers to a class of optimizationproblems in which the number

of variables describing the constraints is �nite, while there are in�nitely many constraints

to be satis�ed. The work in [21] describes semi-in�nite programming and several di�erent

methods to solve the problems of this class. The authors introduce procedures to locally

reduce a general semi-in�nite programming problem to a problem with a �nite number

of constraints. This is called thelocal reduction technique.Semi-in�nite programming

(SIP) relies on another optimization technique called sequential-quadratic programming

(SQP). A detailed summary of these two methods is presented in the Appendix.

In [16], the authors investigates the real-time path planning problem. The main tool

of their approach is an algorithm to �nd an inner approximation of a set with smooth

boundary by a polytope. In order to �nd such inner approximation, the authors formulate

a semi-in�nite program and employ the local reduction technique in [21] to solve it.

We gain inspiration from the methodology employed in [16] and [21] in order to

develop our �rst approach in solving Problem 1. More speci�cally, in Chapter 3 we extend

the inner polytopic approximation of [16] to devise a new approach that separates two

nested sets.

1.3.2 Q-Hull Algorithm

As explained before, a polytope can be described by the convex hull of its vertices. It

will become evident that in our proposed algorithms, we willfrequently need to compute

the convex hull of a set of points. Hence an e�cient method to �nd such convex hull

will be crucial to improve the computational complexity of our algorithms. In [9], the

authors introduce a time-e�cient approach to �nd the convex hull of a given set of points

in n-dimensions.

This method, namedQ-Hull, employs the general structure of the Graham's scan [6],
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which is a well-known two dimensional algorithm for �nding convex hull in 2D. It employs

a randomized incremental algorithms similar to that of Clarkson and Shor [12] to achieve

an impressive expected time complexity ofO(N log(N )), whereN is the cardinality of the

set of input points. Then the methodology of beneath-beyondalgorithm [36] and double-

description method [3] is applied to extend the Graham's scan to generaln-dimensional

space. We extensively use Matlab's implementation of Q-Hull in several steps of our

proposed algorithms.

1.3.3 Reverse Search Algorithm

Recall the vertex/facet enumeration problem where, given the H/V-representation of a

polytope, one wants to �nd the V/H-representation. In our second polytopic separation

scheme, we need to solve this problem in di�erent phases of the algorithm. One way to

solve this problem is through the so-called reverse search algorithm (RSA) presented in

[5]. This algorithm �rst constructs a special forest1 of the polytope vertices/hyperplanes

and then, starting at di�erent roots of this forest, traces out the subtrees associated to

this starting roots in some speci�c order by reversing the so-called pivot rule. Employing

this technique, the vertices/facets of the polytope are enumerated.

An implementation of the reverse search algorithm is presented in [4]. This im-

plementation, called lrs, comes as a freely available software package. Apart from the

vertex/facet enumeration function, this package containsseveral other functions such

as redund (to remove redundancy from both H-representation and V-representation),

Voronoi (to compute the Voronoi vertices and rays for an input set of data points), and

few other methods regarding polytopes/polyhedra. We use two of the available functions

in this package to implement our second polytopic separation algorithm, presented in

Chapter 4.

1A tree is an acyclic graph (i.e., a graph without any cycles). Forests consist only of (possibly
disconnected) trees.
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1.4 Summary of Contribution

The main contribution of this thesis is the development of two algorithms to solve Prob-

lem 1. After formally describing our framework in Chapter2, we introduce our �rst

method of polytopic separation in Chapter3. This method extends the inner polytopic

approximation scheme in [16] to deal with the more general framework of our Problem

1. In this chapter, we �rst describe the pre-requisite concept for this approach, namely

semi-in�nite programming (SIP)2 and later we demonstrate in detail how SIP is applied

to solve Problem 1. A summary of results and simulations are then documented.

There are two major drawbacks to this SIP-inspired algorithm. Firstly, the com-

putational complexity of this algorithm increases exponentially with the dimension of

the problem; secondly, the algorithm exhibits only local (and not global) convergence3.

Therefore, unless the initial condition is chosen closeenoughto a local optimum, the

algorithm may diverge. As a result, it may not possible to apply this methodology

to problems in dimension higher than 3, where the visualization of the problem is not

feasible (and hence the initial condition can not be chosen wisely).

In Chapter 4, we present another solution to Problem 1. This new scheme employs

boundary orthogonal projection to construct an outer polytopic approximation to the

inner set,S1. Next, using a substep of SIP, it veri�es the containment of the constructed

polytope in the outer set,S2. It turns out that this second method �ts the framework of

our problem better than the �rst one. Our simulation resultssuggestthat this approach

is more computationally e�cient and although we have not studied its convergence prop-

erties in details, in comparison to the �rst method, it exhibits an enhanced convergence

capability for the problems that we have examined.

In Chapter 5, we slightly modify the two presented polytopic separationtechniques

2SIP relies on another optimization scheme, named sequential quadratic programming (SQP). A
detailed summary of SQP is presented in the Appendix

3These terms are de�ned in Chapter3.
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to be able to apply them to observer design. After detailing the steps of these refor-

mulations, the two modi�ed methods are applied to the problem of controlling the two

instabilities in jet engine compressors, namely surge and rotating stall. The problem is

then simulated using two di�erent controllers presented in[26] and [28] and the outcomes

are documented. While it is not possible to successfully apply the �rst method to either

of these two application problems, the results generated bythe second method appear

promising.

We conclude this chapter with a note about the applicabilityof polyhedralseparation

to our Problem 1.



Chapter 2

Background and Problem

Formulation

In this chapter we summarize the separation principle developed in [27], highlight the

main limitation which motivates the investigation carriedout in this thesis, and illustrate

how Problem 1 on page2 addresses this limitation.

2.1 The separation principle in [ 27]

The concepts introduced in this section are somewhat technical; hence, for the sake of

clarity, we later illustrate these concepts in Example2.1.1.

Consider the following dynamical system,

8
><

>:

_x = f (x; u)

y = h(x; u);
(2.1)

where x 2 Rn ; u; y 2 R, f and h are smooth, andf (0; 0) = 0. Also, consider the

observability mappingformed by computing time derivatives of the outputy along the

12
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vector �eld of the system:

ye =

2

6
6
6
6
4

y
...

y(n� 1)

3

7
7
7
7
5

= H
�
x; u; : : : ; u(nu � 1)

�
: (2.2)

Herenu denotes the highest number of time-derivatives ofu that appear in H , 0 � nu � n

(nu = 0 indicates that H does not depend onu; likewise nu = k implies that (k � 1)th

derivative of u is required to computeH). We next augment system (2.1) with nu

integrators on the input side. The resulting system is:

_x = f (x; z1) ; _z1 = z2 ; � � � ; _znu = v (2.3)

After augmentation, we can rewrite the observability mapping as

ye = H(x; z1; : : : ; znu ):

De�ne the extended state variableX = col( x; z) 2 Rn+ nu . Further, de�ne the extended

system as:
8
><

>:

_X = f e(X ) + ge(v)

y = he(X );
(2.4)

where f e(X ) = col( f (x; z1); z2; � � � ; znu ; 0); ge = col(0; � � � ; 1), and he(X ) = h(x; z1).

Now we are ready to state our assumptions. Our �rst assumption requires that system

(2.1) be observable on some set:

Assumption A1 (Observability). System (2.1) is observable over an open setO 2

Rn � Rnu containing the origin. More precisely, the mappingF : O ! Y , de�ned by:

Y =

2

6
4

ye

z

3

7
5 = F (X ) =

2

6
4

H(x; z)

z

3

7
5 ; (2.5)

has a smooth inverseF � 1 : Y ! O
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Remark 2.1.1. When O = Rn � Rnu the system is said to beuniformly completely

observable (UCO)[41]. For UCO systems a separation principle has been developedin

[41, 2].

Our second assumption concerns the existence of a stabilizing controller for system (2.1):

Assumption A2 (Stabilizability). The origin of (2.1) is smoothly stabilizable by a

static function of x. In other words, there exists a smooth function �u(x), s.t. the origin

is an asymptotically stable equilibrium point of _x = f (x; �u(x)).

Remark 2.1.2. Using the integrator backstepping Lemma (see [22]), one can �nd a

smooth feedbackv = � (X ) = � (x; z) that makes the origin of (2.4) asymptotically

stable. Next using the converse Lyapunov theorem [25], one gets a Lyapunov function

V(X ) = V(x; z) for the closed loop system (2.4). In this thesis, we let 
 c denote the

sub-level set of the Lyapunov functionV, i.e., f X 2 Rn+ nu j V � cg.

The last assumption requires that the observability set,O, is topologically well-

behaved. This is indirectly imposed by requiring the existence of a special set,P, con-

tained insideO.

Assumption A3 (Topology of O). There exists a constantc and a setP such that:

F (
 c) � P � Y (= F (O)); (2.6)

whereP has the following properties:

(i) P is expressed asP = f Y 2 Rn+ nu j g(Y) � 0g, whereg : Rn+ nu ! R is continuous

everywhere, and continuously di�erentiable everywhere except possibly on a set of

points of measure zero. Moreover, ifg is C1 at Y0, then (@g=@Y)(Y0) 6= 0.

(ii) P �z = f ye 2 Rn j (ye; �z) 2 Pg is convex for all �z 2 Rnu .

(iii) For each �xed �z 2 Rnu , for all ye 2 P �z such that g is C1 at (ye; �z), @g
@ye

(ye; �z) 6= 0.
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(iv)
S

�z2 Rn u P �z is compact.

The abovementioned assumptions can be interpreted as follows: In part (i) it is re-

quired that the boundary ofP be apiecewisecontinuously di�erentiable n� 1 dimensional

surface. Surfaces with corners are therefore allowed. Part(ii) demands that each slice

P �z of P, obtained by holding z constant at �z, be convex. Part (iii) requires that the

boundary of each sliceP �z be a piecewisecontinuously di�erentiable n � 2 dimensional

surface. Finally, part (iv) requires that the setP be compact in theye direction.

To further clarify the requirements of the setP, consider the setsP1 to P4 in Figure

2.1 for the caseye 2 R2; z 2 R. While all of them satisfy the requirement of part (i),

P2P1

P4

P3

z

ye;1

ye;2

Figure 2.1: Properties ofP.

P1 does not satisfy part (ii), as its slices alongz are not convex;P2 satis�es part (ii) but



Chapter 2. Background and Problem Formulation 16

it violates part (iii), as the normal vector to one of the slices has no components in the

ye direction; P3 satis�es all the parts except for part (iv), since asz ! 1 , slices ofP

grow unbounded and are not compact.P4 is the only set satisfying all the topological

requirements forP.

Example 2.1.1. Consider the system
8
>>>>><

>>>>>:

_x1 = x2 + u

_x2 = � x3
2 + u

y = ( x1 � 1)3:

(2.7)

The observability mapping for this system is

ye =

2

6
4

y

_y

3

7
5 =

2

6
4

(x1 � 1)3

3 (x1 � 1)2 (x2 + u)

3

7
5 = H (x; u) : (2.8)

Note that H in this example depends only onu, thus nu = 1. We, therefore, augment

system (2.7) with one integrator on the input side. The resulting systemis

_x1 = x2 + z; _x2 = � x3
2 + z; _z = v: (2.9)

For this example, the extended state variable isX = [ x1; x2; z1]> and the extended system

becomes
8
>>>>>>>><

>>>>>>>>:

_x1 = x2 + z1

_x2 = � x3
2 + z1

_z1 = v

y = ( x1 � 1)3:

(2.10)

Assumption A1 is satis�ed and the observable set isO =
�

X = ( x1; x2; z) 2 R3 j x1 6= 1
	

.

SinceO is not all of R3, the system is not UCO.
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Using the Lyapunov function V̂ (x) = V̂ (x1; x2) = 1
2 x2

1 + 1
2 x2

2, one can design a

stabilizing control law, u = � x1 for the system (2.8). Next, using the integrator back-

stepping lemma, the corresponding stabilizing control lawand Lyapunov function for the

extended system (2.10) is obtained asv = � 2x2 � x1 � z1 and V(X ) = V(x1; x2; z1) =

1
2 x2

1 + 1
2 x2

2 + 1
2 (z1 + x1)2, respectively, thus satisfying assumption A2.

Now, notice that the coordinate transformation for the extended system is de�ned as

F =

2

6
4

H (x; u)

z1

3

7
5 =

2

6
6
6
6
4

(x1 � 1)3

3 (x1 � 1)2 (x2 + z1)

z1

3

7
7
7
7
5

(2.11)

Further, notice that we can set the observability set to beO =
�

X = ( x1; x2; z) 2

R3 j x1 � 1
	

so that it include the origin. Observe thatO is a half-space inR3 constructed

by the planex1 = 1, and is therefore topologically well-behaved. Now, the only remaining

task is to �nd a set P such that P satis�es the requirements (i) to (iv) in assumption A3

and alsoF (
 c) � P � F (O). Whereas it exists, construction of the setP is not trivial

even for this simple example. The work in this thesis concerns devising techniques to

e�ciently construct the set P, thus satisfying assumption A3.

4

Now, assuming that assumptions A1-A3 hold, we de�ne a nonlinear observer that

estimates the state of (2.1) while simultaneously keeping the state estimates inside the

observable region. Recall the transformation (2.5) and let

ŷe
P = H(x̂P ; z); ~ye

P = ŷe
P � ye; Ŷ P = F (x̂P ; z); (2.12)

where x̂P is the state of the projectedobserver de�ned as below,

_̂xP =

8
>>><

>>>:

�
@H
@̂xP

� � 1
(

L F̂ H �
� Nye(Ŷ

P ) L Ĝ g

Nye(Ŷ P )> � Nye(Ŷ P )
�

@H
@z

_z

)

if L Ĝ g � 0 andŶ P 2 @P

f̂ (x̂P ; z; y) Otherwise
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(2.13)

where

f̂ (x̂P ; z; y) = f (x̂P ; z1) +
�

@H(x̂P ; z)
@̂xP

� � 1

" � 1L(y � h(x̂P ; z1))

F̂ = [ f̂ (x̂P ; z; y)> ; z> ]> ; ŷe
P = H(x̂P ; z); L 2 Rn Hurwitz

" = diag[�; � � � ; � n ]; � > 0

(2.14)

also,

Nye (Ŷ
P ) =

�
@g

@̂ye
P (@̂ye

P ; z)
� >

; Nz(Ŷ P ) =
�

@g
@z

(@̂ye
P ; z)

� >

;

(2.15)

represent theye and z components of the normal vectorN (Ŷ P ) to the boundary of P at

Ŷ P . The function g is de�ned in part (i) of A3, L F̂ H and L Ĝ H are the Lie derivatives

of ŷe
P and g(ŷe

P ; z) along the vector �eld F̂ = col ( f̂ ; z 2; � � � ; znu ; v) and Ĝ = L F̂ F ,

respectively, i.e.,

L F̂ H =
@H
@̂xP

f̂ (x̂P ; z; y) +
@H
@z

_z;

L Ĝ g =
@g

@̂ye
P L F̂ H +

@g
@z

_z = Nye(Ŷ
P )> L F̂ H + Nye(Ŷ

P )> _z;

and �nally � = ( S"0)� 1(S"0)�> , whereS = S> is the matrix square root ofP, whereP

is the solution of the Lyapunov equationP(Ac � LCc) + ( Ac � LCc)P = � I and (Ac; Cc)

is the canonical observable pair with eigenvalues at zero. In light of Remark 2.1.2, and

observer in (2.13), the output feedback controller for the extended system (2.4) can then

be de�ned as

v = � (x̂P ; z): (2.16)
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Remark 2.1.3. As pointed out before, in this thesis we will take a polytope to play the

role of setP. In this context, when the observer state-trajectories reach at any vertex, vi ,

of the polytope, one needs to take into accountall the normal vectors to the hyperplanes

intersecting at vi in order to perform the projection steps in (2.13). This will become

more evident in later sections.

Geometric Interpretation of the Projection

An intuitive geometric interpretation for the dynamic projection in (2.13) is as follows:

WheneverŶ P (the observer states, transformed toY-coordinates) is on the boundary of

P, @P, and the vector �eld s at Ŷ P , de�ned by s =
�
(L Ĝ g)> _z>

�
, points outward or

tangent to the setP, those components ofs in the direction of the normal to @Pare elim-

inated, forcing Ŷ P -trajectories to remain insideP. This, due to the di�eomorphism of F

in the observable region, translates to forcing the original observer state trajectories in

x-coordinate to remain insideP as well. Notice that when those components of the vector

�eld s which point outwards of P are eliminated, the observer trajectories tend to move

tangent to @Pfor some period of time, until they return to the inside ofP and follow the

system state trajectories. Simulation results in later chapters illustrate this phenomenon.

Properties of the Observer, Controller, and the Closed-Loo p System

Some of the main technical results obtained in [27] when using the observer in (2.13) are

summarized in the following theorems.

Theorem 2.1.1. If A3 holds and (2.13) is used, the following results are attained:

(i) Positive invariance of F � 1(P): if (x̂P (0); z(0)) 2 F � 1(P), then (x̂P (t); z(t)) 2

F � 1(P) for all t. Further, under some regularity conditions, the properties men-

tioned in (ii) and (iii) below also hold,

(ii) Asymptotic stability of the observer estimation error,
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(iii) Arbitrarily fast rate of convergence.

Recall the controller described in (2.16), c de�ned in A3, and � de�ned for (2.13), the

following theorem describes the stability of the closed-loop system.

Theorem 2.1.2. For the closed-loop system(2.4), (2.13), (2.16), satisfying assumptions

A1, A2, and A3, for any 0 < c1 < c, there exists a scalar� � , 0 < � � � 1, such that,

for all � 2 (0; � � ], the set
�

(X; x̂P ) 2 R2n+ nu j X 2 
 c1 ; (x̂P ; z) 2 F � 1(P)
	

is contained

in the region of attraction of the origin (X; x̂P ) = (0 ; 0).

For the proof of the aforementioned theorems and a clearer expression of the regularity

conditions and technicalities, consult [27], [28] or [38].

Remark 2.1.4. Pondering upon the techniques explained in this chapter, one can infer

the following important qualities about the approach in [27]:

� Unlike approaches developed elsewhere, in the design of theobserver (2.13), the

knowledge of the explicit expression forH � 1 is not required. Notice that although

H � 1 does exist in the observable region, it may not be possible tocalculate it

explicitly.

� The system needs not be input-output feedback linearizable, and hence no well-

de�ned relative degree is required. Further, the observer (2.13) enjoys the advantage

of working directly in state space.

2.2 Relationship between Problem 1 and the Ap-

proach in [ 27]

The results presented in the previous section rely, among other things, upon the existence

of a setP � Rn+ nu such that

F (
 c) � P � F (O)
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and such that the properties listed in assumption A3 on page14 hold. In practice, it

may be very di�cult to determine whether such a set exists andto design it, especially

when n + nu > 3. Fix c > 0, let S1 = F (
 c), S2 = F (O), and N = n + nu. In this

section we show that if apolytopeP solves Problem 1, thenP satis�es assumption A3 for

the chosen value ofc. Observing that the Lyapunov sublevel set, 
c, is compact1 (which

translates to F (
 c) also being compact), we can pose the initial form of our problem as

follows:

Given two setsS1; S2 � RN , with S1 compact, �nd , if possible, a compact setP s.t.

S1 � P � S2: (2.17)

Note that we did not state any assumption concerning the convexity of S1 and S2;

indeed, we would like to design an algorithm that separates two nested non-convex sets.

In this thesis we chooseP to be a convex polytope. One of the reasons for this choice

is that any polytope satisfying (2.17), generically also satis�es requirements (i)-(iv) in

assumption A3 (page14). An n-polytope has continuous and piecewise continuously

di�erentiable boundary which can be expressed as the intersection of half-planes (H -

representation), and thus it satis�es requirement (i); theslice of a polytope is a convex

polytope (requirement (ii)); condition (iii) requires that the normal vector to each of

the faces of the polytope has nonzeroye components, a condition which isgenerically

satis�ed. Figure 2.2 illustrates the situation when requirement (iii) is violated. An

arbitrarily small perturbation of the upper hyperplane in Figure 2.2 yields a polytope

satisfying requirement (iii). Finally, since a convex polytope is a compact set, requirement

(iv) is trivially satis�ed.

The conclusion from the discussion above is thatif Problem 1 is solvable for the

chosen value ofc then the polytopeP solving it satis�es assumption A3.It is clear that

if one develops an algorithm to solve Problem 1, then the samealgorithm can be used

1This results from the radial unboundedness requirement for Lyapunov function imposed by
Barbashin-Krosovski Theorem [22].
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to �nd the largest value of c (i.e., the largest sublevel set of the Lyapunov functionV)

satisfying assumption A3.

There are several other reasons for our decision to take polytopes (instead of e.g.

ellipsoids) to solve Problem 1: �rstly, polytopes are simple to construct, analyze and

manipulate; also, there are many results and algorithms to deal with polytopes in higher

dimensions; further, to the best of our knowledge, in terms of computational complexity

and general applicability, separation of two sets in multidimensional space is best achieved

using polytopes.

 
 
 
 
  

z1 

ye,1 

ye,2 

ye -component of this  
normal vector is zero. 

Figure 2.2: An example of whenye-component of the normal vector vanishes.



Chapter 3

Polytopic Separation: First Method

In this chapter we present the �rst method to solve

Problem 1: Given are two setsS1 = f Y 2 RN : CI (Y ) � 0g; S2 = f Y 2 RN :

CO(Y) � 0g, where CI ; CO : RN ! R are continuously di�erentiable and, for all Y 2

RN , @CI =@Y6= 0, @CO=@Y6= 0. Find , if possible, a polytopeP s.t.

S1 � P � S2: (3.1)

Our solution relies on the crucial assumption thatS2 becompact. If S2 is not compact,

the algorithm of this chapter cannot be employed. The approach taken here to solve

Problem 1 is to �nd a maximum volume polytope containingS1 and contained in S2.

We do so by extending the approach introduced in [15] so that it �ts the framework of

Problem 1. More speci�cally, we continue upon the inner polytopic approximation of

[15] to devise a new technique that separates twonestedsets. This approach is based on

an optimization technique called semi-in�nite programming (SIP). In what follows, we

�rst describe semi-in�nite programming and later formulate Problem 1 as a semi-in�nite

program. The resulting algorithm is applied to several examples.

23
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3.1 Preliminaries: Semi-In�nite Programming

In this section, we brie
y touch on some of the main ideas behind the concept of semi-

in�nite programming. We focus our attention mainly on the methodologies applicable to

the problem statement in this thesis. The works in [21] and [39] o�er in-detail insights

on this subject for the interested reader.

3.1.1 Overview

Semi-in�nite programming (SIP) is a relatively new approach in solving a class of opti-

mization problems in which the number of variables describing the constraints are �nite,

while there are in�nitely many constraints to be satis�ed. Formally, it refers to the

following problem:

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

maximize f (x)

s.t. gi (x; t ) � 0; i = 1; : : : ; m

hi (x) � 0; i = 1; : : : ; o

hi (x) = 0 ; i = o+ 1; : : : ; q

t 2 � ;

(3.2)

where f (x) is the objective function, gi (x; t ); i = 1; : : : ; m, are the in�nite constraint

functions (they depend on a variable,t, which is constrained to lie within the set �) and

hi (x); i = 1; : : : ; q, are the �nite constraint functions. The set � � Rp is often, but not

exclusively, chosen to be a hypercube.

In this thesis, we consider the simpler problem
8
>>>>><

>>>>>:

maximize f (x)

s.t. gi (x; t ) � 0; i = 1; : : : ; m

t 2 � :

(3.3)
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There are several schemes to deal with the problem above, themost important being

the exchange method, the discretization methodand the local reduction method. All of

these methods rely on sequential quadratic programming (SQP) as one of the major

building blocks. The SQP algorithm is reviewed in detail in the Appendix. Next, we

present the overall strategy followed by each of these threemethods. Thereafter, we

describe the local reduction technique in more detail, due to its relevance to our problem

statement.

3.1.2 High-Level Description of the Available Algorithms

The overall strategy to tackle problem (3.3) is to cover � with a �nite grid �� =
�

t1; : : : ; tl
	

so that gi (x; t ) needs to be evaluated only at the points in��. It is, however, required

that the satisfaction of gi (x; �t) � 0 for �t 2 �� be a su�cient condition for the satisfaction

of gi (x; t ) � 0 for t 2 �. Once �� has been calculated, each�t 2 �� gives the constraints

gi (x; �t) � 0; i = 1; : : : ; m;

thus allowing the problem (3.3) to become a �nite-dimensional nonlinear programming

problem. This new problem is referred to as thereduced problem.

The three aforementioned methods, namely, exchange, discretization and local reduc-

tion, are di�erent chie
y in how they construct the �nite gri d ��. In the exchange method,

at every stepk, a number of new points are added to�� k� 1 and some other points are

deleted from �� k� 1, where �� 0 is a randomly-chosen strict subset of �. According to [21],

the exchange method is exclusively e�ective for convex or linear problems; thus, making

it of less interest to us.

In the discretization method, the set � is sampled by a �nite grid of equally spaced

points. A �ner grid, with more points, results in a better approximation of �. However,

a �ner grid considerably increases the number of constraints, which in turn adds to the

total computational e�ort needed for optimization.
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A more applicable method to our problem, also utilized by [15] for inner polytopic

approximation of a set, is thelocal reduction technique. In this method, the grid con-

tains all the local maximizers generated via the optimization problem 3.4. These local

maximizers are then substituted in the original problem to give result in a nonlinear con-

strained optimization problem, referred to as thereduced problem. The reduced problem

is then solved as an ordinary nonlinear optimization problem. This procedure is repeated

until the problem converges. More speci�cally, this methodcan be described as follows:

Algorithm 3.1.1. (conceptual local reduction algorithm)

Step (k). An xk (not necessarily feasible) is given.

(a) For every constraint gp(xk ; t); p = 1; : : : ; m, individually determine all the local

maximizerst1; : : : ; tlk for the following problem:
8
><

>:

max gp(xk ; t)

s.t. t 2 � :
(3.4)

(b) Apply k̂k steps of SQP to the followingreduced problem, let xk; j ; j = 1 : : : ; k̂k be the

iterates:
8
><

>:

max f (x)

s.t. gp(x; t r ) � 0; p = 1; : : : ; m; r = 1; : : : ; lk :
(3.5)

(c) Set xk+1 = xk; k̂k and continue with Step (k+1).

Substep (a) is the most computationally expensive step of this problem. Also, substep

(a) implicitly assumes that problem (3.4) has a �nite number of local maximizers. If this

is not the case, a basic assumption for reduction fails and other methods, such as the

discretization method, should be exploited. For substep (b), a nonlinear programming

method with a superlinear rate of convergence is employed tokeep the number of substep

(a) low. [21] advises sequential quadratic programming (SQP) for this purpose, see the

Appendix for a detailed review of SQP.
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In [21], there is rarely any indication of global convergence, andalmost all of the

results have been proven to exist locally. The reference to global convergence is stated

to exist assuming "along the piecewise linear path connecting the iteratesxk; j , all local

maximizer t r of problem 3.4 are at least strongly stable", and by settingk̂k = 1, for all

k, with no proof given. Our simulations, depicted in the subsequent sections, con�rm

that best convergence results are indeed obtained when setting k̂k = 1, for all k.

3.2 Application of SIP to Polytopic Separation

In this section, we detail how the methodologies of SIP can beapplied to our problem

of polytopic separation. The developed technique is then applied to several problems

in 2D and 3D and results are documented. The concepts introduced in this section are

illustrated numerically in Example 3.2.1.

3.2.1 Problem Formulation

Recall Problem 1 where we aim to separate the two setsS1 = f Y : CI (Y) � 0g and

S2 = f Y : CO(Y) � 0g. We assume thatS2 is a compact set. LetV = ( v1; : : : ; vq) denote

a set of vertices and letP(V) denote the associated convex polytope. We takeq � N + 1

to make sure that, when its vertices are in general position (i.e., Volume(P(V)) > 0),

P(V) is an N -polytope. With the objective of maximizing the volume ofP(V), we write

Problem 1 in the following form:

8
>>>>><

>>>>>:

maximize Volume(P(V))

s.t. (i ) (8p 2 P)CO(p) � 0

(ii ) (CI (p) � 0) =) (p 2 P(V)):

(3.6)

We initialize the vertices in general position and assume throughout the following dis-

cussion that at each iterationVolume(P(V)) > 0.
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From convexity theory, it follows that one can representP(V) as

P(V) =
n

p 2 RN : p = t1v1 + t2v2 + � � � + tqvq;
qX

j =1

t j = 1; (8j ) t j � 0
o

:

Hence, every point inP(V) is uniquely identi�ed by a pair (V; t). Denoting

�CO(V; t) = CO(t1v1 + t2v2 + � � � + tqvq); (3.7)

we equivalently rewrite constraint (i) in (3.6) as

(i ) �CO(V; t) � 0 for all t 2 T1 :=

(

t :
X

j

t j = 1; (8j ) t j � 0

)

:

The program (3.6) remains unchanged if constraint (ii) is replaced by the following

(ii ) (8p 2 S2 � P(V)) CI (p) > 0:

Denote ~P(V) = S2 � P(V). Since q � N + 1 and Volume(P(V)) > 0, it follows that

any point in ~P(V) can be expressed (possibly non-uniquely) as a linear combination of

v1; : : : ; vq so that, letting �CI (V; t) = CI (t1v1 + t2v2 + � � � + tqvq), condition (ii) can be

rewritten as

(ii ) �CI (V; t) > 0 for all t 2 T2 :=

(

t :
X

j

t j vj 2 ~P(V)

)

:

By replacing �CI (V; t) with �CI (V; t) + " , where" > 0 is a small constant, we can relax the

inequality above and require�CI (V; t) � 0.

In conclusion, program (3.6), and hence Problem 1, is formulated as the semi-in�nite

program

8
>>>>>>>><

>>>>>>>>:

maximize Volume(P(V))

s.t. �CO(V; t1) � 0

� �CI (V; t2) � 0

t1 2 T1; t2 2 T2:

(3.8)
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We conclude this section with a remark about the numberq of vertices of the polytope.

In order to be able to implement SIP as a computer program to solve problem (3.8), q

needs to be �xed; the reason being that the proposed SIP optimization scheme �nds a

solution by iteration over a �xed number of variables and evaluation of the gradient of

the constraint functions at these variables.

3.2.2 Solution to Program (3.8) and Implementation Details

We now proceed with the steps outlined in Algorithm3.1.1, and apply them to program

(3.8). In tandem, we also detail the design of our Matlab implementation. The minimal

Matlab con�guration required to implement the following procedures is Matlab 5.0 along

with the optimization toolbox. In the explanations below, every index variable should

be taken aslocal variable, exclusive to the section where it appears. For example, i is not

a global index, rather it is used to iterate through some vector, or matrix in the section

where it appears.

Initialization

One can choose the convex hull of a random set of points as the initial polytope. However,

our experimentations show that the algorithm has a better chance of convergence if the

initial polytope is chosen close to one of the local optima. This is especially crucial in

dimensions higher than 21. Except for the 2D case (where the algorithm demonstrates

high tolerance for polytope initializations) in most of ourexperimentations, we initialize

the polytope on a sphere (closely) containing the outer set,S1; otherwise the algorithm

would diverge.

We initialize the Hessian approximation matrix (see Section A.5), B0 = I jV j�j V j , i.e.

an identity matrix with jV j rows and columns, wherejV j denotes number of vertices of

1This is a major drawback of this algorithm, as in higher dimensions it is very hard or sometimes
impossible to set the initial conditions close to a local optima.
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the polytope P. Note that B0 satis�es the initial positive de�niteness requirement for

the Hessian approximation method.

Evaluation of the Volume of the Polytope

Our objective function in problem (3.8) is the volume of the polytope resulting from each

iteration. A detailed description on how to evaluate the volume of a polytope inRn is

given in section1.2. In Matlab, the function convhullncan be employed to both calculate

the convex hull of a number of vertices and also to evaluate the volume of this convex

hull.

Jacobian and Hessian of the Volume

While an exact expression for evaluation of the Jacobian andthe Hessian of the volume

can be obtained (see [15]), we recognized that it is computationally more e�cient to

use the �nite di�erence method to approximate the Jacobian and the Hessian using

convhulln. More precisely, we used the following expression to calculate each component

of the Jacobian:

r i;j f (V) =
f (V + � i; j ) � f (V)

�
; (3.9)

wheref (V) denotes the volume obtained fromconvhulln, i is the index of the vertices,j

is the coordinate number for the vertexvi (for e.g. in R3, j 2 f 1; 2; 3g), � is the increment

(we set � = 10� 8), and �nally � i; j is a matrix with the same dimensions asV whose

elements are all zero except for the (i; j )th element which is� .

The Hessian was constructed in a similar way as (3.9). The inaccuracy of the values,

obtained by this method, compared to the exact Jacobian and Hessian values, obtained

by the method in [15], was negligible in all the cases we studied.
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Expressions for the Hyperplanes Describing the Boundary of the Polytope

Recall step (a) of Algorithm 3.1.1, where we need to �nd all local maxima for the con-

straints. It will become evident later that when implementing this step, we will need the

expressions for the hyperplanes,H i (Y) = 0, describing the boundary ofP. To do so, we

�rst �nd the normal vector, � i , to each facet,f i , and using this normal vector we then

write the equation of hyperplane corresponding to that facet. More speci�cally,

� In RN , for each facet,f i , take any N vertices in f i . In Matlab, we can do this using

convhulln, which provides with Delaunay cells off i . These cells, by de�nition, have

exactly N vertices in them.

� Using theseN vertices, constructN � 1 linearly independent vectors�l i
1; : : : ; �l i

n� 1

by choosing one vertex to be the origin and computing the di�erences of all other

vertices to this origin.

� Find � i , the basis for the one-dimensional null space of [�l i
1; : : : ; �l i

n� 1]. In Matlab, we

use the commandnull to �nd � i .

� The hyperplane corresponding tof i is given by

H i (Y) = h� i ; (Y � pi )i = 0;

wherepi is any point in f i .

Determination of All Local Maximizers t1; : : : ; tlk

In general, there are two approaches to �nd all local maxima of a constrained optimization

problem. The �rst approach, of analytical nature, follows from imposing the Karush-

Kuhn-Tucker (KKT) optimality conditions. In essence, this involves �nding all critical

points and discarding those critical points which donot satisfy assumptionsA4-A7 in

Section A.2. More precisely, one needs to form the LagrangianL(x; u; v) = f (x) +
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u> h(x) + v> g(x) and solve the following system of equations analytically to �nd all

critical points:

8
>>>>><

>>>>>:

r x L(x; u; v) = 0

hi (x) = 0 ; i = 1; : : : ; m

vi gi (x) = 0 ; i = 1; : : : ; n:

Next, the critical points which do not satisfy either of the following two conditions

gi (x) � 0; i = 1; : : : ; n

v�
i � 0; i = 1; : : : ; n

or assumptionA7 are discarded. The problem with this approach is that it is sometimes

very di�cult or even impossible to analytically solve this system of equations.

The second approach is of numerical nature. This method employs a �nite grid,

G � D, where D is the region de�ned by the constraints. More speci�cally inthis

method one �rst samples the region enclosed by the constraints of the problem using

�nitely many equally-spaced points p 2 D; then, one uses each of these points,p, as

the initial condition for the optimization problem. Unless, the problem is convex, these

initial conditions will hopefully lead to di�erent local maxima, and this way, one will

attain all local maximizers. Notice that this is a heuristicmethod, where capturingall

the optimum points can not be guaranteed. We used Matlab'sfminconto implement this

approach.

Considering the two aforementioned approaches, we are now ready to formally express

the optimization problems corresponding to step (a) of Algorithm 3.1.1. Notice that since

we have two separate sets of constraints (namely, inner and outer constraints), we need

to solve two separate problems which are of di�erent nature.In what follows, we detail

our approach to tackle these two problems.

Outer Constraint. Here we explain how to apply thelocal reduction stepto the outer
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constraint in program (3.8)

�CO(V; t) � 0; t 2 T1:

At step k, we substitute the vertices obtained from the previous iteration, V k� 1, in the

outer constraint, �CO(V; t) � 0. Letting ĈO(t) := �CO(V k� 1; t), we seek to �nd all local

maximizers of the auxiliary problem
8
>>><

>>>:

maximize ĈO(t)
qX

j =1

t j = 1; (8j ) t j � 0:
(3.10)

Each of the local maximizerst1; : : : ; tlk of program (3.10) is then substituted in �CO(V; t),

thus obtaining a �nite set of constraints only in terms ofV ,

�CO(V; ti ) � 0; i = 1; : : : ; lk ;

which are then used to construct thereducedproblem.

Inner Constraint. We now turn to the inner constraint in program (3.8),

� �CI (V; t) � 0; t 2 T2:

Recall the de�nition of the set T2,

T2 =

(

t :
X

j

t j vj 2 ~P(V)

)

;

where ~P(V) = S2 � P(V) is a bounded set. SinceT2 is implicitly de�ned in terms of

t (while T1 is explicitly parameterized by t), we cannot apply the local reduction step

using the approach employed for the outer constraint. A di�erent technique must be

developed.

Denoting P c(V ) := RN � P(V) we have ~P(V) = P c \ S2. Using theH -representation,

we can expressP(V) as the intersection of half-planes,

P(V) = f H1(Y) � 0g \ � � � \ f HnH (Y) � 0g;
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so that

P c(V) = f H1(Y) > 0g [ � � � [ f HnH (Y) > 0g;

and thus

~P(V) =
�

f H1(Y) > 0g \ S2

�
[ � � � [

�
f HnH (Y) > 0g \ S2

�
:

By eliminating the variable t and using the above, the inner constraint becomes

� CI (Y) � 0

8Y 2
�

f H1(Y ) > 0; CO(Y ) � 0g
�

[ � � � [
�

f HnH (Y) > 0; CO(Y) � 0g
�

:
(3.11)

We next seek to �nd the local maxima of (3.11). The expression above suggests to divide

the problem into nH subproblems

Pi :

8
><

>:

maximize� CI (Y)

s.t. H i (Y) > 0; CO(Y) � 0:
(3.12)

Note that Pi is a constrained optimization problem over a bounded domain. All local

maxima of (3.11) are given by the collection of local maxima of programsP1; : : : ; PnH .

Let f Y �
i; 1; : : : ; Y �

i;l i
g denote the local maxima ofPi found by using the same gridding

technique used for the outer constraint. Once the local maxima have been found, we

express them as linear combinations of the vertices of the polytope P(V),

Y �
i;j =

qX

k=1

t ij
k vk : (3.13)

Recall that this can be done because the polytope hasq � N +1 vertices and, generically,

Volume(P(V)) > 0. There is, however, more than one combination of thevk 's giving Y �
i;j .

We choose parameterst ij := ( t ij
1 ; : : : ; tij

q ) the following way. By de�nition, there exist

at least N a�nely independent vertices vi 1 ; : : : ; vi N of P belonging to each hyperplane

f H i (Y) = 0 g. Any point in RN can be uniquely expressed as a linear combination of

vi 1 ; : : : ; vi N . Write

Y �
i;j = t ij

i 1
vi 1 + : : : + t ij

i N
vi N :
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By setting, for all k =2 f i1; : : : ; iN g, t ij
k = 0, we obtain the desired expression (3.13). The

local reduction step is then concluded by replacing the inner constraint by the following

�nite set of constraints only in terms ofV ,

� �CI (V; tij ) � 0; i = 1; : : : ; nH ; j = 1; : : : ; li :

Number of Substeps of SQP

Based on our empirical results, in the framework of Problem 1, k̂k = 1 is the only number

of substeps of SQP, which yields local convergence of the algorithm. Notice that when

k̂k = 1, the Hessian approximation matrix (see the Appendix),Bk , can not be updated

(for e.g. using BFGS method), and henceBk = I for all k � 0.

Example 3.2.1. In this section, we examine how the steps of SIP are applied toa

numerical example. For the sake of clarity and conciseness,we demonstrate this by

means of a simple convex example. The problem statement for this example is de�ned

as follows

8
>>>>>>>>><

>>>>>>>>>:

maximize Area(Triangle P)

s.t. P separates

S1 =
n

[y1; y2] : y2
1 + y2

2 � 4 � 0
o

S2 =
n

[y1; y2] :
� y1

0:5

� 2
+

� y2 � 1
0:75

� 2
� 1 � 0

o
:

(3.14)

and denote the vertices of the triangle,P, as

V :=

2

6
6
6
6
4

v11 v12

v21 v22

v31 v32

3

7
7
7
7
5

:
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Also, the area of a triangle can be calculated from

f (V) :=

�
�
�
�
�
�
�
�
�
�

det

0

B
B
B
B
@

2

6
6
6
6
4

v11 v12 1

v21 v22 1

v31 v32 1

3

7
7
7
7
5

1

C
C
C
C
A

�
�
�
�
�
�
�
�
�
�

:

The constraints in this problem correspond to the shaded area in Figure 3.1. Now by

2. 5 2 1. 5 1 0. 5 0 0.5 1 1.5 2 2.5

1. 5

1

0. 5

0

0.5

1

1.5

Figure 3.1: Region enclosed between the inner and outer constraints of example3.2.1.

mapping this problem to the SIP framework, we obtain:
8
>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

maximizef (V)

s.t.

�CO(V; t1) :=
�
t1
1v11 + t1

2v21 + t1
3v31

� 2
+

�
t1
1v12 + t1

2v22 + t1
3v32

� 2
� 4 � 0

[t1
1; t1

2; t1
3] 2

(

[t1
1; t1

2; t1
3] :

3X

j =1

t1
j = 1; (8j ) t1

j � 0

)

�CI (V; t2) :=
�

(t2
1v11 + t2

2v21 + t2
3v31)

0:5

� 2

+
�

(t2
1v11 + t2

2v21 + t2
3v31) � 1

0:75

� 2

� 1 � 0

[t2
1; t2

2; t2
3] 2

(

[t2
1; t2

2; t2
3] :

3X

j =1

t2
j Vj 2 eP

)

:

(3.15)

Now we construct an initial polytope with verticesV 0 = f (3; 1); (1; � 3); (� 3; 2:25)g as
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in Figure 3.2. We also initialize the Hessian approximation toB0 = I 3� 3. Note that

-3 -2 -1 0 1 2 3
-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Figure 3.2: Initial Polytope.

B0 satis�es the initial positive de�niteness requirement forHessian approximation in the

Appendix.

The next step is to �nd all local maximizers for the outer constraint. We �rst substi-

tute the initial vertices, V 0, in �CO(V; t1) to get ĈO(t1) = (3 t1
1 + t1

2 � 3t1
3)

2 + ( t1
1 � 3t1

2 +

9
4t1

3)2 � 4. Then, we construct a grid, by sampling each side of the triangle. In this case,

thanks to the simplicity of the problem, it is also possible to �nd all local maximizers

analytically using the KKT method. Next, we use each of thesepoints as initial condi-

tions to solve the auxiliary problem (3.10). Each of these initial conditions converge to

a local maximizer,t i . We discard the duplicate local maximizers.

We can visualize geometrically the correspondence oft i to our problem. To do so,

we can plot ht i ; V0i . In Figure 3.3, the local maximizers are shown by asterisks. Next,

for eachi 2 f 1; : : : ; nH g, we need to solve auxiliary proramPi in (3.12) to �nd all local

minimizers for the inner constraint. Figure3.4 illustrates the local maximizers. Now, we

substitute the local maximizers and local minimizers in�CO(V; t1) and �CI (V; t2), given in
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Figure 3.3: Maximizers for the outer constraints.

(3.15), to obtain a set of 6 equations as follows:

v2
11 + v2

12 � 4 � 0

v2
21 + v2

22 � 4 � 0

v2
31 + v2

32 � 4 � 0

( 132
125 v21 + 118

125 v31)2 + ( 88
125 v22 + 236

375 v32 � 4
3)2 � 1 � 0

( 23
25 v11 + 27

25 v21)2 + ( 46
75 v12 + 18

25 v22 � 4
3)2 � 1 � 0

( 1019
1000 v11 + 981

1000 v31)2 + ( 1019
1500 v12 + 327

500 v32 � 4
3)2 � 1 � 0:

Using the expression for the area of the triangle (our objective function) we run one step
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Figure 3.4: Minimizers for the inner constraints.

of SQP utilizing the Han-Powellmerit function (see the Appendix) on the problem

8
>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>:

maximize

�
�
�
�
�
�
�
�
�
�

det

0

B
B
B
B
@

2

6
6
6
6
4

v11 v12 1

v21 v22 1

v31 v32 1

3

7
7
7
7
5

1

C
C
C
C
A

�
�
�
�
�
�
�
�
�
�

s.t. v2
11 + v2

12 � 4 � 0

v2
21 + v2

22 � 4 � 0

v2
31 + v2

32 � 4 � 0

(
132
125

v21 +
118
125

v31)2 + (
88
125

v22 +
236
375

v32 �
4
3

)2 � 1 � 0

(
23
25

v11 +
27
25

v21)2 + (
46
75

v12 +
18
25

v22 �
4
3

)2 � 1 � 0

(
1019
1000

v11 +
981
1000

v31)2 + (
1019
1500

v12 +
327
500

v32 �
4
3

)2 � 1 � 0:

The result is given in Figure3.5 Now, we restart the process from step (a) of the SIP

until the algorithm converges. Several of iterates are documented in Figures3.7 - 3.9.

After 19 iteration the program converges. The �nal result isillustrated in Figures 3.10.

4
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Figure 3.5: Resulting triangle after 1 Iteration.
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Figure 3.6: Iteration 3.
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Figure 3.7: Iteration 7.
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Figure 3.8: Iteration 11.
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Figure 3.9: Iteration 14.
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Figure 3.10: Final result for program (3.14).

3.3 Results

We have applied our algorithm to several other examples in 2Dand 3D. In this section,

we document the result of our simulations for these examples

Non-Convex 2D Example

Consider the following problem:
8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Maximize Area(Hexagon P)

s.t. P separates

S1 =
n

[y1; y2] : :02
�

0:7(y1 + y2 � 3)2 sin
�
:17(y1 � y2 � 6)2 + 0:4

�
+

+ 0:7(y1 � y2 � 6)2
�

� 3:5 � 0
o

S2 =
n

[y1; y2] : :5
� �

y2
2 sin(y1)2 + 0:2

�
+ y2

1

�
� 10 � 0

o
:

(3.16)

Problem (3.16) is an example of the problems where it is not possible to analytically

�nd all local maximizers. Hence, for this problem, we need toexploit the second method

for �nding local maximizer, i.e. gridding the facets of the polygon and using each point

in this grid as an initial condition for the optimization problem. Notice that it is not
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Figure 3.11: Final result for problem (3.16).

clear in the beginning how �ne the grid should be in order to catch all local maximizers.

Indeed, one has to run a few simulations to identify the gridding factor for which the

algorithm converges. It seems that trial and error is the only way for identifying the

gridding factor. Notice that the �ner the grid, the longer it takes to complete the step

of identifying all local maximizers. The simulation resultfor this problem is illustrated

in Figure 3.11.

Convex 3D Example

We now examine the functionality of the algorithm in 3D. We �rst start by the following

convex problem:
8
>>>>>>>>><

>>>>>>>>>:

Maximize Volume(3-P olytope P with 7 vertices)

s.t. P separates

S1 =
n

[y1; y2] :
� y1

0:5

� 2
+

� y2 � 1:0
0:75

� 2
+

� y3

0:5

� 2
� 1 � 0

o

S2 =
n

[y1; y2] : y2
1 + y2

2 + y2
3 � 4 � 0

o
:

(3.17)

Di�erent views of the resulting polytope are illustrated in Figures 3.12-3.14.
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Figure 3.12: Resulting polytope for problem (3.17): Top view.

To better observe the functionality of the algorithm, we nowmake the feasible region

a little bit tighter by bringing the ellipsoid closer to the surface of the sphere. Formally,

the new problem is (Only the inner change constraint has changed) :

8
>>>>>>>>><

>>>>>>>>>:

Maximize Volume(3-P olytope P with 7 vertices)

s.t. P separates

S1 =
n

[y1; y2] :
� y1

0:5

� 2
+

� y2 � 1:2
0:75

� 2
+

� y3

0:5

� 2
� 1 � 0

o

S2 =
n

[y1; y2] : y2
1 + y2

2 + y2
3 � 4 � 0

o
:

(3.18)

The outcome of the algorithm is illustrated in Figures3.15-3.17.
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Figure 3.13: Resulting polytope for problem (3.17): 3D view.

Non-Convex 3D Example

Our last simulation in this chapter concerns the following problem:

8
>>>>>>>>><

>>>>>>>>>:

Maximize Volume(3-P olytope with 6 vertices)

s.t. P separates

S1 =
n

[y1; y2] :
�
y2

1 + y2
2 � 4

��
sin(y1)2 + 0:1

�
+ y2

3 � 0
o

S2 =
n

[y1; y2] :
�
y2

1 + y2
2 � 36

��
sin(y1)2 + 0:2

�
+ y2

3 � 0
o

:

(3.19)

Figure 3.18and 3.19 illustrates two di�erent views of the resulting polytope.

3.4 Concluding Remarks

The method presented in this chapter can be straightforwardly extended to the case when

the inner and outer sets are de�ned bymultiple inequality constraints.

Our algorithm is based on the assumption that there does exist a polytope separating
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Figure 3.14: Resulting polytope for problem (3.17): Side view.

the inner and outer sets of interest. Convergence of our proposed algorithm indicates

that indeed the two sets are separable. For the cases, where the algorithm does not stop

(i.e. the algorithm keeps iterating without diverging and going unbounded), it might

be due to one of the following factors: either there simply exists no feasible solution for

the problem or there exist a solution but there are not enoughvertices to construct this

solution. If such situation is encountered, one can systematically increase the number of

vertices until a solution is obtained. If increasing the number of vertices does not yield

convergence, then there might not exist any feasible solution for the problem of interest2.

In all of our simulations, we posed the problems in such a way that the two sets are

separable with the given number of vertices. We observed that whenever the problems

are posed in 2D, the algorithm demonstrates an excellent convergence; in fact, for our

simulations the algorithm converges to a local solution from all the chosen initial condi-

2It will become more evident in chapter 5 that in the application setting in the scope of this thesis,
there exists another alternative if the algorithm does not stop. In such case, one may reduce the size of
the inner set (level-set of the Lyapunov function) in an e�or t to make the problem feasible.
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Figure 3.15: Resulting polytope for problem (3.18): Top view.

tions. On the other hand, for our 3D examples, although the problems were all feasible, it

was di�cult to �nd an initial condition yielding convergenc e. We observed that in most

cases the algorithm diverged, unless the initial conditions were set in a close vicinity of

a local optimum. We suspect that this was resulted due to the merit function (Hans-

Powel) we chose in the SQP algorithm not being able to generate a proper stepsize for 3D

examples. Our e�orts to �nd another merit function yielding a better convergence were

not successful. In fact, the other merit functions that we tried (Augmented Lagrangian,

l1 merit functions) were incapable of achieving promising results even in 2D.

In dimensions higher than 3D, due to the fact that we were unable to visualize the

problem, we could not generate the initial conditions closeto a solution, and in all cases

the algorithm diverged.
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Figure 3.16: Resulting polytope for problem (3.18): 3D view.

Figure 3.17: Resulting polytope for problem (3.18): Side view.
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Figure 3.18: Resulting polytope for problem (3.19): View 1.
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Figure 3.19: Resulting polytope for problem (3.19): View 2.



Chapter 4

Polytopic Separation: Second

Method

Our �rst method of polytopic separation, detailed in the previous chapter, su�ers from

two major disadvantages, namely computational ine�ciencyand lack of global conver-

gence. Also, the latter indirectly prevented us from achieving desirable results in dimen-

sions higher than three. For these reasons, in this chapter we develop a di�erent approach

to solve

Problem 1: Given are two setsS1 = f Y 2 RN : CI (Y ) � 0g; S2 = f Y 2 RN :

CO(Y) � 0g, where CI ; CO : RN ! R are continuously di�erentiable and, for all Y 2

RN , @CI =@Y6= 0, @CO=@Y6= 0. Find , if possible, a polytopeP s.t.

S1 � P � S2: (4.1)

The approach presented here to solve Problem 1 is based on orthogonal projection

and outer polytopic approximation. Rather than �nding a maximum-volume polytope,

we seek to just construct aseparatingpolytope with no requirement on the optimality

of its volume. One immediate implication of this point of view is that we do not require

the set S2 to be compact.

49
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Our simulation results con�rm that, in comparison to the previous method, this algo-

rithm demonstrates enhanced computational e�ciency and better capability to deal with

problems in dimensions higher than three. Although we have not studied its convergence

property in details, for the problems that we examined, our second method exhibits a

considerably enhanced convergence capability in comparison to the �rst method. The

application of this algorithm to the control problems studied in the next chapter, further

corroborates the superiority of the second method in an application setting.

4.1 Proposed Algorithm

Method two is based on the following idea: Find an outer polytopic approximation to the

inner set, S1, and check whether this polytope is contained inside the outer set,S2. If it

is not, iteratively make �ner polytopic approximation of S1 until the resulting polytope

is contained inS2, or until a maximum number of steps is exceeded.

In order to perform the outer polytopic approximation, we pick an orthogonal frame

with random orientation, f dk
1; : : : ; dk

N g, and �nd the upper and lower bounds of the

projections ofS1 on each axis of the frame. Next, using these bounds and the vectors dk
i

we construct 2N hyperplanes that containS1 in between them. A polytope,P k , is then

formed by the intersection of negative halfspaces induced by these hyperplanes. This

way, the resulting polytope,P k , containsS1. We then need to then check whetherP k is

contained in S2. We do so by solving the program
8
><

>:

MaximizeCO(Y)

s.t. Y 2 P k
(4.2)

and checking whetherall local maximizers satisfyCO(Y ) � 0. If not, then we choose

another random orthonormal framef dk+1
1 ; : : : ; dk+1

N g and repeat the process above to get

another set of 2N hyperplanes whose intersection with the previous ones yield a re�ned

outer approximation of S1, and so on. The process is repeated untilP k is contained in
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S2 or until a maximum number of iterations has been reached.

This method has a strong geometrical intuition behind it. Hence, to enhance the

clarity of our presentation, we will �rst geometrically illustrate the above ideas in Example

4.1.1. Thereafter, we will formally describe the steps taken by method two.

Example 4.1.1. Recall the 2D example mentioned in Section3.2.1. In this section, we

solve the same basic problem using method two, but for the sake of illustration, we make

the feasible region in this example a little tighter. We posethe problem as
8
>>>>>>>>><

>>>>>>>>>:

Construct PolygonP

s.t. P separates

S1 =
n

[y1; y2] : y2
1 + y2

2 � 4 � 0
o

S2 =
n

[y1; y2] :
� y1

0:5

� 2
+

� y2 � 1:2
0:75

� 2
� 1 � 0

o
:

(4.3)

Now, we illustrate the steps taken by method two to solve thisproblem. We �rst

choose a random unit vector, e.g.d1
1 = [

p
2;

p
2]> (Figure 4.1). Next, we �nd an or-

2. 5 2 1. 5 1 0. 5 0 0.5 1 1.5 2 2.5

1. 5

1

0. 5

0

0.5

1

1.5

 
 
 

 

1
1d

Figure 4.1: Step 1 in the Example4.1.1.

thonormal basis for the null space ofd1
1. Since this example is in 2D, there is only
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one vector, d1
2 = [ �

p
2;

p
2]> , spanning this null space (see Figure4.2). We then

set � =
�

[
p

2;
p

2]> ; [�
p

2;
p

2]>
	

. We now orthogonally project S1 on spanf d1
1g and

2. 5 2 1. 5 1 0. 5 0 0.5 1 1.5 2 2.5
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1
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1d

1
2d

Figure 4.2: Step 2 in the Example4.1.1.

spanf d1
2g, and �nd the global minimizers and maximizers of these projections, that is,

for i = 1; 2, we solve

8
>><

>>:

Maximize
D

[y1; y2] ; d1
i

E

s.t.
� y1

0:5

� 2
+

�
y2 � 1
0:75

� 2

� 1 � 0;
(4.4)

8
>><

>>:

Minimize
D

[y1; y2] ; d1
i

E

s.t.
� y1

0:5

� 2
+

�
y2 � 1
0:75

� 2

� 1 � 0:
(4.5)

Next, we de�ne hyperplanes (in this case lines), normal to each of the vectorsd1
1 and d1

2

and passing through the global maximizers and minimizers ofthe two programs above

(see Figure4.3). We obtain equations for four lines,H i (Y) = 0, i = 1; : : : ; 4. The signs

in H i (Y) are chosen so that each half-planef H i (Y) � 0g containsS1. This way we have

obtained an outer approximation toS1 by the H -representation of a polytope with four

vertices. Now, we need to check the containment of the resulting polytope inside the circle
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Figure 4.3: Step 3 in the Example4.1.1.

S2. To do so, we seek to solve program (4.2). To this end, we apply the reverse search

algorithm (see Section1.3.3) to obtain the V-representation of the polytope (speci�cally,

its four vertives v1; : : : ; v4) and then convert program (4.2) to the following equivalent

form
8
>>>>>>><

>>>>>>>:

MaximizeCO(t1v1 + t2v2 + t3v3 + t4v4)

s.t.
4X

j =1

t j = 1

t1 � 0; t2 � 0; t3 � 0; t4 � 0:

In this case, the program above has only one local maximizer,illustrated in Figure 4.4by

an asterisk. Next, we check whether the obtained local maximizer satis�es the constraint

of the circle. Since it does not, we choose another random orthonormal framef d2
1; d2

2g

and restart the procedure. We continue this procedure untilall local maximizers satisfy

the constraint of the circle or a maximum number of iterations has been reached. After

three iterations the program converges (compare this to the19 iterations required by
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Figure 4.4: Step 4 in the Example4.1.1.

method one for a simpler problem). The �nal polytope is illustrated in Figure 4.5.

4

Now, having developed intuition by means of Example4.1.1, we are ready to formally

describe the steps taken by method two.

Algorithm 4.1.1. (The second polytopic separation algorithm)

Set P0 = RN . In step k proceed as follows:

(1) Choose a random unit vector,dk
1, in RN .

(2) Find an orthonormal basis for the null space ofdk
1, span

�
dk

2; : : : ; dk
N

	
. Set � k =

�
dk

1; : : : ; dk
N

	
.

(3) For each of the vectorsdk
i 2 � k , �nd the global maximizers Y M

i and global minimizers

Y m
i of the two programs

8
><

>:

Maximize



Y ; dk
i

�

s.t. CI (Y) � 0;
(4.6)
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Figure 4.5: Final result in the Example4.1.1.

8
><

>:

Minimize



Y ; dk
i

�

s.t. CI (Y) � 0:
(4.7)

(4) For each i = 1; : : : ; N , de�ne

H 1
i (Y) := hdk

i ; Y � Y M
i i ; H 2

i (Y) = �h dk
i ; Y � Y m

i i :

The H -representation of the outer approximation polytopeP is

P k = f H 1
i (Y ) � 0g \ f H 2

i (Y ) � 0g \ P k� 1:

(5) Use the reverse search algorithm (see Section1.3.3) to �nd the vertices, V k =

f vk
1 ; : : : ; vk

nk
g, of P k .

(6) Let ĈO(t) := CO(t1vk
1 + � � � + tnk vk

nk
) and �nd all local maximizers of

8
>>><

>>>:

Maximize ĈO(t)

s.t.
nkX

j =1

t j = 1; (8j ) t j � 0:
(4.8)
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(7) If ĈO(t) � 0 for all local maximizers or ifk = max iterations, then terminate. Oth-

erwise, continue with step (1).

Remark 4.1.1. In step (3) of Algorithm 4.1.1, instead of problems (4.6) and (4.7), one

could alternatively solve the more computationally e�cient problems

8
><

>:

Maximize



Y ; dk
i

�

s.t. CI (Y) = 0 ;
(4.9)

8
><

>:

Minimize



Y ; dk
i

�

s.t. CI (Y) = 0 :
(4.10)

Notice that here in e�ect, we perform orthogonal projectiononly on the boundary ofS1,

whereas previously (in the case of multiple inner constraints), this step was performed

on all the points in S1. In caseS1 is de�ned by more than one inequality constraint,

however, one should keep the original form of the programs instep (3).

4.2 Implementation Details

In what follows, we detail some of the more important issues involved when implementing

Algorithm 4.1.1.

4.2.1 Choosing A Random Unit Vector

We create a random unit vector by �rst choosing a random pointon the surface of a half

unit hyper-sphere, centered at origin, and then connectingthe origin to this point. In

order to improve the convergence of the algorithm, the chosen point should be su�ciently

far, in Euclidian distance, from the points already chosen.
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4.2.2 Finding the Global Optimizers of the Inner Constraint s

This problem is equivalent to �nding all the local maxima and minima, explained in

previous chapter. The only further step here, is to �nd max(all local maxima ) and

min(all local minima ) to �nd the global maximizer and the global minimizer respectively.

Notice that here again we have implicitly assumed that thereare a �nite number of

local optimizers. This step along with the step to �nd all local optimizers for the outer

constraints remain to be the most computationally expensive steps for this algorithm.

4.3 Results

In this section, we summarize the results obtained by employment of the second method.

We applied the procedure to the same set of examples as for the�rst method to be able

to compare the functionality and e�ciency of the two methods. The comparison is made

in the conclusion of this thesis.

Our �rst example is the dual of (3.16) stated as

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Construct P olygon P

s.t. P separates

S1 =
n

[y1; y2] : :02
�

0:7(y1 + y2 � 3)2 sin
�
:17(y1 � y2 � 6)2 + 0:4

�
+

+ 0:7(y1 � y2 � 6)2
�

� 3:5 � 0
o

S2 =
n

[y1; y2] : :5
� �

y2
2 sin(y1)2 + 0:2

�
+ y2

1

�
� 10 � 0

o
:

(4.11)

The resulting polytope is illustrated in Figure4.6.

Now, we move on to 3D examples. The next simulation deals withproblem of sphere



Chapter 4. Polytopic Separation: Second Method 58

-10 -5 0 5 10 15 20
-15

-10

-5

0

5

10

Figure 4.6: Final result for problem (4.11).

and ellipsoid formulated in (4.12):

8
>>>>>>>>><

>>>>>>>>>:

Construct 3-P olytope P

s.t. P separates

S1 =
n

[y1; y2] :
� y1

0:5

� 2
+

� y2 � 1:0
0:75

� 2
+

� y3

0:5

� 2
� 1 � 0

o

S2 =
n

[y1; y2] : y2
1 + y2

2 + y2
3 � 4 � 0

o
:

(4.12)

Di�erent views of the resulting polytope is shown in Figures4.7-4.9.

To be consistent with the examples mentioned in the previouschapter, and also to

better observe the functionality of the second algorithm, we include the result treating

the following problem:

8
>>>>>>>>><

>>>>>>>>>:

Construct 3-P olytope P

s.t. P separates

S1 =
n

[y1; y2] :
� y1

0:5

� 2
+

� y2 � 1:2
0:75

� 2
+

� y3

0:5

� 2
� 1 � 0

o

S2 =
n

[y1; y2] : y2
1 + y2

2 + y2
3 � 4 � 0

o
:

(4.13)

The outcome of the algorithm is illustrated in Figures4.10-4.12.
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Figure 4.7: Resulting polytope for problem (4.12): Top view.

For a non-convex 3D example, we ran the algorithm on problem (4.14). Di�erent

views of the results are shown in Figures4.13- 4.15.

8
>>>>>>>>><

>>>>>>>>>:

Construct 3-P olytope P

s.t. P separates

S1 =
n

[y1; y2] :
�
y2

1 + y2
2 � 4

��
sin(y1)2 + 0:1

�
+ y2

3 � 0
o

S2 =
n

[y1; y2] :
�
y2

1 + y2
2 � 36

��
sin(y1)2 + 0:2

�
+ y2

3 � 0
o

:

(4.14)

4.3.1 Concluding Remarks on Convergence Property of Method

Two

It was observed that method two enjoys a much faster convergence compared to method

1, in both 2D and 3D, thanks to the much smaller number of iterations required for

convergence of method two. The following table summarizes the running time of method

one and method two for each each of the abovementioned examples.
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Figure 4.8: Resulting polytope for problem (4.12): 3D view.

Example title Running time for method one Running time for method two

Convex 2D 17 min less than 1 min

Nonconvex 2D 27 min 4 min

Convex 3D more than a day 24 min

Nonconvex 3D more than a day 38 min

As will be demonstrated in the next chapter, method two is also successfully applied

to an application problem with dimensionality of 5. Even in 5D, there is a relatively

small number of iterations necessary for the convergence ofmethod two. The e�ciency

of method two is partly due to the elimination of the requirement for constructing a

maximium -volume polytope making any separating polytope an acceptable choice, and

thus considerably reducing the the number of iterations necessary for convergence. Al-

though the polytope constructed by method two satis�es the requirements for the ap-
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Figure 4.9: Resulting polytope for problem (4.12): Side view.

plication framework of this thesis, there exist problems inwhich it is crucial to �nd a

maximum-volume polytope (see for e.g. [15]). In such problems method one proves to

be of great value.
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Figure 4.10: Resulting polytope for problem (4.13): Top view.
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Figure 4.11: Resulting polytope for problem (4.13): 3D view.

Figure 4.12: Resulting polytope for problem (4.13): Side view.
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Figure 4.13: Resulting polytope for problem (4.14): Showing only the inner constraint.
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Figure 4.14: Resulting polytope for problem (4.14): Showing both constraint.
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Figure 4.15: Another view to resulting polytope for problem(4.14): Showing both con-

straint.



Chapter 5

Application: Control of Jet Engine

Surge and Stall

In this chapter, we apply the techniques developed in Chapters 3 and 4 to the problem

of controlling two instabilities in jet engine compressors, namely surge and rotating stall.

We begin our discussion by describing minor modi�cations toour algorithms that allow

one to avoid using the explicit knowledge ofF � 1. These modi�cations make our algo-

rithm suitable for observer design. Then, we employ the revised algorithms to construct

polytopes required for surge and stall observer design. Lastly, simulation results of the

closed-loop system are presented. We stress that the details of the problem of surge and

stall control are beyond the scope of this thesis. For more information, the reader may

consult [26], [28] or [38].

5.1 Revised Algorithms

In Chapters 3 and 4 we developed two algorithms to solve

Problem 1: Given are two setsS1 = f Y 2 RN : CI (Y ) � 0g; S2 = f Y 2 RN :

CO(Y) � 0g, where CI ; CO : RN ! R are continuously di�erentiable and, for all Y 2

66
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RN , @CI =@Y6= 0, @CO=@Y6= 0. Find , if possible, a convex polytopeP s.t.

S1 � P � S2: (5.1)

As illustrated in Section 2.2, Problem 1 is motivated by nonlinear observer design,

where the polytopeP should separate the two sets inY coordinates1

S1 = F (
 c); S2 = F (O);

where 
 c = f X 2 Rn+ nu : V (X ) � c � 0g. Let CI (X ) = V(X ) � c. Assume that the set

O is described asO = f X 2 RN : CO(X ) � 0g. S1 and S2 are then given as follows,

S1 = f Y 2 RN : CI � F � 1(Y) � 0g; S2 = f Y 2 RN : CO � F � 1(Y) � 0g:

Hence, it seems that in order to solve Problem 1 one needs to explicitly know the inverse

of F (and hence the inverse ofH). But, as pointed out in Remark 2.1.4, we may not

assume that F � 1 is explicitly known. It turns out that a small modi�cation to our

algorithms overcomes this problem and allows one to use our algorithms without having

an explicit expression forF � 1.

5.1.1 Method One Revised

In method one of Chapter3, the only steps to be modi�ed are the steps to �nd all local

maxima of the constraints. The amendments to these two stepsare summarized below:

Outer Constraints: Recall program (3.10) for �nding all local maxima of the outer con-

straints
8
>>><

>>>:

maximize ĈO(t)
qX

j =1

t j = 1; (8j ) t j � 0;
(5.2)

1Recall the relationship between X and Y coordinates in the output feedback control setting of
Section 2.1 Y = F (X ) = col( H (x; z); z).
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where ĈO(t) = CO(t1vk
1 + � � � + tqvk

q), vk
1 ; : : : ; vk

q being the vertices of the polytope at

iteration k. In the light of the discussion above, since the polytopic separation problem

is de�ned in Y coordinates, we must replace program (5.2) by the following
8
>>><

>>>:

maximize CO � F � 1(t1vk
1 + � � � + tqvk

q)
qX

j =1

t j = 1; (8j ) t j � 0:

This problem is equivalent to

8
>>>>>>>><

>>>>>>>>:

Maximize CO � F � 1(Y)

s.t. Y =
qX

j =1

t j vk
j

qX

j =1

t j = 1; (8j ) t j � 0:

Now, noting Y = F (X ), we obtain the following equivalentformulation of the problem

8
>>>>>>>><

>>>>>>>>:

Maximize CO(X )

s.t. F (X ) =
qX

j =1

t j vk
j

qX

j =1

t j = 1; (8j ) t j � 0:

(5.3)

Note that this way, we have eliminated the need for the explicit expression ofF � 1.

Inner Constraints: Recall that in order to �nd the local maxima of the inner constraints

we de�ned nH subproblemsPi

Pi :

8
><

>:

maximize� CI (Y)

s.t. H i (Y) > 0; CO(Y) � 0:

We must replace this program by the following

Pi :

8
><

>:

maximize� CI � F � 1(Y)

s.t. H i (Y) > 0; CO(Y) � 0:
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Again noting that Y = F (X ), we can rewrite this program in theequivalentform

Pi :

8
><

>:

maximize� CI (X )

s.t. H i � F (X ) > 0; CO � F (X ) � 0:
(5.4)

Once the local maxima inX -coordinates are found, application of the mapF gives the

local maxima in Y-coordinates.

The aforementioned two steps are the only parts of the algorithm that need to be

modi�ed to avoid the need forF � 1.

5.1.2 Method Two Revised

In Algorithm 4.1.1, the following steps need to be adjusted:

Step 3: Observe that problems (4.6) and (4.7), in Y-coordinates, translate to the follow-

ing:

8
><

>:

Maximize



Y ; dk
i

�

s.t. CI � F � 1(Y) � 0;
(5.5)

8
><

>:

Minimize



Y ; dk
i

�

s.t. CI � F � 1(Y) � 0:
(5.6)

We now useY = F (X ) and rewrite (5.5) and (5.6) as

8
><

>:

Maximize



F (X ) ; dk
i

�

s.t. CI (X ) � 0;
(5.7)

8
><

>:

Minimize



F (X ) ; dk
i

�

s.t. CI (X ) � 0:
(5.8)
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Notice that by solving (5.7) and (5.8), we obtain the global optimizers inX -coordinates,

X M and X m , respectively. Now, recall that in order to construct the polytope, two

hyperplanes are passed through these global optimizers (which are now given inX -

coordinates). It is therefore clear that if the polytope is to be constructed by this method

in Y-coordinates, then the global optimizers must be given inY-coordinates. Hence, to

satisfy this requirement, we setY M = F (X M ) and Y m = F (X m ), so that we obtain the

image of the optimizers inY-coordinates.

Step 6: In this step, all local maxima of the outer constraint with respect to the polytope

are identi�ed. Notice that in e�ect, this step is identical t o the �rst auxiliary problem

(3.10) in method 1, and the procedure to revise this problem is, therefore, exactly the

same as what was described in Section5.1.1. Hence, the problem in step 6 needs to be

altered to

8
>>>>>>>><

>>>>>>>>:

Maximize CO(X )

s.t. F (X ) =
qX

j =1

t j vk
j

qX

j =1

t j = 1; (8j ) t j � 0:

(5.9)

Step 7: This step can now be simply expressed as imposing that all local maximizers

satisfy CO(X ) � 0.

5.2 Surge and Stall Control in Jet Engine Compres-

sors

A benchmark control problem to test the algorithms introduced in previous chapters

is the problem of controlling rotating stall and surge in jetengine compressors. There

exist several models describing the compression system in ajet engine, of which the most
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popular is the three state system (MG3) developed by Moore and Greitzer in [35]. The

MG3 model is described by the following system of ODE's:

8
>>>>><

>>>>>:

_� = � 	 + 	 C (�) � 3� R

_	 =
1
� 2

(� � � T )

_R = �R (1 � � 2 � R); R(0) � 0;

(5.10)

where � represents the mass 
ow through the compressor, 	 is the plenum pressure rise,

R � 0 is the normalized stall cell squared amplitude, and �T is the mass 
ow through the

throttle. The functions 	 C (�) and � T (	) are the compressor and throttle characteristics,

respectively, and are de�ned as 	C (�) = 	 C0 +1+3 =2 � � 1=2 � 3, 	 = 1 =
 2(1+� T (	)) 2,

where 	 C0 is a constant and
 is the control input (the throttle opening). Throughout

this chapter we set� = 7, and � = 1=
p

2.

The control objective here is to stabilize system (5.10) around the critical equilibrium

Re = 0, � e = 1, 	 e = 	 C (� e) = 	 C0 + 2, which achieves the optimal performance on

the compressor characteristic. Changing variables� = � � 1,  = 	 � 	 C0 � 2, we can

shift the origin of the system to the equilibrium point to obtain

8
>>>>><

>>>>>:

_R = � �R 2 � �R (2� + � 2)

_� = �  � 3=2� 2 � 1=2� 3 � 3R� � 3R

_ =
1
� 2

(� � 

p

 + 	 C0 + 2 + 2) :

(5.11)

We assume that the pressure rise (and hence ) is the only measurable state.

5.2.1 Five Dimensional System

In this section, we brie
y study the controller developed in[28] and describe how the

observer, introduced in Section2.1, is applied to the problem setting here. As will be

seen, the state space of the extended system is �ve dimensional, consisting of [R; �;  ]> ,
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the three states of MG3, along with [z1; z2]> , the states of the two integrators augmented

on the input side of MG3.

In [28], a full-state feedback controller for MG3 is designed which has a domain of

attraction f (R; �;  ) 2 R3 j R � 0g. The next theorem summarizes the properties of this

controller.

Theorem 5.2.1. For system (5.11), with the choice of the control law

�
 =
2 + (1 � � 2k1k2)� + � 2k2 + 3 � 2k1R�

p
 + 	 C0 + 2

; (5.12)

wherek1 and k2 are positive scalars satisfying the inequalities
8
>>>>>>>>>>><

>>>>>>>>>>>:

k1 >
17
8

+
(2C� + 3) 2

2�
C� �

105
64

�
k2

1 +
3
4

�
�

1
2

C� +
21
4

�
k1 � (C� + 3) 2 > 0

k2 > k 1 +
9
4

k2
1 +

9k1

4k1 � 9=2
+

(k2
1 � 1)2

4

C >
3

2�
;

(5.13)

the origin is asymptotically stable with domain of attraction A = f (R; �;  ) 2 R3 j R �

0g.

Simulation results con�rm that the values of k1 and k2 can be chosen much smaller

than their theoretical bounds in Theorem5.2.1. This will later help us partially treat

the numerical instability caused by badly scaled coe�cients, i.e. choosing smaller values

for k1 and k2 reduces the degree of variation in magnitude order of the coe�cient, thus

reducing the ill-conditioning of the problem.

We next seek to design an observer for the control law (5.12) using the methodologies

outlined in Section 2.1. To this end, we need to verify that the assumptions A1-A3 are

satis�ed for (5.11):

Assumption A1.
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We form the observability mappingH from the measurable outputy =  :

ye =

2

6
6
6
6
4

y

_y

•y

3

7
7
7
7
5

= H
�

[R; �;  ]; 
; _

�

=

2

6
6
6
6
4

 

1=� 2(� � � ( ; 
 ))

1=� 2
�

�  � 3=2� 2 � 1=2� 3 � 3R� � 3R � _�
�

3

7
7
7
7
5

;

(5.14)

where� ( ; 
 ) = 

p

 + 	 C0 + 2 � 2 and _� = ( @�=@ ) _ +( @�=@
) _
 . Therefore, we need


and _
 to calculateH , thus nu = 2. Next, we augment the system withnu = 2 integrators

at the input side. To simplify the integrator backstepping design, we employ a chain of

two integrators with a modi�ed output:

_z1 = z2; _z2 = v; 
 =
z1 + 2

p
 + 	 C0 + 2

; (5.15)

so that � and _� in (5.15) can be replaced byz1 and z2, respectively. Now, we can write

the augmented system as the cascade interconnection of two subsystems [P1] and [P2], as

follows:

[P1]

8
>>>>><

>>>>>:

_R = � �R 2 � �R (2� + � 2)

_� = �  � 3=2� 2 � 1=2� 3 � 3R� � 3R

_ =
1
� 2

(� � 

p

 + 	 C0 + 2 + 2)

[P2]

8
><

>:

_z1 = z2

_z2 = v:

(5.16)

Letting X = ( R; �;  ; z 1; z2), the mapping F can now be constructed

Y = F (X ) =
�
H

�
[R; �;  ]; z1; z2

� >
; z1; z2

� >
(5.17)
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=

2

6
6
6
6
6
6
6
6
6
6
6
4

 

1=� 2(� � � ( ; 
 ))

1=� 2
�

�  � 3=2� 2 � 1=2� 3 � 3R� � 3R � _�
�

z1

z2:

3

7
7
7
7
7
7
7
7
7
7
7
5

: (5.18)

Notice that when � = � 1 (i.e. � = 0), F does not depend onR and hence the mapping

is not invertible. On the other hand, when� 6= � 1, F is a di�eomorphism. Hence,

assumption A1 is satis�ed on the set

O =
n

[R; �;  ]> 2 R3; z 2 R2 j � 6= � 1
o

: (5.19)

Assumption A2. Letting x = [ R; �;  ]> , we can rewrite [P1] as _x = f (x; z1) := f 1(x) +

g1(x)z1. By Theorem5.2.1, using the controller �
 in (5.12), the origin of the system (5.16)

is stabilized with domain of attraction f x1 � 0g. Application of integrator backstepping

gives the following stabilizing control law for theextendedsystem (5.16)

v = _� � ~z1 � k4 ~z2 := � (x; z); (5.20)

where ~z1 = z1 � �� (x), �� = �

p

 + 	 C0 + 2 � 2, � (x; z1) = � k3 ~z1 � @V
@xg1(x) + @��

@x(f 1(x) +

g1(x)z1), ~z2 = z2 � � (x; z1), where k3 and k4 are arbitrary positive constants. This

completes the design of the stabilizing full-state feedback controller. It can be shown

that the Lyapunov function for the extended system is

V = CR +
1
2

� 2 +
k1

8
� 4 +

1
2

( � k1� )2 +
1
2

~z1
2 +

1
2

~z2
2: (5.21)

Assumption A3. Recall the observability set given by (5.19). Notice that the observ-

ability set is a half-space constructed by the hyperplane� = � 1, and thus is topologi-

cally well-de�ned. We now need to construct a polytope in 5D,separatingF (
 c) from

Y = F (O), where 
 c represents the level-set of the Lyapunov function in (5.21). In Sec-

tion 2.2, we showed that any polytope ful�lls all the requirements ofassumption A3. So

in particular, the constructed polytope in 5D will satisfy these topology requirements.
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5.2.2 Three Dimensional System

For the 5D system, we will not be able to visualize the arrangement of the polytope with

respect to the level-set of the Lyapunov function and the observability set. Hence, we

may be incapable of assessing the performance of our proposed methods in an application

setting. For these reasons, in parallel with our �ve dimensional development, we introduce

a simpli�cation which allows us to reduce the dimensionality of the problem, and thus

visualizethe various sets involved in our discussions. The simpli�cation, discussed next,

relies on employing apartial state feedbackcontroller, a function of � and  only, and on

assuming thatboth � and  are available for feedback.

Partial-State Feedback Control Law

Another controller devised to stabilize MG3 is the partial-state feedback controller de-

veloped in [26]. This control law is expressed as


 (�;  ) =
2 + � 2(c2 + 2c0) ~ 

p
	

(5.22)

where c2 > 0, c1 > max
�

9:273; �
4 + 1

32

	
, ~ =  �  des(� ), and  des(� ) =

�
c1+ 3

2

�
� =

c0 � . Notice that the controller (5.22) uses only two of the states. This controller can

also be expressed as:


 (�;  ) =
� + � 2k(	 � c0�)

p
	

(5.23)

wherek > 2c0, c0 > maxf 10:773; �
4 + 1:53g and

� = 2 + � 2k[c0 � 	 C0 ]: (5.24)

The result of utilization of this controller for MG3 is summarized in the following

theorem.
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Theorem 5.2.2. The closed-loop system(5.11) evolving in the setA =
�

(� ; 	 ; R) 2

R3 j R � 0
	

with control law (5.23) has a unique asymptotically stable equilibrium with

domain of attraction equal to the entire setA . The corresponding Lyapunov function is

V2 =
c0

2

� �
c1 +

3
8

+
1

c0� 2

��
� 2 +

5
�

R
�

+
17
8

� 2 +
1
4

� 4 + 3R� 2

�
+

1
2

( � c0� )2: (5.25)

We assume that� and  are available for feedback so that (5.22) can directly be

implemented without the need for an observer. Because of this simpli�cation, we can

replacez1 and z2 in H by the expression in (5.23) and its time derivative, respectively.

Hence,

z1 = � 2(c2 + 2c0) ~ ; z 2 = _z1 = � 2(c2 + 2c0)
_~ : (5.26)

Noting that � = z1 and _� = z2, and manipulating the expression forH in (5.14) by

substituting for � and _� , we obtain an observability mapping that depends onR; �;  ,

only:

ye =

2

6
6
6
6
4

y

_y

•y

3

7
7
7
7
5

= H
�

[R; �;  ]
�

=

=

2

6
6
6
6
4

 

1
� 2 (� � � 2(c2 + 2c0)(  � c0� ))

�
�
 + 3

2 � 2 + 1
2 � 3 + 3R� + 3R

��
1

� 2 + ( c2 + 2c0)c0

�
+ 1

� 4 ( � c0 � )� � )

3

7
7
7
7
5

: (5.27)

When � = � 1, H does not depend onR and the mapping is not invertible; hence the

observable set isO =
n

[R; �;  ]> 2 R3 j � > � 1
o

.

Remark 5.2.1. Although the observer here is not used for control and it merely estimates

the system's states, in a practical setting an observer might still be required, if the status

of the rotating stall, R, is to be observed.
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5.3 Results

In this section, we summarize our simulation results for thesurge and stall problem

described in Section5.2.

5.3.1 Three Dimensional System

In the 3D system, constructed by the partial-state feedbackcontroller (5.22) (described

in Section5.2.2), the following observability set and Lyapunov level-set are obtained after

substituting for the constants

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Observability set:

S2 =
n

[R; �;  ]> 2 R3 j � � � 1 � 0
o

Region enclosed by the Lyapunov level-set:

S1 =
n

[R; �;  ]> 2 R3 j 78:241� 2 + 46:779R + 1:5� 4 + 18R� 2 + :5( � 12� )2 � c;

R � 0
o

;

(5.28)

wherec > 0 is the level set parameter. Recall thatR � 0 is imposed by the modelling

of MG3. The inner and outer constraints are therefore expressed as

CO := � � � 1

CI
1 := 78:241� 2 + 46:779R + 1:5� 4 + 18R� 2 + :5( � 12� )2 � c

CI
2 := � R:

Notice that S1 is expressed bytwo constraints, CI
1 and CI

2 . As discussed earlier, the

algorithms developed in Chapters3 and 4 are straightforwardly extended to handle this

situation.

Now, recall that c speci�es the size of the Lyapunov level-set. Hence,c may be used

to change the size of the level-set of the Lyapunov function,in order to ensure that it is
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contained inside the observability set. One can solve the following optimization problem,

in order to �nd the maximum allowable value for c:
8
>>>>><

>>>>>:

Minimize V(x)

s.t. g(x) = 0

Other modelling constraints are satis�ed;

(5.29)

whereV(x) denotes the Lyapunov function andg(x) = 0 represents the boundary of the

observability set. For the region (5.28) for instance, we will need to solve the following

optimization problem to �nd the largest possible value forc:

8
>>>>><

>>>>>:

Minimize � 78:241� 2 � 46:779R � 1:5� 4 � 18R� 2 � :5( � 12� )2

s.t. � � � 1 = 0

R � 0:

(5.30)

Notice that in a practical setting, c is a fundamental value, describing the region

of operation for a system. Now, to get the observability mapping for this system, we

substitute for the constants in (5.27) and obtain

H =

2

6
6
6
6
4

 

� 25 + 300:4823�

(� 901:4� � 901:4)R + 324:5 � 450:7� 2 � 150:2� 3 � 7512�

3

7
7
7
7
5

: (5.31)

For the above expression, we substituted fork1 and k2 by 10 and 20, respectively.

Application of Method One

Recall that in order to apply method one, the outer sets needsto be compact. For this

problem, however, the outer set, i.e. the observability setO =
n

[R; �;  ]> 2 R3 j � >

� 1
o

, is not compact. In order to tackle this di�culty and for the s ake of illustration,

we change our observability set to a sphere of radius 1, centered at origin. Notice that

this sphere is contained in the original observability set.Also observer that although
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the sphere is convex inx-coordinates, its image inye-coordinates might not be convex.

Therefore, we can not use the sphere as our setP, and we still need to carry out a

polytopic separation method to constructP.

Now, in order to choose a level set parameterc, we solve the optimization problem

(5.30) and �nd the maximum allowable value for c to be c ' 79. For the purpose of our

simulations in this section, we setc = 50.

In light of the abovementioned re�nements, the following region of interest is obtained

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Observability set:

S2 =
n

[R; �;  ]> 2 R3 j R2 + � 2 +  2 � 1 � 0
o

Region enclosed by the Lyapunov level-set:

S1 =
n

[R; �;  ]> 2 R3 j 78:241� 2 + 46:779R + 1:5� 4 + 18R� 2 + :5( � 12� )2 � 50;

R � 0
o

:

(5.32)

Recall that when utilizing method one in dimensions higher than two, one needs to set

the initial condition in a close vicinity of a local optimum for the algorithm to converge.

Although we were able to visualize this problem (and therefore were presumably able to

choose the initial conditions wisely), our e�orts to set theinitial conditions close enough

to a solution failed, i.e. for all the initial conditions that we tried the algorithm diverged.

We believe that this was a result of numerical instability, caused by the ill-conditioning

of this problem. The reason for our claim is that when we triedto run the revised �rst

method on the same feasible region (5.32) but with an altered observability mapping

H =

2

6
6
6
6
4

2:2 

�  + 9 �

(� 2:1� � 2:1)R + 6 � 2� 2 � � 3 � 1:5�

3

7
7
7
7
5

; (5.33)

the algorithm converged to a solution. The outcome of running the revised �rst method
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on the constraints (5.32) with the observability mapping (5.33) is given in Figures5.1

and 5.2.

Figure 5.1: First Method: Observable set, Polytope and Lyapunov level set: View 1.

Application of Method Two

One of the advantages of method two over method one is that method two can be applied

to the problems where the set described by the outer constraints is not compact. Hence,

unlike the previous section, here we did not have to manipulate the outer constraint and

we used the original region of interest

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Observability set:

S2 =
n

[R; �;  ]> 2 R3 j � � � 1 � 0
o

Region enclosed by the Lyapunov level-set:

S1 =
n

[R; �;  ]> 2 R3 j 78:241� 2 + 46:779R + 1:5� 4 + 18R� 2 + :5( � 12� )2 � c;

R � 0
o

:
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Figure 5.2: First Method: Observable set, Polytope and Lyapunov level set: View 2.

(5.34)

By solving optimization problem (5.29) for region (5.34), we obtain the same value

of c ' 79, and for this simulation also, we setc = 50. Next, Using the observability

mapping (5.31), we run the revised second method, described in Section5.1.2, on region

(5.34) in order to obtain the polytope, P. Thereafter, usingP and the observer (2.13),

we apply the partial-state feedback controller (5.22) to system (5.11) for various initial

conditions of the system and the observer. The results are illustrated in Figures 5.3-5.8.

Notice that in Figure 5.5, when the polytope is mapped fromye-coordinates back to

x-coordinates, it is not convex anymore.

5.3.2 5 Dimensional System

The 5D system is constructed by the full-state feedback controller (5.12). After substitut-

ing for the constants, the following observability set and Lyapunov level-set are attained:
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Figure 5.3: method two: State trajectories inye-coordinates: View 1.

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Observability set:

S2 =
n

(R; �;  ; z 1; z2) j � � � 1 � 0
o

Region enclosed by the Lyapunov level-set:

S1 =
n

(R; �;  ; z 1; z2) j :23571R + :5� 2 + 1:25� 4 + :5( � 10:� )2+

+ :5(z1 + 413:68� � 41:468 � 62:202R� )2+

+ :5(z2 + 22:z1 + 817:36� � 497:62 +

� 1365:4R� � 620:52� 2 � 206:84� 3 � 1241:0R + 622:02R2� +

+ 777:52R� 2 + 466:51R� 3 + 62:202R + 186:61R2)2 � c;

R � 0
o

:

(5.35)
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Figure 5.4: method two: State trajectories inye-coordinates: View 2.

The maximum allowable level set parameter attained by running optimization prob-

lem (5.29) is c ' 1:7. In our simulations we setc = 1:3. After substituting for the

constants, we obtain the following observability mapping for the extended system
2

6
6
6
6
6
6
6
6
6
6
6
4

ye1

ye2

ye3

z1

z2

3

7
7
7
7
7
7
7
7
7
7
7
5

= F (X ) =

2

6
6
6
6
6
6
6
6
6
6
6
4

 

� :48230z1 + :48230�

(� 1:4469� � 1:4469)R � :48230 � :72345� 2 � :24115� 3 � :48230z2

z1

z2:

3

7
7
7
7
7
7
7
7
7
7
7
5

(5.36)

For the 5D problem, it is impossible to place the initial polytope close to its optimal

position, as we are unable to visualize this problem; thus application of the revised �rst

method in this case is not viable. However, we can apply the revised second method to

this problem. The outcomes of this application are demonstrated in Figures5.9and 5.10.
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Figure 5.5: method two: Polytope and State trajectories inx-coordinates: View 1.

5.4 Concluding Remarks

Although the application of the revised �rst method was not possible in the practical

setting of this chapter, the revised second method was successfully employed to design

an observer for systems with di�erent state-space dimensionality, namely 3D and 5D.

We noticed that apart from its ability to give results in higher dimensions, the second

method enjoys the added bonus of e�ciency. For both 3D and 5D systems, the revised

second method constructed the polytope in a relatively short amount of time2 (about

2These simulations were performed on a PC with CPU speed of 2GB, and RAM of 512 MB
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Figure 5.6: method two: Polytope and State trajectories inx-coordinates: View 2.

4 minutes and 30 minutes, respectively). The most computationally expensive step in

both methods, however, remains to be the step of �nding all local maxima and min-

ima. Improvement in time complexity of this steps would considerably improve the time

complexity of the overall algorithm.
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Figure 5.7: method two: State trajectories inx-coordinates: View 1.
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Conclusions and Future Research

This thesis has investigated the application of two polytopic separation techniques to

nonlinear observer developed in [27]. Our objective here was to suggest some practi-

cal methodologies, rather than presenting theoretical results. After setting the stage in

chapters 1 and 2, we discussed the theoretical details of our�rst method of polytopic

separation in chapter 3. Due to limited functionality of the�rst method, we proposed

our second method in chapter 4. The simulations presented inchapters 3 and 4 con-

�rmed superiority of the second method over the �rst method in terms of computational

complexity and global convergence property. In chapter 5, we applied the two developed

methods to the benchmark problem of controlling surge and rotating stall in jet engine

compressor. This practical application further con�rmed the superiority of the second

method in the application setting of this thesis.

We will now give a concise comparison of the two proposed approaches and will then

conclude the thesis by outlining several possible future research directions.

� Method one can be employed only in a setting where the outer constraint encloses

a compact set, while method two imposes no such restriction.Nonetheless, both

methods require the inner set to be compact.

� Method one has the advantage of constructing thelargest possible polytope with

a �xed number of vertices which separates two nested sets. Onthe other hand,

method two constructs, in e�ect, a close-to-minimum-volume polytope which sep-

arates two nested sets while the number of polytope verticescan not be set �xed.
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The size of the constructed polytope plays a major role in some problems (see for

e.g. [15]), in which case, method one may be advantageous.

� Method one su�ers from lack of global convergence (at least with our current choice

of merit function). Except when the initial condition is chosen in a close vicinity

of a solution, method one demonstrates poor capability of convergence, especially

in a non-convex problem setting. Conversely, method two exhibits computational

e�ciency and enhanced convergence capability in the problems we considered.

� Due to abovementioned dependence of method one on the choiceof initial condition,

it has been so far impossible to apply this method to dimensions higher than 3. On

the contrary, method two has proved to be promising in higherdimensions.

� In our simulations, method one almost always converged to a polytope whose ver-

tices are slightly outside the outer set. This is due to themaximizing nature of

the algorithm, which aims to "shoot" the vertices outside the outer constraints, in

order to enlarge the polytope volume as much as possible. This phenomenon can

be problematic in practical settings similar to ours, wherethe outer constraint is

the observability set. In such case, the phenomenon provides with the possibility of

the observer trajectories leaving the observable set. In method two, however, this

possibility is avoided and the �nal polytope is always completely contained inside

the outer set.

� Both methods su�er from numerical uncertainty. More precisely, both methods

require identifying all local optima, which in real problems may not be possible to

guarantee. This step also turns out to be the bottleneck of both methods in terms

of computational complexity. Improving the e�ciency of thi s method will directly

e�ect computational e�ciency of the overall algorithm.
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Future Research

Our primary goal, in the implementation phase of this work, was to study the functional-

ity of our algorithms in Matlab. Due to unavailability of oth er established optimization

softwares, such as AMPL, NPSOL, etc., we were unable to examine our proposed method-

ologies in such software environments. There are, for example, claims that NPSOL

can signi�cantly improve the performance of polytopic approximation [16] (upon which

method one is based). Therefore, implementation of proposed methodologies in other

such environments may be worthwhile.

Recently, some advancements in �eld of Semi-In�nite Programming have been realized

[1], [40]. Application of these developments on improving the convergence of method one

may be analyzed. Further, other choices for merit functions, not investigated in this

thesis, can also be scrutinized. One may, moreover, explorethe application of both

developed techniques on other non-UCO systems (e.g. a classof chemical engineering

problems), or perhaps on entirely di�erent class of problems and dissect the outcomes.
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Appendix A

Sequential Quadratic Programming

In this appendix we review sequential quadratic programming in some detail. The ma-

terial presented here is in part taken from [7] and [8].

A.1 Overview

Sequential quadratic programming (SQP) has incontestablybeen the most widely used

algorithm in nonlinearly constrained optimization applications. It has applications in

many di�erent areas of technology and has been used to solve aremarkably large set of

important practical problems.

SQP, rather than being solely an algorithm, is a conceptual method from which many

speci�c algorithms have been evolved. In this section, while we examine the underlying

ideas of SQP, we concentrate our focus on issues related to Problem 1. SQP solves the

following nonlinear program:

8
>>>>><

>>>>>:

minimize f (x)

subject to: h(x) = 0

g(x) � 0;

(NLP)

92



Appendix A. Sequential Quadratic Programming 93

wheref : Rn ! R; h : Rn ! Rm , and g : Rn ! Rp.

The basic idea of SQP is to model (NLP) at a given iteration step, xk , by a quadratic

programming subproblem, and then to use the solution to thissubproblem to construct a

better approximation xk+1 . The sequence generated in this form will(hopefully) converge

to the solution x � . In some sense, SQP is a natural extension to Newton's method.

However, it shall be noted that SQP is not a feasible-point method, that is, neither the

initial point nor any of the subsequent iterates need be feasible. This is a major advantage

since �nding a feasible point when there are nonlinear constraints may be nearly as hard

as solving (NLP) itself.

In this section, the term global is used in two di�erent contexts. An algorithm is said

to be globally convergentif, under suitable conditions, it converges to some local solution

from any remote starting point. On the other hand, aglobal minimizer is a local solution

corresponding to the least value off .

To establish global convergence in SQP, a way of measuring progress towards a so-

lution is constructed which is called amerit function ; a reduction in which indicates

that an acceptable step towards a local solution has been taken. Notice that in prac-

tice, global convergence may still not be attained, even by employing a merit function.

This depends on the nature of the problem concerned, that is,other factors, such as the

ability to maintain positive-de�niteness of the Hessian matrix, feasibility of quadratic

subproblem1, numerical stability of the problem, etc. may preclude global convergence.

A.2 Assumptions and Notation

It is often assumed in the literature on SQP that all the functions in (NLP) are three times

continuously di�erentiable. This assumption is automatically satis�ed for the systems in

the scope of this thesis, as we only deal with regions constrained by smooth functions.

1These terms will be discussed later in the section.
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As explained previously, here and throughout the thesis, all the vectors are assumed to

be column vectors.

In this thesis, we denote the dot product byha; bi , wherea and b are two vectors in

Rn . We user , e.g. r f (x) to denote the gradient of a scalar-valued function. We user

also for vector-valued functions, to denote the Jacobian ofthe function. For example,

r h(x) = [ r h1(x); r h2(x); : : : ; r hn (x)]:

In this thesis, xk denotes the iterates andx � denotes anylocal solutionof the (NLP).

A local solution or a local minimizer refers to a pointx � that minimizes the function

f (x) on a su�ciently small ball centered at x � . The following conditions, also known as

second order su�cient conditions are assumed to apply to each such solutionx � .

A4: The �rst order necessary conditionshold, i.e., there exist optimal multiplier vectors

u� and v� � 0 such that

r L(x � ; u� ; v� ) = r f (x � ) + r h(x � ) u� + r g(x � ) v� = 0:

A5: The columns ofG(x � ) are linearly independent.

A6: Strict complementary slackness holds, i.e.,

gi (x � ) v�
i = 0:

for i = 1; : : : ; p and, if gi (x � ) = 0, then v�
i > 0.

A7: The Hessian of the Lagrangian function with respect tox is positive de�nite on the

null space ofG(x � ); i.e.,

d> H L � d > 0;

for all d 6= 0 such that G(x � )> d = 0.
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These assumptions are standard for most of the optimizationalgorithms.

The Hessian of a scalar-valued function, denoted by the letter H , is de�ned to be the

symmetric matrix whose (i; j )th component is

H f (x) i;j =
@2f (x)
@xi @xj

:

In instances where a function is de�ned on more than one set ofvariables, the oper-

ators r and H refer to di�erentiation only with respect to x. The Lagrangian function

is an example of this sort, where its di�erentiation will only be with respect tox. The

Lagrangian function associated with (NLP) is de�ned as:

L(x; u; v) = f (x) + u> h(x) + v> g(x):

whereu 2 Rm and v 2 Rp are multiplier vectors. We denote the value of Lagrangian at

(x � ; u� ; v� ) by L � , where (x � ; u� ; v� ) denotes the triple consisting of a local solution,x � ,

Lagrange multiplier vector for equality constraints,u� , and Lagrange multiplier vector

for inequality constraints, v� , respectively. Given a vectorx, the set ofactive constraints

consists of the inequality constraints, if any, satis�ed asequality at x. We denote the

index set of active constraints by

I (x) = f i : gi (x) = 0 g:

G(x) is the matrix made up of the gradient of allactive constraints; i.e. G(x) contains

the matrix r h(x) along with the columns ofr gi (x), i 2 I (x).

Finally, We use the termcritical point to denote a feasible point that sati�es the �rst

order necessary conditions, i.e.A4 . A critical point may or may not be a local minimum

of (NLP).

A.3 The Quadratic Subproblem

As mentioned in the previous section, the SQP method is an iterative method in which,

at a current iterate xk , the step to the next iterate is obtained through information
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generated by solving a quadratic subproblem, i.e. a problemwith a quadratic objective

function and linear constraints. This subproblem should re
ect the local properties of

the original problem.

At a given xk , an appropriate choice for the constraints of the quadraticsubproblem,

is the linearization of the actual nonlinear constraints about xk . It turns out that a

suitable selection for the objective function of the quadratic subproblem should employ

the gradient of the original objective function in (NLP) andthe Hessian of the Lagrangian

function. There are good reasons, however, to consider an approximation to the Hessian

of the Lagrangian rather than the actual Hessian. One reasonis that the numerical

computation of the Hessian of the Lagrangian is usually a very costly operation. Further,

it turns out that using an appropriate approximation, under suitable conditions, yields

global convergence of the algorithm.

The form of the quadratic subproblem in accordance to the abovementioned guidelines

turns out to be the following:

8
>>>>><

>>>>>:

minimize r f (xk)> dx +
1
2

d>
x Bk dx

subject to: r h(xk)> dx + h(xk) = 0 (QP)

r g(xk)> dx + g(xk) � 0;

wheredx = x � xk , and the symmetric matrix Bk is the approximation to the Hessian of

the Lagrangian function.

A.4 High-Level Conceptual Algorithm

In order to have a solution, the system of constraints of the quadratic subproblem must

be consistent; i.e. the linearized constrained must have a nonempty feasible set. Also the

quadratic objective function should be bounded from below on the feasible set (although

a local solution can sometimes exist without this condition).
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Letting dx be the solution of (QP), we shall be able to usedx to generate a new iterate

xk+1 by taking a step from xk in the direction of dx . Further, we need to update the

Lagrange multipliers, uk and vk , to new estimatesuk+1 and vk+1 . We do this using the

optimal multipliers of (QP), denoted by uqp and vqp and setting

du = uqp � uk

dv = vqp � vk :

The updates to (xk ; uk ; vk) can then be written as:

xk+1 = xk + � d x

uk+1 = uk + � d u

vk+1 = vk + � d v;

(A.1)

for some selection of thesteplength parameter� .

As described in the introduction of this section, convergence properties are generally

classi�ed as either local or global. Local convergence proceeds from the assumptions that

the initial x-iterate, x0, is close to a solution,x � , and the initial Hessian approximation,

B0, is close toH L � . Convergence from a remote starting point, as described before,

is called global convergence. In order to ensure global convergence, the SQP algorithm

needs to be equipped with a measure of progress. The progressis assessed by employing a

special function, calledmerit function and denoted by$ , whose decrease implies progress

towards a solution. In order to guarantee that$ is reduced at each step, a procedure

for choosing thesteplength parameterin (A.1) is devised which will be discussed in the

next section. Using the decrease in$ , it turns out that under some conditions, such

as the feasibility of the quadratic subproblem, and the capability to maintain positive-

de�niteness ofBk , etc. the iterates will converge to a solution even if the initial x-iterate,

x0, is not close to a solution.

Conceptual Algorithm
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Given initial iterates (x0; u0; v0); B0, and a merit function $ , set k=0.

1. Form and solve (QP) to obtain (dx ; du; dv).

2. Choose a steplength� so that

$ (xk + � d x) < $ (xk):

3. Set

xk+1 = xk + � d x

uk+1 = uk + � d u

vk+1 = vk + � d v:

4. Stop if converged.

5. ComputeBk+1 .

6. Setk := k + 1; go to 1.

Thus far, we have presented (mainly conceptually) the building blocks of the SQP

algorithm. We will devote the rest of this section on presenting in more detail each of the

individual building blocks, namely the Hessian approximation and the merit function for

steplength selection.

A.5 Hessian Approximation: BFGS Method

Under the smoothness assumption, the Lagrangian satis�es

r L(xk+1 ; uk+1 ; vk+1 ) � r L(xk ; uk+1 ; vk+1 ) � H L (xk+1 ; uk+1 ; vk+1 )(xk+1 � xk): (A.2)

As a result, it makes sense to approximate the Hessian of the Lagrangian at (xk+1 ; uk+1 ; vk+1 )

by requiring Bk+1 to satisfy

r L(xk+1 ; uk+1 ; vk+1 ) � r L(xk ; uk+1 ; vk+1 ) = Bk+1 (xk+1 � xk): (A.3)



Appendix A. Sequential Quadratic Programming 99

Equation (A.3) is called the secant equationor quasi-Newton condition, and plays an

important role in the algorithmic theory of nonlinear systems and unconstrained opti-

mization.

A common procedure for generating the Hessian approximations that satisfy the

Quasi-Newton Condition is to update a givenBk according to

Bk+1 = Bk + Uk ;

whereUk is usually a rank-one or a rank two matrix which depends on thevalues ofBk ,

uk , uk+1 , vk , vk+1 , xk and xk+1 .

Broyden [10] has proven that there exists low rank updates toBk that can satisfy the

quasi-Newton condition in (A.3) . The Broyden class of rank-two updates has the form

Bk+1 = Bk +
y y>

s> y
�

Bk s s> Bk

s> Bk s
+ #k [s> Bk s] vk v>

k ;

where#k 2 [0; 1], and s and y are de�ned as

s = xk+1 � xk ; (A.4)

y = r L(xk+1 ; uk+1 ; vk+1 ) � r L(xk ; uk+1 ; vk+1 ): (A.5)

One of the common update matrices, which is in the form of Broyden class of up-

date matrices and has been shown to be quite practically e�ective, is Broyden-Fletcher-

Goldfarb-Shannon's (BFGS) update, in which#k = 0. The formula for this update is

therefore

Bk+1 = Bk +
y y>

s> y
�

Bk s s> Bk

s> Bk s
: (A.6)

The important qualities of the matrices generated by the BFGS formula are that they

have thebounded deteriorationproperty and they satisfy thehereditary positive de�nite-

ness conditionas described next. If the di�erence between the Hessian approximation,
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Bk , and the actual Hessian of the Lagrangian,H L , approaches zero as the number of

iterations approaches in�nity, it is said that the Hessian approximation has thebounded

deterioration property. The hereditary positive de�nitenesscondition states that if Bk is

positive de�nite and

y> s > 0; (A.7)

then Bk+1 is also positive de�nite.

We explain the use of the abovementioned properties in Theorem A.5.1.

Theorem A.5.1. Suppose thatH L � is positive de�nite and let B0 be an initial positive

de�nite matrix. Further, suppose that the sequence of iterates f (xk ; uk; vk)g is gener-

ated by the SQP algorithm using the sequence of matrix approximation generated by the

BFGS update. Then ifkx0 � x � k and kB0 � H L (x � ; u� ; v� )k are su�ciently small and

u0 and v0 are su�ciently close to u� and v� , respectively, then the sequencef Bkg is of

bounded deterioration property andf (xk ; uk ; vk)g convergessuperlinearly to the pair

f (x � ; u� ; v� )g.

Remark A.5.1. It turns out that if, in addition to having the bounded deterioration

property, the sequencef Bkg is also positive de�nite, then the assumption in Theorem

A.5.1 that kx0 � x � k and kB0 � H L (x � ; u� ; v� )k should remain su�ciently small can be

removed.

Remark A.5.2. It can be shown that if the Hessian of the optimal LagrangianH L � is

positive de�nite on the domain of the objective function, and B0 is chosen to be positive

de�nite (e.g. the identity matrix), then the updates to B0 remain positive de�nite and

close toH L � and remarkA.5.1 is automatically satis�ed. However,H L � is only positive

de�nite in speci�c cases (e.g. if (NLP) is convex).

According to Remark A.5.2, maintaining positive de�niteness of the sequencef Bkg

is a crucial step. In what follows, we describe two of the mostpopular methods for this

purpose.
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A.5.1 Powell-SQP Method

The Powell-SQP method maintains the positive de�nite property of the Hessian approx-

imations by modifying y in the update formula (A.6) by

ŷ = � y + (1 � � ) Bk s; (A.8)

for some� 2 (0; 1]. Note that with this modi�cation, the condition ( A.7) can always be

satis�ed, and therefore, the sequenceBk remains positive de�nite. However, using this

scheme, the updates no longer satisfy the quasi-Newton condition. Nevertheless, it has

been empirically shown that a speci�c choice of� leads to a sequence,f xkg that converges

superlinearly tox � . Unfortunately, no proof of local convergence has been found although

algorithms based on this procedure have been shown to be quite successful in practice.

A.5.2 Augmented Lagrangian Method

The augmented Lagrangian scheme has been used extensively to treat the equality con-

strained problems. Here, we �rst touch on the basic ideas behind augmented Lagrangian

method for the problems with only equality constraints. Later we extend the proposed

techniques to incorporate inequality constraints as well.

Remark A.5.2 implies that one way to maintain the positive de�niteness ofBk is to

transform the problem so thatH L � is positive de�nite. This is the basic idea behind

the augmented Lagrangian method. In the case of equality constrained problems, this

method replaces the objective function in (NLP) by the function

f c(x) = f (x) +
c
2

kh(x)k2
2;

for a positive value of c. Notice that this modi�cation does not change the solution to

the problem sincekh(x)k2 is a constant added to the objective function. This change,

however, results in a new Lagrangian function, the so-called augmented Lagrangian

L c(x; u) = L(x; u) +
c
2

kh(x)k2
2: (A.9)
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As explained in [7], the augmented Lagrangian function for the inequality constrained

problems is

L c(x; u; v) = L(x; u) + u> h(x) +
c
2

kh(x)k2
2 +

1
2c

rX

j =1

�
(maxf 0; vj + cgj (x)g)2 � v2

j

	
:

(A.10)

Although adequate for local convergence theory, this "augmented BFGS" method has

major drawbacks that are related to the fact that it is di�cul t to choose an appropriate

value of c. To apply Theorem A.5.1, the value of c must be large enough to ensure

that H L c(x � ; u� ) is positive de�nite, a condition that requires a priori knowledgeof x � .

On the other hand, if unnecessarily large values ofc are used without care, numerical

instability can result. This problem is exacerbated by the fact that if the iterates are

not close to the solution appropriate values ofc may not exist. This is sometimes called

ill-conditioning.

A possible approach is to choose an initial valuec0 for c and increase it as necessary

at each iteration k if the algorithm indicates that the current value ck is inadequate.

However, practical experimentation shows that the following consideration should be

kept in mind for selecting the penalty parameterc to prevent ill-conditioning (taken

from [7]):

(a) ck should eventually become larger than the threshold level necessary to bring to

bear the positive features of the multiplier iteration.

(b) The initial parameter c0 should not be too large to the point where it causes ill-

conditioning at the �rst iteration.

(c) ck should not be increased too fast to the point where too much ill-conditioning is

forced upon the unconstrained minimization routine too early.

(d) ck should not be increased too slowly, at least in the early minimizations, to the

extent that the multiplier iteration has poor convergence rate.



Appendix A. Sequential Quadratic Programming 103

A good practical scheme is to choose a moderate valuec0 (if necessary by preliminary

experimentation), and then increaseck via the equation ck+1 = � ck , where� is a scalar

with � > 1. In this way, the threshold level for multiplier convergence will eventually be

exceeded. For Newton-like augmented Lagrangian minimization problems, fairly large

values of� (say � 2 [5; 10]) are commonly chosen.

A.6 Stepsize Selection and Merit Functions

For constrained optimization problems, we would like each iterate not only to decrease

the cost function, but also to come closer to satisfying the constraints. Often these two

aims con
ict, so it is necessary to weigh their relative importance and de�ne a merit $ ,

which can be utilized as a criterion for determining whetheror not one point is "better"

than another.

The standard way is to construct$ so that the solutions of (NLP) are the uncon-

strained minimizers of$ . Therefore, a reduction in$ indicates progress anddx must be

a descent direction for$ . If this is the case then for a su�ciently small � k , $ (xk + � k dx)

will be less than$ (xk).

Remark A.6.1. It shall be noted that in unconstrained minimization there is a natural

merit function; namely, the objective function itself. In a constrained setting, unless

the iterates are always feasible, a merit function has to balance the drive to decrease

the objective function with the need to satisfy the constraints. (recall that in SQP the

initial point and following iterates need not be feasible).$ indeed weighs a measure of

infeasibility against the value of either the objective function or the Lagrangian function.

In what follows, we review some of the popular merit function.
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A.6.1 Augmented Lagrangian Merit Function

A popular choice of the merit function in sequential quadratic programming is augmented

Lagrangian merit function. This merit function is based on the same objective function

employed previously for the augmented Lagrangian method tomaintain positive de�-

niteness ofBk . For a problem with only equality constraints, this function has the form

$ F (x; c) = f (x) + h(x)> �u(x) +
c
2

kh(x)k2
2; (A.11)

wherec is the augmented Lagrangian constant (described in the previous section) and

�u(x) = �
�
r h(x)> r h(x)

� � 1
r h(x)> r f (x): (A.12)

Under the assumptions in sectionA.2 $ F and �u are di�erentiable and it turns out that for

su�ciently large augmented Lagrangian parameterc, the merit function $ F is bounded

from below on the constraint set,C. (see [8] for more details). Di�erently said, under

some other regularity assumptions, forc su�ciently large the following hold:

(i) x � 2 C is a local minimum of$ F if and only if x � is a local minimum of (NLP).

(ii) if x is not a critical point of (NLP) then dx is a descent direction for$ f .

There are several ways to extend the abovementioned resultsto inequality constrained

problems. An approach uses the idea of squared slack variables, denoted byt2
i ; i =

1; : : : ; p. We can reformulate (NLP) as

8
>>>>>>>><

>>>>>>>>:

minimize (over f x;t 1 ;:::;t p g) f (x)

subject to: h(x) = 0

g(x) + t2
i = 0

i = 1; : : : ; p:

(A.13)
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Now, letting zi = t2
i , it turns out that for

�h(x; z) =

0

B
@

h(x)

g(x) + z

1

C
A ; (A.14)

we can construct the merit function

$ F Z (x; z) = f (x) + �h(x; z)> �u(x; z) +
c
2

k�h(x; z)k2
2: (A.15)

Remark A.6.2. It shall be noted that one shouldnot use (A.13) to form the quadratic

subproblem (QP); rather, one should form (QP) from the original (NLP). Then (QP) is

solved at each iteration to obtain the stepdx . The slack variables can then be updated

at each iteration so that the nonnegativity ofz is preserved. One way to do so is by

setting

zk+1 = � (r g(xk)> dx + g(xk)) � 0: (A.16)

It can be shown that (A.16) maintains nonnegativity of z.

A.6.2 Powell-Han Merit Function

Another popular merit function, which is also utilized in the Matlab function fmincon, is

the one introduced by Han [19] and Powell [37]. It uses an absolute-valued merit function

to determine the stepsize� in each iteration. Also, it guarantees thatBk remains positive

semide�nite during iterations. It can also be proven that under some regularity conditions

this merit function yield the global convergence in SQP. This merit function has the form

$ (x) = f (x) +
X

i 2 I

r i :gi (x) +
X

i 2 �I

r i :maxf 0; gi (x)g; (A.17)

whereI is the index set of the active constraints,�I denotes the index set of the non-active

constraints, and the penalty parameter,r i , is often de�ned as

r i = ( r k+1 ) i = maxi

�
vi ;

1
2

((r k) i + vi )
�

;
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wherek denotes the current step. This de�nition ofr i allows positive contribution from

constraints that are inactive in the quadratic programmingsolution, but were recently

active. There are di�erent ways set (r0) i , the initial value for each r i . Matlab de�nes

(r0) i as

(r0) i =
kr f (x)k
kr gi (x)k

;

wherek k represents the Euclidean norm.

A.6.3 Stepsize Selection

Once a choice of merit function has been made, there are several schemes to select an

appropriate stepsize,� k :

(a) Minimization rule : Here � k is chosen so that

$ (xk + � k dx) = min� � 0f $ (xk + � dx )g:

(b) Limited minimization rule : Here a �xed scalars > 0 is selected and� k is chosen

so that

$ (xk + � k dx) = min� 2 [0;s]f $ (xk + � dx )g:

(c) Armijo Rule : Here �xed scalarsn; � and � with n > 0, � 2 (0; 1) and � 2 (0; 0:5)

are selected and we set� k = � mk n, wheremk is the �rst nonnegative integerm for

which

$ (xk) � $ (xk + � m n dk) � � � m n (dk)
>

Bk dk : (A.18)

Theoretically, all of the abovementioned methods would result in an appropriate stepsize.

Practically, however, it turns out that for most of the problems, Armijo rule yields a

stepsize more e�ciently than the other two methods [7].
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A.7 Detailed Resulting Algorithm

In what follows we illustrate the detailed SQP algorithm we used in our implementation:

Given initial iterates (x0; u0; v0), consider the merit function$ F de�ned as

$ (x) = f (x) +
X

i 2 I

r i :gi (x) +
X

i 2 �I

r i :maxf 0; gi (x)g;

where I denotes the indices of the active constraints,�I denotes the indices of the non-

active constraints, and the penalty parameter,r i , is de�ned as

r i = ( r k+1 ) i = maxi

�
vi ;

1
2

((r k) i + vi )
�

;

wherek denotes the current step. Also, let (r0) i be de�ned as

(r0) i =
kr f (x)k
kr gi (x)k

;

Further, let the augmented Lagrangian be de�ned as

L c(x; u; v) = L(x; u) + u> h(x) +
c
2

kh(x)k2 +
1
2c

rX

j =1

�
(maxf 0; vj + cgj (x)g)2 � v2

j

	
;

Set k = 0; n = 5; � = 0:5; � = 0:25; B0 = I .

1. Form and solve the following quadratic programming to obtain (dx ; du; dv):

8
>>>>><

>>>>>:

minimize r f (xk)> dx +
1
2

d>
x Bk dx

subject to: r h(xk )> dx + h(xk) = 0

r g(xk)> dx + g(xk) � 0;

2. Set the steplength� = � mk n , where mk is the �rst nonnegative integer m for

which

$ (xk) � $ (xk + � m n dk) � � � m n (dk)
>

Bk dk :
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4. Set
8
>>>>>>>>>>>><

>>>>>>>>>>>>:

xk+1 = xk + � d x

uk+1 = uk + � d u

vk+1 = vk + � d v

s = xk+1 � xk

y = r L c(xk+1 ; uk+1 ; vk+1 ) � r L c(xk ; uk+1 ; vk+1 ):

5. Stop if converged.

6. ComputeBk+1 by

Bk+1 = Bk +
y y>

s> y
�

Bk s s> Bk

s> Bk s
:

7. Compute r i .

8. Setk := k + 1; go to 1.
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