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Abstract
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Output feedback control of nonlinear systems is an importaropen research topic which
attracts attention for both its theoretical interest and its practical applications. This
thesis relies on the theory developed by Maggiore and Passim [27] towards a sepa-
ration principle for nonlinear systems. That work crucialy relies on the existence and
construction of a setP, enjoying special properties, separating two non-convegts. The
class of setd? we choose to work with is that ofpolytopes In this thesis we develop
two algorithms to accomplish the task of separating two nogenvex sets. The rst al-
gorithm relies on semi-in nite programming. The second altyrithm relies on orthogonal
projection and outer polytopic approximation. Both algorthms are rst tested on basic
examples and later used to design nonlinear observers foetMoore-Greitzer three-state

model of surge and stall in jet engine compressors.
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Chapter 1

Introduction and Terminologies

1.1 Motivation

In control theory, controller design relies upon access tté¢ system state variables. Al-
though this access can sometimes be provided via hardwareg(e sensors), there exist
circumstances in which either the state variables are not mictly measurable, or it is
too costly to measure them. In such conditions, an alternate is to use, if possible,
an observerto estimate the system states. The estimated states are tharmsed by a
stabilizing controller as if they were exact. This is callec certainty-equivalencecon-
troller. When the system is linear time-invariant, the sepeation principle guarantees
closed-loop stability of the certainty-equivalence contidler. When the system is nonlin-
ear, certainty-equivalence controllers do not, in generaguarantee closed-loop stability
and modi cations are needed to the observer estimate. Appaches have been developed
in recent years to achieve a separation principle for nonkar systems. The main results

are found in 11, 2, 27].

Our point of departure in this thesis is the separation prinple developed in £7]
(this is reviewed in Section2.1), which applies to a class of nonlinear single input single

output (SISO) systems that are observable only on an open rieg of the state and input
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spaces. Crucial for the applicability of the approach inZ/] is an assumption concerning
the existence of a sefP with suitable properties. Checking the existence oP and
constructing it is in general a rather di cult task which lim its the practicality of the
approach in P7]. The primary focus of this thesis is to develop computer-ded methods
to construct the setP, thus making the technique in £7] viable. In short, we aim to

solve the following problem:

Problem 1:  Given are two setsS; = fY 2 RN : C'(Y) 0g;S, = fY 2 RN :
CO(Y) 0g, whereC';C° : RN I R are continuously di erentiable and, for allY 2

RN, @¢=0Y6 0, @®=@Y8 0. Find , if possible, a convex polytop® s.t.
S P& (1.1)

The relationship between Probleml and the work in [27] is elucidated in detail in
Section2.2.

This thesis presents two algorithms to solve Problerfh. The rst algorithm extends
an inner polytopic approximation method developed inl1[5] and relies on semi-in nite
programming (SIP). The second algorithm is novel and is badeupon outer polytopic
approximation by means of boundary orthogonal projectiontiiese terms are later elu-
cidated in more detail). Both algorithms are implemented inMatlab and tested by
means of examples. The two methods are applied to the problesh controlling surge
and rotating stall in the Moore-Greitzer jet engine compresor model.

In the remaining sections of this chapter we introduce relent terminology on poly-
topes and overview some of the background concepts and laarre necessary for this

work.

1.2 Polytopes: Terminologies

The following de nitions and concepts are, in part, taken fom [17], [15].
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Convex Polytope vs. Polyhedron. A subsetP of RY is called aconvex polyhedrorif
it is the set of solutions to a nite system of linear inequaties, and calledconvex polytope
if it is a convex polyhedron and bounded. The dimension of a [yiedron (polytope) P
is the dimension of its a ne hull (i.e., the a ne subspace resllting from the intersection
of all a ne subspaces containingP). A k-dimensional convex polyhedron (polytope) is
called ak-polyhedron(k-polytopg. In this thesis, we omit convexfor convex polytopes

and polyhedra, and call them simply polytopes and polyhedra

Face of a Polytope. Let P be a convexd-polytope inRY. ¢x d;d2 R;c2 RY, is
called valid forP if cx d holds for allx 2 P. A subsetF of a polyhedronP is called

afaceof P if itis represented as= = P\f xjc x = dg for some valid inequalityc x  d.

Vertices, Edges, Ridges, and Facets. The faces of dimension 0, 1 2 andd 1

are called thevertices, edges, ridges and facetespectively.

Convex Hull.  For a subsetS of RY, the convex hullconu(S) is de ned as the smallest

convex set inRY containing S. The convex hull computation involves the determination

Simplex. Asetofk+1 O points is said to bea nely independent if its a ne hull has
dimensionk. A subsetP of RY is called ak-simplex(k = 0;1;2;:::;d) if it is the convex
hull of k + 1 a nely independent points. It has exactly k + 1 vertices andk + 1 facets.
For instance, a triangle is a 2-simplex and a tetrahedron is &simplex. We denote a

simplex by the collection of its vertices,

H-representation and V-representation. Every polytope has two representations,

known as (half-spaceM -representationand (vertex) V -representation In the H -representation
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the polytope is described as the intersection of half-spage
P=1fY :Hy(Y) O0::iiHn, (Y) 0Ogp Hi(Y)=hi Y pi;

where ; is the normal vector to thei-th hyperplane andp; is a point on the hyperplane.

In the V-representation, the polytope is expressed as the convexlhof its vertices

Xa X
P =convfvy;iiivgg=fY 1Y = tivi; ti=1;(8)t Og
i=1
A polytope expressed by an -representation (orV -representation) is calledH -polytope

(or V-polytope).

Vertex Enumeration and Facet Enumeration Problem. Under some regular-
ity conditions, the conversions between théd -representation and theV -representation
of a polytope are well-de ned fundamental problems. The tmsformation from H -

representation toV -representation is known as thevertex enumeration problenand that

from V -representation toH -representation is known as thdacet enumeration problem
It can be shown that the facet enumeration problem reduces tbe convex hull problem.
An algorithm which solves the vertex/facet enumeration prblem is called arepresenta-

tion conversion algorithm

Voronoi Diagrams ~ Given a setS of n distinct points in RY, the Voronoi diagram is the
partition of RY into n polyhedral regionsvo(p) : p 2 S. Each regionvo(p), called the
Voronoi cell ofp, is de ned as the set of points inRY which are closer top than to any

other points in S, or more precisely,

vop) = x2R%jkx pk kx ok 892S p ;

wherek k denotes the Euclidian norm. Figurel.l illustrates an example of a Voronoi

Diagram of a set of points inR2. The set of all Voronoi cells and their faces forms a cell
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Figure 1.1: Example of a Voronoi diagram.

complex. The vertices of this complex are called th€oronoi vertices and the extreme
rays (i.e. unbounded edges) are th¥oronoi rays. For each pointv 2 RY, the nearest
neighbor setnb(S; v) of v in S is the set of pointsp 2 S v which are closest tov in
Euclidean distance. Alternatively, one can de ne a poini 2 RY to be aVoronoi vertex
of S if nb(S; v) is maximal over all nearest neighbor sets. For a descriptioof how to

construct Voronoi diagrams refer to 7).

Delaunay Triangulation Let S be a set ofn points in RY. The convex hull of the
nearest neighbor setonvnb(S; v)) of a Voronoi vertex v is called the Delaunay cell of.
The Delaunay complex (or triangulation) ofS is a partition of the convex hull con\S)

into the Delaunay cells of Voronoi vertices together with thir faces. In this thesis, we

and is represented by a set of points whose convex hull constts that Delaunay cell. In
RY, under some regularity conditionsd; is a d-simplex and the set of points describing

d; has exactlyd+ 1 members. The Delaunay complex is therefore a set of seVesats of
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points, each of which havingd + 1 members. The Delaunay triangulation of Figurel.1l

is given in Figurel1.2

Figure 1.2: Delaunay triangulation of Figurel.l

Expression for Volume of a Polytope It is known that computing the volume of a
generalV -polytope (or H -polytope) is NP-hard [L], and there is no general formula for

it. The only available exception is the volume of am-simplex=fvy; vo; :::;Vg+1 0, [11]:

det [Vi  Vns1; Vo Vnsrs 105;Va Vpa],

d-Simplex Volume= oy

(1.2)

Now, the volume of a polytopeP in RY can be evaluated by summing the volume of

every d-simplex in P. The following steps are taken:

(1) Calculate the Centroid of the polytope.

1 X
VC::E_ \"

i=1

wherev; represents the vertices of the polytop®.
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(2) For each of the facetsf; 2 F, where F is the set of all facets of the polytopeP,
calculate the Delaunay triangulationD; = fdi; db; :::;d,g, whered:'s represent the

individual Delaunay Cells.

(3) Along with the centroid of the polytope, each Delaunay de d} 2 D; forms and-
simplex. Evaluate the volume of each such simplex usind.p). Sum the volume of

all simplexes for the facet.

(4) Repeat for each facet and sum all the results for the polgpe volume.

1.3 Literature Review

To the best of our knowledge, our proposed Problem 1, in the ggent context, has not
yet been investigated. However in literature, one frequelgt encounters the polyhedral
separation problem:Given two nested convex polyhedr&, and S,, whereS; S,, nd a
polyhedronP with the minimum number of facets, such thatS; P S,. This problem
is di erent from our Problem 1 because we do not requir§; and S, to be convex polyhe-
dra and do not seek to nd a polyhedronP with minimum number of facets. However, in
an attempt to correlate our Problem 1 to the polyhedral sepation problem, one might
propose the following solution to our Problem 1: Find an inrrepolytopic approximation
to the outer setS,, and an outer polytopic approximation to the inner setS;, to construct
two polytopesP, and P,, respectively, and trivially check the containment oP; in P,, by
testing if all the vertices of P; are contained inP,. Although this approach may initially
appear attractive, it su ers from greater computational ire ciency and a higher degree
of uncertainty in comparison to our two polytopic separatia techniques described in the
subsequent sections. This will become evident throughoute next chapters.

In what follows, we brie y summarize some of the main resultand methodologies

encountered while formulating the topic of this thesis.
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1.3.1 Semi-in nite Programming

Semi-in nite programming refers to a class of optimizatioproblems in which the number
of variables describing the constraints is nite, while thee are in nitely many constraints
to be satis ed. The work in [21] describes semi-in nite programming and several di erent
methods to solve the problems of this class. The authors itduce procedures to locally
reduce a general semi-in nite programming problem to a pré&m with a nite number
of constraints. This is called thelocal reduction technigue. Semi-in nite programming
(SIP) relies on another optimization technique called seguatial-quadratic programming
(SQP). A detailed summary of these two methods is presented the Appendix.

In [1€], the authors investigates the real-time path planning priolem. The main tool
of their approach is an algorithm to nd an inner approximation of a set with smooth
boundary by a polytope. In order to nd such inner approximaton, the authors formulate
a semi-in nite program and employ the local reduction techigue in [2]] to solve it.

We gain inspiration from the methodology employed in1g and [21] in order to
develop our rst approach in solving Problem 1. More specially, in Chapter 3 we extend
the inner polytopic approximation of [L6] to devise a new approach that separates two

nested sets.

1.3.2 Q-Hull Algorithm

As explained before, a polytope can be described by the coxvaull of its vertices. It

will become evident that in our proposed algorithms, we wiirequently need to compute
the convex hull of a set of points. Hence an e cient method to nd such convex hull
will be crucial to improve the computational complexity of air algorithms. In [9], the

authors introduce a time-e cient approach to nd the convex hull of a given set of points
in n-dimensions.

This method, namedQ-Hull, employs the general structure of the Graham's scan]|



Chapter 1. Introduction and Terminologies 9

which is a well-known two dimensional algorithm for nding onvex hull in 2D. It employs
a randomized incremental algorithms similar to that of Clakson and Shor [7] to achieve
an impressive expected time complexity dd(N log(N)), where N is the cardinality of the
set of input points. Then the methodology of beneath-beyonalgorithm [36] and double-
description method [] is applied to extend the Graham's scan to general-dimensional
space. We extensively use Matlab's implementation of Q-Huin several steps of our

proposed algorithms.

1.3.3 Reverse Search Algorithm

Recall the vertex/facet enumeration problem where, givenhe H/V-representation of a

polytope, one wants to nd the V/H-representation. In our s&ond polytopic separation
scheme, we need to solve this problem in di erent phases ofetlalgorithm. One way to

solve this problem is through the so-called reverse seardgaithm (RSA) presented in

[5]. This algorithm rst constructs a special forest of the polytope vertices/hyperplanes
and then, starting at di erent roots of this forest, traces at the subtrees associated to
this starting roots in some speci ¢ order by reversing the soalled pivot rule. Employing

this technique, the vertices/facets of the polytope are emoerated.

An implementation of the reverse search algorithm is presed in [4]. This im-
plementation, calledirs, comes as a freely available software package. Apart frometh
vertex/facet enumeration function, this package containseveral other functions such
as redund (to remove redundancy from both H-representation and V-repsentation),
Voronoi (to compute the Voronoi vertices and rays for an input set ofata points), and
few other methods regarding polytopes/polyhedra. We use onof the available functions
in this package to implement our second polytopic separatioalgorithm, presented in

Chapter 4.

1A tree is an acyclic graph (i.e., a graph without any cycles). Forests consist only of (possibly
disconnected) trees.
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1.4 Summary of Contribution

The main contribution of this thesis is the development of te algorithms to solve Prob-
lem 1. After formally describing our framework in Chapter2, we introduce our rst

method of polytopic separation in Chapter3. This method extends the inner polytopic
approximation scheme in 6] to deal with the more general framework of our Problem
1. In this chapter, we rst describe the pre-requisite cong# for this approach, namely
semi-in nite programming (SIP)? and later we demonstrate in detail how SIP is applied

to solve Problem 1. A summary of results and simulations aréné¢n documented.

There are two major drawbacks to this SIP-inspired algoritm. Firstly, the com-
putational complexity of this algorithm increases expondially with the dimension of
the problem; secondly, the algorithm exhibits only local (ad not global) convergence
Therefore, unless the initial condition is chosen closenoughto a local optimum, the
algorithm may diverge. As a result, it may not possible to apy this methodology
to problems in dimension higher than 3, where the visualizatn of the problem is not

feasible (and hence the initial condition can not be chosenisgly).

In Chapter 4, we present another solution to Problem 1. This new scheme ploys
boundary orthogonal projection to construct an outer polybpic approximation to the
inner set, S;. Next, using a substep of SIP, it veri es the containment oflte constructed
polytope in the outer set,S,. It turns out that this second method ts the framework of
our problem better than the rst one. Our simulation results suggesthat this approach
is more computationally e cient and although we have not stulied its convergence prop-
erties in details, in comparison to the rst method, it exhikts an enhanced convergence

capability for the problems that we have examined.

In Chapter 5, we slightly modify the two presented polytopic separatiortechniques

2SIP relies on another optimization scheme, named sequentiaquadratic programming (SQP). A
detailed summary of SQP is presented in the Appendix
3These terms are de ned in Chapter3.
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to be able to apply them to observer design. After detailinghte steps of these refor-
mulations, the two modi ed methods are applied to the problem of controlling the two
instabilities in jet engine compressors, namely surge andtating stall. The problem is
then simulated using two di erent controllers presented irf2€] and [2€] and the outcomes
are documented. While it is not possible to successfully algpthe rst method to either
of these two application problems, the results generated lihe second method appear
promising.

We conclude this chapter with a note about the applicabilityof polyhedralseparation

to our Problem 1.



Chapter 2

Background and Problem

Formulation

In this chapter we summarize the separation principle devagbed in [27], highlight the
main limitation which motivates the investigation carriedout in this thesis, and illustrate

how Problem 1 on page? addresses this limitation.

2.1 The separation principle in | ]

The concepts introduced in this section are somewhat teclwail; hence, for the sake of

clarity, we later illustrate these concepts in Example2.1.1

Consider the following dynamical system,

8

2 x=f(xu)

S (2.1)
©y = h(x;u);

wherex 2 R"; u;y 2 R, f and h are smooth, andf (0;0) = 0. Also, consider the

observability mappingormed by computing time derivatives of the outputy along the

12



Chapter 2. Background and Problem Formulation 13

vector eld of the system:

2 3

y
Ve =§ : % =H xu;:;;;uM Do (2.2)
y(n 1)
Heren, denotes the highest number of time-derivatives afthat appearinH,0 n; n
(n, = 0 indicates that H does not depend on; likewise n, = k implies that (k 1)
derivative of u is required to computeH). We next augment system 2.1) with n,

integrators on the input side. The resulting system is:
Xx=Ff(X21);, 22=2; 2y, =V (2.3)

After augmentation, we can rewrite the observability mappig as

De ne the extended state variableX = col(x;z) 2 R" ™. Further, de ne the extended

system as:
8

X = fo(X)  + Ge(V) (2.4)

y = he(X);
wheref¢(X) = col(f (X;z1);2z2;  ;zn,:;0); ge=col(0; ;1), and he(X) = h(X; zy).
Now we are ready to state our assumptions. Our rst assumptiorequires that system
(2.1) be observable on some set:
Assumption Al (Observability). System @.1) is observable over an open sé€d 2

R" R" containing the origin. More precisely, the mapping= : O ' Y , de ned by:

2 3

2 3
e H(X;
v=8%Zorp= g9 (2.5)
Z Z

has a smooth inversé& 1:Y 1 O
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Remark 2.1.1. When O = R" R" the system is said to beuniformly completely

observable (UCO)41]. For UCO systems a separation principle has been developied

[41, 2].

Our second assumption concerns the existence of a stabilgzicontroller for system @.1):
Assumption A2 (Stabilizability). The origin of (2.1) is smoothly stabilizable by a
static function of x. In other words, there exists a smooth functioru(x), s.t. the origin

is an asymptotically stable equilibrium point ofx_= f (x; u(x)).

Remark 2.1.2. Using the integrator backstepping Lemma (se€’f]), one can nd a
smooth feedbackv = (X) = (x;z) that makes the origin of @2.4) asymptotically
stable. Next using the converse Lyapunov theoren?], one gets a Lyapunov function
V(X) = V(x;z) for the closed loop systemZ.4). In this thesis, we let . denote the

sub-level set of the Lyapunov functiorv, i.e.,fX 2 R""jV  cg.

The last assumption requires that the observability setO, is topologically well-
behaved. This is indirectly imposed by requiring the existece of a special setP, con-
tained inside O.

Assumption A3 (Topology of  O). There exists a constantc and a setP such that:

F(Co P Y (=F(O); (2.6)
where P has the following properties:

(i) PisexpressedaB = fY 2 R"™" jg(Y) O0Og,whereg:R""™ I Riscontinuous
everywhere, and continuously di erentiable everywhere eept possibly on a set of

points of measure zero. Moreover, i is C! at Yy, then (@g=@Q{Y,) 6 O.
(i) P2 = fys2 R"j(Ye;2) 2 Pgis convex for allz 2 R".

(iii) For each xed z2 R"™, for all y. 2 PZ? such thatgis C! at (ye; 2), @%g(ye; z) 60.
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S
(iv)  ,,res P?is compact.

The abovementioned assumptions can be interpreted as fel& In part (i) it is re-
quired that the boundary of P be apiecewisecontinuously di erentiable n 1 dimensional
surface. Surfaces with corners are therefore allowed. Pdii) demands that each slice
P2 of P, obtained by holding z constant at z, be convex. Part (iii) requires that the
boundary of each sliceP? be a piecewisecontinuously di erentiable n 2 dimensional
surface. Finally, part (iv) requires that the setP be compact in they, direction.

To further clarify the requirements of the setP, consider the setd; to P, in Figure

2.1 for the caseye 2 R?, z 2 R. While all of them satisfy the requirement of part (i),

Yen

Ye2

Figure 2.1: Properties ofP.

P, does not satisfy part (ii), as its slices along are not convex;P, satis es part (ii) but
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it violates part (iii), as the normal vector to one of the slies has no components in the
Ye direction; P3 satis es all the parts except for part (iv), since asz ! 1 , slices ofP
grow unbounded and are not compactP, is the only set satisfying all the topological

requirements forP.

Example 2.1.1. Consider the system

8

%X_1=X2+U

gxlz X3+ u (2.7)
Toy=(x %

The observability mapping for this system is
2 3 2

1 3
Ye = gyg = 9 ba ) !Zz = H(x;u): (2.8)
y 3(X1 1)?(x2+ u)

Note that H in this example depends only om, thus n, = 1. We, therefore, augment

system @.7) with one integrator on the input side. The resulting systemis
X1 = X+ Z: Xp= X3+ 2z zZ=V: (2.9)

For this example, the extended state variable iX = [x1; X»; z;]> and the extended system

becomes
8
% X1 = Xo+ 73
Xp= X3+ 2z4
(2.10)
% 21 =V
Cy=(x1 1)

Assumption A1l is satis ed and the observable seti® = X =(X1;X2,2) 2 R®jx,: 61 .

SinceO is not all of R3, the system is not UCO.
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Using the Lyapunov function V(x) = ¥ (x1;x;) = 1x2 + 1x3, one can design a
stabilizing control law, u = x; for the system @.8). Next, using the integrator back-
stepping lemma, the corresponding stabilizing control laand Lyapunov function for the
extended system 2.10 is obtained asv = 2x, X; z;andV(X) = V(X1;X2;21) =
Ix2+ 2x3+ 1(z1+ x1)? respectively, thus satisfying assumption A2.

Now, notice that the coordinate transformation for the extaded system is de ned as

2 3
2 3 (i 1)
H (x;u)
F = 9 g = E 3(x1 12 (x2+ zy) % (2.11)
Z;
Z3
Further, notice that we can set the observability set to beO = X = (X1;X%2;2) 2

R3jx; 1 sothatitinclude the origin. Observe thatO is a half-space irR3 constructed
by the planex; =1, and is therefore topologically well-behaved. Now, thenty remaining
task is to nd a set P such that P satis es the requirements (i) to (iv) in assumption A3
andalsoF( o) P F (O). Whereas it exists, construction of the seP is not trivial
even for this simple example. The work in this thesis concesrdevising techniques to

e ciently construct the set P, thus satisfying assumption A3.

4

Now, assuming that assumptions A1-A3 hold, we de ne a nonkgar observer that
estimates the state of 2.1) while simultaneously keeping the state estimates insidde

observable region. Recall the transformation2(5) and let
Y = HE" 2, w" =97 ve YR =F(&%2); (2.12)

wherex® is the state of the projectedobserver de ned as below,

8 ( )
1 P
3 % LeH  — (?’;)(f ?\:‘G(gp) %Zz_ ifLgg Oand¥" 2 @P
Ye Ye
3

“ f(®P; z;y)  Otherwise

2P =
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(2.13)
where
] 1
(a2 = 160720+ PETD ey hers )
F=[f®&";z;y):2]; W =H®&":2); L2R" Hurwitz
" = diad ; ", >0
(2.14)
also,
_ @9, p. . _ @9 k.
NP = P @7 N = 1@ D)
(2.15)

represent they, and z components of the normal vectoN (¥ P) to the boundary of P at
¥P. The function g is de ned in part (i) of A3, LeH and Ls H are the Lie derivatives
of yt* and g(y,";z) along the vector eld F = col(f1z,; ;z,,;v) and G = LpF,

respectively, i.e.,

_ @ A Co
LeH = @f’\(k Lz y)+ ora

@ @ > >
Leg= GrbeH* ga= NP LeH+ N (97 2

and nally = ( S"9 (S"9> , whereS = S is the matrix square root ofP, whereP
is the solution of the Lyapunov equationP (A; LC.)+(A. LC)P = | and (A¢ Co)
is the canonical observable pair with eigenvalues at zeron light of Remark 2.1.2, and

observer in .13, the output feedback controller for the extended system2(4) can then

be de ned as

v= (&7;2): (2.16)
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Remark 2.1.3. As pointed out before, in this thesis we will take a polytoped play the
role of setP. In this context, when the observer state-trajectories rezh at any vertex, v;,
of the polytope, one needs to take into accouratll the normal vectors to the hyperplanes
intersecting at v; in order to perform the projection steps in £.13. This will become

more evident in later sections.

Geometric Interpretation of the Projection

An intuitive geometric interpretation for the dynamic projection in (2.13 is as follows:
WheneverYP (the observer states, transformed t& -coordinates) is on the boundary of
P, @P and the vector eld s at P, dened by s = (Lag)> 2z , points outward or
tangent to the setP, those components of in the direction of the normal to @ Pare elim-
inated, forcing ¥ P -trajectories to remain insideP . This, due to the di eomorphism of F

in the observable region, translates to forcing the origimabserver state trajectories in
x-coordinate to remain insideP as well. Notice that when those components of the vector
eld s which point outwards of P are eliminated, the observer trajectories tend to move
tangent to @ Pfor some period of time, until they return to the inside ofP and follow the

system state trajectories. Simulation results in later chaters illustrate this phenomenon.

Properties of the Observer, Controller, and the Closed-Loo p System
Some of the main technical results obtained ir?[] when using the observer in4.13 are

summarized in the following theorems.
Theorem 2.1.1. If A3 holds and (2.13 is used, the following results are attained:

(i) Positive invariance of F (P): if (&7(0);z(0)) 2 F (P), then (&P (t);z(t)) 2
F 1(P) for all t. Further, under some regularity conditions, the propertie men-

tioned in (ii) and (iii) below also hold,

(i) Asymptotic stability of the observer estimation error
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(i) Arbitrarily fast rate of convergence.

Recall the controller described inZ.16), cde ned in A3, and de ned for (2.13, the

following theorem describes the stability of the closed-dp system.

Theorem 2.1.2. For the closed-loop systenf2.4), (2.13, (2.16), satisfying assumptions
Al, A2, and A3, for any 0 < ¢; < c, there exists a scalar , 0 < 1, such that,
forall 2 (0; ], theset (X;®P)2 R jX 2 ;(&”;2)2F %(P) is contained

in the region of attraction of the origin (X; *7) = (0;0).

For the proof of the aforementioned theorems and a clearergession of the regularity

conditions and technicalities, consult{/], [2€] or [3€].

Remark 2.1.4. Pondering upon the techniques explained in this chapter, encan infer

the following important qualities about the approach in £7):

Unlike approaches developed elsewhere, in the design of titeserver @.13, the
knowledge of the explicit expression fod ! is not required. Notice that although
H ! does exist in the observable region, it may not be possible tmalculate it

explicitly.

The system needs not be input-output feedback linearizabland hence no well-
de ned relative degree is required. Further, the observel(13 enjoys the advantage

of working directly in state space.

2.2 Relationship between Problem 1 and the Ap-

proach in [ 27]

The results presented in the previous section rely, amonghar things, upon the existence

of asetP R" " such that

F(o P F (O
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and such that the properties listed in assumption A3 on pagé4 hold. In practice, it
may be very di cult to determine whether such a set exists ando design it, especially
whenn+ n, > 3. Fixc>0,letS; = F( ¢), S, = F(O), and N = n+ ny. In this
section we show that if gpolytopeP solves Problem 1, therP satis es assumption A3 for
the chosen value ot. Observing that the Lyapunov sublevel set, ., is compact (which
translates toF ( ;) also being compact), we can pose the initial form of our prédgm as
follows:

Given two setsS;; S, RN, with S; compact, nd , if possible, a compact seP s.t.
S P & (2.17)

Note that we did not state any assumption concerning the coexity of S; and S;
indeed, we would like to design an algorithm that separatesvb nested non-convex sets.

In this thesis we choos® to be a convex polytope. One of the reasons for this choice
is that any polytope satisfying @.17), genericallyalso satis es requirements (i)-(iv) in
assumption A3 (pageld). An n-polytope has continuous and piecewise continuously
di erentiable boundary which can be expressed as the intastion of half-planes H -
representation), and thus it satis es requirement (i); theslice of a polytope is a convex
polytope (requirement (ii)); condition (iii) requires that the normal vector to each of
the faces of the polytope has nonzem. components, a condition which igyenerically
satised. Figure 2.2 illustrates the situation when requirement (iii) is violated. An
arbitrarily small perturbation of the upper hyperplane in Hgure 2.2 yields a polytope
satisfying requirement (iii). Finally, since a convex poliope is a compact set, requirement
(iv) is trivially satis ed.

The conclusion from the discussion above is that Problem 1 is solvable for the
chosen value ot then the polytopeP solving it satis es assumption A3.1t is clear that

if one develops an algorithm to solve Problem 1, then the sanadgorithm can be used

1This results from the radial unboundedness requirement forLyapunov function imposed by
Barbashin-Krosovski Theorem P2].



Chapter 2. Background and Problem Formulation 22

to nd the largest value of c (i.e., the largest sublevel set of the Lyapunov functioV)
satisfying assumption A3.

There are several other reasons for our decision to take ptolges (instead of e.g.
ellipsoids) to solve Problem 1: rstly, polytopes are sim@ to construct, analyze and
manipulate; also, there are many results and algorithms toegl with polytopes in higher
dimensions; further, to the best of our knowledge, in termsf computational complexity
and general applicability, separation of two sets in multitnensional space is best achieved
using polytopes.

Z

V.-component of thi
normal gctor is Ero./\

ye,2

Figure 2.2: An example of wherye.-component of the normal vector vanishes.



Chapter 3

Polytopic Separation: First Method

In this chapter we present the rst method to solve

Problem 1:  Given are two setsS; = fY 2 RN : C'(Y) 0g;S, = fY 2 RN :
CO(Y) 0g, whereC';C° : RN I R are continuously di erentiable and, for allY 2

RN, @C=@Y6 0, @C=@Y86 0. Find , if possible, a polytopeP s.t.

S P& (3.1)

Our solution relies on the crucial assumption thas, be compact If S, is not compact,
the algorithm of this chapter cannot be employed. The apprah taken here to solve
Problem 1 is to nd a maximum volume polytope containingS; and contained in S,.
We do so by extending the approach introduced inLf] so that it ts the framework of
Problem 1. More specically, we continue upon the inner potgpic approximation of
[15] to devise a new technique that separates twoestedsets. This approach is based on
an optimization technique called semi-in nite programmig (SIP). In what follows, we
rst describe semi-in nite programming and later formulate Problem 1 as a semi-in nite

program. The resulting algorithm is applied to several exapies.

23
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3.1 Preliminaries: Semi-In nite Programming

In this section, we brie y touch on some of the main ideas befi the concept of semi-
in nite programming. We focus our attention mainly on the mehodologies applicable to
the problem statement in this thesis. The works in{1] and [39] o er in-detail insights

on this subject for the interested reader.

3.1.1 Overview

Semi-in nite programming (SIP) is a relatively new approah in solving a class of opti-
mization problems in which the number of variables describg the constraints are nite,
while there are in nitely many constraints to be satis ed. Formally, it refers to the

following problem:

8
maximize f (x)
s.t. g(x;t) O I=1;:::;m

hi(x) O i=1;:::;0 (3.2)
hi(x) =0; i=o+1;:::;(
t2

where f (x) is the objective function, g(x;t); i = 1;:::;m, are the in nite constraint

exclusively, chosen to be a hypercube.

In this thesis, we consider the simpler problem
8

% maximize f (x)
:

st. g(xt) O i=1;:::;m (3.3)

t2
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There are several schemes to deal with the problem above, tm@st important being
the exchange methqdthe discretization methodand the local reduction method. All of
these methods rely on sequential quadratic programming () as one of the major
building blocks. The SQP algorithm is reviewed in detail in lhe Appendix. Next, we
present the overall strategy followed by each of these thremethods. Thereafter, we
describe the local reduction technique in more detail, du@tts relevance to our problem

statement.

3.1.2 High-Level Description of the Available Algorithms

The overall strategy to tackle problem 8.3) is to cover with a nitegrid = t%;:::;t!
so that g(x;t) needs to be evaluated only at the points in. It is, however, required
that the satisfaction ofg(x;t) O fort2 be a su cient condition for the satisfaction

ofg(x;t) Ofort2 . Once has been calculated, eacht 2 gives the constraints
g(x;t) O, i=1;:::;m;

thus allowing the problem @3.3) to become a nite-dimensional nonlinear programming
problem. This new problem is referred to as theeduced problem

The three aforementioned methods, namely, exchange, disttzation and local reduc-
tion, are di erent chie y in how they construct the nite gri d . In the exchange method,
at every stepk, a number of new points are added to X ' and some other points are
deleted from X ! where ©is a randomly-chosen strict subset of . According to 71],
the exchange method is exclusively e ective for convex onkar problems; thus, making
it of less interest to us.

In the discretization method, the set is sampled by a nite grid of equally spaced
points. A ner grid, with more points, results in a better approximation of . However,
a ner grid considerably increases the number of constraist which in turn adds to the

total computational e ort needed for optimization.
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A more applicable method to our problem, also utilized byl1[f for inner polytopic
approximation of a set, is thelocal reduction technique. In this method, the grid con-
tains all the local maximizers generated via the optimization probha 3.4. These local
maximizers are then substituted in the original problem to iye result in a nonlinear con-
strained optimization problem, referred to as theeduced problem The reduced problem
is then solved as an ordinary nonlinear optimization probta. This procedure is repeated

until the problem converges. More speci cally, this methoatan be described as follows:

Algorithm 3.1.1.  (conceptual local reduction algorithm)

Step (k). An x* (not necessarily feasible) is given.

(a) For every constraint g,(x*;t); p = 1;:::;m, individually determine all the local
maximizerst®;:::;t' for the following problem:
8

2 max gy(X*;t)
(3.4)
>
st. t2
(b) Apply Ry steps of SQP to the followingeeduced problemlet x%i;j =1 :::: K be the

iterates:
8

2 max f (x)
S (3.5)
st g(X;t") O p=1;:iim; o r=1;:0 0

(c) Setx**l = xkke and continue with Step (k+1).

Substep (a) is the most computationally expensive step ofiproblem. Also, substep
(a) implicitly assumes that problem @3.4) has a nite number of local maximizers. If this
is not the case, a basic assumption for reduction fails andh&r methods, such as the
discretization method, should be exploited. For substep fba nonlinear programming
method with a superlinear rate of convergence is employedkeep the number of substep
(a) low. [2]] advises sequential quadratic programming (SQP) for thisyspose, see the

Appendix for a detailed review of SQP.
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In [21], there is rarely any indication of global convergence, anaimost all of the
results have been proven to exist locally. The reference tdéobal convergence is stated
to exist assuming "along the piecewise linear path conneatj the iteratesx* , all local
maximizer t" of problem 3.4 are at least strongly stable", and by settingky = 1, for all
k, with no proof given. Our simulations, depicted in the subspient sections, con rm

that best convergence results are indeed obtained when setf K, = 1, for all k.

3.2 Application of SIP to Polytopic Separation

In this section, we detail how the methodologies of SIP can kapplied to our problem
of polytopic separation. The developed technique is then pled to several problems
in 2D and 3D and results are documented. The concepts introded in this section are

illustrated numerically in Example 3.2.1

3.2.1 Problem Formulation

Recall Problem 1 where we aim to separate the two se® = fY : C'(Y) 0Ogand
S, =fY :CO(Y) 0g. We assume thatS; is a compact set. LetV = (vy;:::;V,) denote
a set of vertices and leP (V) denote the associated convex polytope. We take N +1
to make sure that, when its vertices are in general position.¢., VolumgP (V)) > 0),
P (V) is an N -polytope. With the objective of maximizing the volume ofP (V), we write

Problem 1 in the following form:
8
% maximize VoluméP (V))

.5

We initialize the vertices in general position and assume tbughout the following dis-

s.t. (i) (8p2 P)C°(p) O (3.6)

(i) (C'() 0)=) (p2P(V)):

cussion that at each iterationvVolumdP (V)) > 0.
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From convexity theory, it follows that one can represenP (V) as
n xa 0
P(V)= p2RY :p= tyvi+tava+  +tvg t =1;(8)t O :
j=1

Hence, every point inP (V) is uniquely identi ed by a pair (V;t). Denoting
CO(V;t) = CO(tyvy + tov, + + tyVy); (3.7)

we equivalently rewrite constraint (i) in (3.6) as

C )

(i) CO(v;t) Oforallt2Ty:= t: t=21;(8)t O
j

The program (3.6) remains unchanged if constraint (ii) is replaced by the fwing
(i) (8p2S, P(V)) C'(p)> 0

Denote P(V) = S, P(V). Sinceq N +1 and VolumgP(V)) > O, it follows that
any point in P(V) can be expressed (possibly non-uniquely) as a linear coméiion of
V1;i11;Vq SO that, letting C'(V;t) = C'(tivq + tovp + + tqVg), condition (ii) can be
rewritten as

C & )

(i) C'(v;p>0forallt2T,:= t: tjy 2 P(V)
i
By replacing C' (V;t) with C'(V;t)+ ", where" > 0 is a small constant, we can relax the
inequality above and requireC' (V;t) 0.
In conclusion, program 8.6), and hence Problem 1, is formulated as the semi-in nite

program

st. COv:th) o0
(3.8)

8
%maximize VoluméP (V))
% c'(V:®) 0

t12 Ty t22 Ty
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We conclude this section with a remark about the numbegq of vertices of the polytope.
In order to be able to implement SIP as a computer program to b@ problem 3.9), q
needs to be xed; the reason being that the proposed SIP optipation scheme nds a
solution by iteration over a xed number of variables and evmation of the gradient of

the constraint functions at these variables.

3.2.2 Solution to Program (3.8 and Implementation Details

We now proceed with the steps outlined in Algorithn3.1.1, and apply them to program
(3.9). In tandem, we also detail the design of our Matlab implemeéation. The minimal
Matlab con guration required to implement the following procedures is Matlab 5.0 along
with the optimization toolbox. In the explanations below, @ery index variable should
be taken aslocal variable, exclusive to the section where it appears. For exgle, i is not
a global index, rather it is used to iterate through some veot, or matrix in the section

where it appears.

Initialization

One can choose the convex hull of a random set of points as théial polytope. However,
our experimentations show that the algorithm has a better cgnce of convergence if the
initial polytope is chosen close to one of the local optima. his is especially crucial in
dimensions higher than 2 Except for the 2D case (where the algorithm demonstrates
high tolerance for polytope initializations) in most of ourexperimentations, we initialize
the polytope on a sphere (closely) containing the outer sef;; otherwise the algorithm
would diverge.

We initialize the Hessian approximation matrix (see SectivA.5), Bo = ljvjj vj, i.€.

an identity matrix with jVj rows and columns, whergV;j denotes number of vertices of

1This is a major drawback of this algorithm, as in higher dimersions it is very hard or sometimes
impossible to set the initial conditions close to a local opima.
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the polytope P. Note that Bg satis es the initial positive de niteness requirement for

the Hessian approximation method.

Evaluation of the Volume of the Polytope

Our objective function in problem (3.9) is the volume of the polytope resulting from each
iteration. A detailed description on how to evaluate the valme of a polytope inR" is

given in sectionl.2. In Matlab, the function convhullncan be employed to both calculate
the convex hull of a number of vertices and also to evaluate éhvolume of this convex

hull.

Jacobian and Hessian of the Volume

While an exact expression for evaluation of the Jacobian artie Hessian of the volume
can be obtained (seelf]), we recognized that it is computationally more e cient to

use the nite di erence method to approximate the Jacobian ad the Hessian using
convhulln More precisely, we used the following expression to calaté each component

of the Jacobian:

FOV+ w) F(V),

rig f(V) = (3.9)

wheref (V) denotes the volume obtained frontonvhulln i is the index of the vertices|
is the coordinate number for the vertex; (for e.g. inR3,j 2f 1;2;3g), is the increment
(we set =10 ®), and nally ;; is a matrix with the same dimensions a¥ whose
elements are all zero except for thei;j )" element which is .

The Hessian was constructed in a similar way as8.©). The inaccuracy of the values,
obtained by this method, compared to the exact Jacobian andddsian values, obtained

by the method in [L5], was negligible in all the cases we studied.



Chapter 3. Polytopic Separation: First Method 31

Expressions for the Hyperplanes Describing the Boundary of the Polytope

Recall step (a) of Algorithm 3.1.1, where we need to nd all local maxima for the con-
straints. It will become evident later that when implementng this step, we will need the
expressions for the hyperplanedi;(Y) = 0, describing the boundary ofP. To do so, we
rst nd the normal vector, i, to each facet,f;, and using this normal vector we then

write the equation of hyperplane corresponding to that face More speci cally,

In RN, for each facetf;, take any N vertices inf;. In Matlab, we can do this using
convhulln which provides with Delaunay cells of ;. These cells, by de nition, have

exactly N vertices in them.

Using theseN vertices, constructN 1 linearly independent vectorsl!;:::;1L
by choosing one vertex to be the origin and computing the dinces of all other

vertices to this origin.

Find ;, the basis for the one-dimensional null space of;:::;I ,]. In Matlab, we

use the commanchullto nd ;.

The hyperplane corresponding td; is given by
Hi(Y): h ,(Y pi)i=0;
wherep; is any point in f;.

Determination of All Local Maximizers tl: e th

In general, there are two approaches to nd all local maximaf@ constrained optimization
problem. The rst approach, of analytical nature, follows fom imposing the Karush-
Kuhn-Tucker (KKT) optimality conditions. In essence, this involves nding all critical

points and discarding those critical points which daot satisfy assumptionsA4-A7 in

Section A.2. More precisely, one needs to form the Lagrangidn(x;u;v) = f(x)+
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u” h(x) + v’ g(x) and solve the following system of equations analyticallyot nd all

critical points:

8

% r«L(x;u;v)=0
hi(xX)=0; i=1;:::;m

:

vig(x)=0; i=1;:::;n:

Next, the critical points which do not satisfy either of the bllowing two conditions

g(x) 0 i=1;::5;n

or assumptionA7 are discarded. The problem with this approach is that it is soetimes
very di cult or even impossible to analytically solve this system of equations.

The second approach is of numerical nature. This method enogk a nite grid,
G D, where D is the region de ned by the constraints. More speci cally inthis
method one rst samples the region enclosed by the constrégnof the problem using
nitely many equally-spaced pointsp 2 D; then, one uses each of these pointp, as
the initial condition for the optimization problem. Unless the problem is convex, these
initial conditions will hopefully lead to di erent local maxima, and this way, one will
attain all local maximizers. Notice that this is a heuristicmethod, where capturingall
the optimum points can not be guaranteed. We used Matlab®ninconto implement this
approach.

Considering the two aforementioned approaches, we are naeady to formally express
the optimization problems corresponding to step (a) of Algithm 3.1.1 Notice that since
we have two separate sets of constraints (namely, inner andter constraints), we need
to solve two separate problems which are of di erent natureln what follows, we detalil
our approach to tackle these two problems.

Outer Constraint.  Here we explain how to apply thdocal reduction stepto the outer
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constraint in program (3.8)
CO(V;t)y O t2Tu

At step k, we substitute the vertices obtained from the previous ita@tion, VK 1, in the
outer constraint, CO(V;t) 0. Letting €°(t) := CO(Vk %t), we seek to nd all local

maximizers of the auxiliary problem
8

£ maximize CO(t)

X (3.10)
2 t =1;(8))t O

j=1

thus obtaining a nite set of constraints only in terms ofV,
COV;t) O i=1;::::0;

which are then used to construct theeducedproblem.

Inner Constraint.  We now turn to the inner constraint in program (3.8),
C'(V;t) 0 t2Ty

Recall the de nition of the set T,

C )

T,= t: v, 2P(V) ;
J
whereP(V) = S, P(V) is a bounded set. Sincd, is implicitly de ned in terms of
t (while Ty is explicitly parameterized byt), we cannot apply the local reduction step
using the approach employed for the outer constraint. A di eent technique must be
developed.
Denoting P¢(V) := RN P(V) we haveP(V) = P°\ S,. Using theH -representation,

we can expres$ (V) as the intersection of half-planes,

P(V)=fHai(Y) 0Og\ \f H,,(Y) Og;
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so that
PE(V)=fHy(Y)>0g[ [f Hn,(Y)> Og;
and thus
P(V)= fHy(Y)>09\S, [ [ fHn,(Y)>0g\ S; :

By eliminating the variable t and using the above, the inner constraint becomes

c'(y) o
(3.11)

8Y 2 fHy(Y)>0; C°(Y) 0Og [ [ fHn,(Y)>0; CO(Y) 0g :
We next seek to nd the local maxima of 8.11). The expression above suggests to divide

the problem into ny subproblems
8

2 maximize C'(Y)
P; : > (312)
st. Hi(Y)>0 C°Y) o

Note that P; is a constrained optimization problem over a bounded domainAll local

Let f Y, 1;:::7Y,,. g denote the local maxima ofP; found by using the same gridding
technique used for the outer constraint. Once the local maxia have been found, we
express them as linear combinations of the vertices of the lptmpe P (V),

X
Y, = ty Vic: (3.13)
k=1

Recall that this can be done because the polytope hgs N +1 vertices and, generically,
VoluméP (V)) > 0. There is, however, more than one combination of the's giving Y;; .

We choose parameters! := (tﬂ i ;tg) the following way. By de nition, there exist

— iy g iy
Yij = GVip + it i
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By setting, for all k 2fiy;:::;ing, t! =0, we obtain the desired expression3(13. The
local reduction step is then concluded by replacing the inneonstraint by the following

nite set of constraints only in terms ofV,

C'(v;th)y 0, i=1;::0ng; =100

Number of Substeps of SQP

Based on our empirical results, in the framework of Problem £, = 1isthe only number
of substeps of SQP, which yields local convergence of thealthm. Notice that when
R« = 1, the Hessian approximation matrix (see the Appendix)By, can not be updated

(for e.g. using BFGS method), and hencBy = | forall k 0.

Example 3.2.1. In this section, we examine how the steps of SIP are applied
numerical example. For the sake of clarity and concisenessg demonstrate this by
means of a simple convex example. The problem statement fdnd example is de ned

as follows

% maximize  Arega Triangle P)

st.P separates
o) (3.14)

% 51: [y, y2] - Yf‘* YS 4 0
2 2
yi 2, Y 1 1 0

S = [yl Y] - 05 075

and denote the vertices of the triangleP, as

2 3

Vi1 V12
Vo= §V21 szé:

V31 V32
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Also, the area of a triangle can be calculated from
02 31

Vii Vi 1
f(V) = det%é Vor V2o 1%2
Vap Va1

The constraints in this problem correspond to the shaded aaein Figure 3.1 Now by

15+

05

L L L L T T L L L L
2.5 2 1.5 1 0.5 0 05 1 15 2 25

Figure 3.1: Region enclosed between the inner and outer cmasts of example 3.2.1

mapping this problem to the SIP framework, we obtain:

x3

[t ;1312 [t3; tot3] th=1;(8)t 0
j=1
(t%Vll + t%Vgl + t%Vgl) 2 + (t%V]_]_ + t%Vgl + t%Vgl) 1

( 0:5 ) 0:75
2. 42. 42 2. 42.42 )@ 2
[t 51512 [tg; t5;t5] - v, 2 B

j=1

C'(V;t?) =

8
maximizef (V)
S.t
CO(V,tl) = tivll + t%Vgl + téVgl 2 + tiV]_z + t%sz + téV32 2 4 0
( )

(3.15)

Now we construct an initial polytope with verticesV° = f(3;1);(1; 3);( 3; 2:25)g as
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in Figure 3.2 We also initialize the Hessian approximation toBg = |3 3. Note that

A\
o \0\\1 / o

I I I
-3 -2 -1

Figure 3.2: Initial Polytope.

B, satis es the initial positive de niteness requirement forHessian approximation in the

Appendix.

The next step is to nd all local maximizers for the outer consaint. We rst substi-
tute the initial vertices, V°, in CO(V;t}) to get €O(t) = Bt +t} 3th)2+(t! 3tl+
2t3)> 4. Then, we construct a grid, by sampling each side of the trigle. In this case,
thanks to the simplicity of the problem, it is also possibleda nd all local maximizers
analytically using the KKT method. Next, we use each of thespoints as initial condi-
tions to solve the auxiliary problem @3.10. Each of these initial conditions converge to

a local maximizer,t'. We discard the duplicate local maximizers.

We can visualize geometrically the correspondence tfto our problem. To do so,

we can plotht' ; Vpi. In Figure 3.3, the local maximizers are shown by asterisks. Next,

minimizers for the inner constraint. Figure3.4 illustrates the local maximizers. Now, we

substitute the local maximizers and local minimizers it€°(V;t!) and C' (V;t?), given in
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151 N\

05 AN

0.5F N\

Figure 3.3: Maximizers for the outer constraints.

(3.19, to obtain a set of 6 equations as follows:

2 2
viptv, 4 0
2 2
Vs + V5, 400

2 2
vi;+vs, 4 0

118 236

132 2 4 412
Vo1 + o35 Va1)“ + 125 V2t 57V 3)° 1 0

125
23 z 18 4
Dvint Hva)? (Rt 2v, 32 1 0

1019 981 1019 327

2 4 42 .
Tooo V11 t 1006 Va1)“ + (1505 Viz t 355 Va2 3) 1 0

Using the expression for the area of the triangle (our objege function) we run one step
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Figure 3.4: Minimizers for the inner constraints.

of SQP utilizing the Han-Powell merit function (see the Appendix) on the problem

8 02 31
vip vz 1
maximize detgg Vo Voo 1 §§
Va1 Vg 1
s.t. vi+ Vi, 4 0

2 2
Vit Vv, 4 0

2 2
Vst vy, 4 0

132 118 ., 88 236 4,
bt VI F (Vo + = _ 1 0
(TogVar* 1ogVa) * (ppVae+ gopVee 3)

23 27 46 18 4
(2—5V11+ 2—5V21)2+(7—5V12+ 2—5V22 é)z 1 0

1019 981 ., 1019 327 4,

+ — + + == - 1 0

(To00"* * 1000"" * (1500"2* 500" 3 0

The result is given in Figure3.5 Now, we restart the process from step (a) of the SIP
until the algorithm converges. Several of iterates are domented in Figures3.7 - 3.9.

After 19 iteration the program converges. The nal result isllustrated in Figures 3.10Q




Chapter 3. Polytopic Separation: First Method 40

15r
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-25 -2 -1.5 -1 -0.5 0 0.5 1 15 2 25

Figure 3.5: Resulting triangle after 1 Iteration.

Figure 3.6: Iteration 3. Figure 3.7: lteration 7.

Figure 3.8: Iteration 11. Figure 3.9: Iteration 14.
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15-

7
e

051

.S Vo

I I I I T L T I I I I
-25 -2 -1.5 -1 -0.5 0 0.5 1 15 2 25

Figure 3.10: Final result for program 8.14).

3.3 Results

We have applied our algorithm to several other examples in 28nd 3D. In this section,

we document the result of our simulations for these examples

Non-Convex 2D Example

Consider the following problem:
8
Maximize AreéHexagon P)

st P separates
n
Si= [yiyo] : 02 0:7(y1+ Y, 3)’sin:17(yi Y. 6)°+0:4 + (3.16)
(0]
+0:7(ys Y» 6)* 35 0
n 0
S= [yuya : 5 yisiny)?+0:2 +y; 10 O :

Problem (3.16 is an example of the problems where it is not possible to anéically
nd all local maximizers. Hence, for this problem, we need texploit the second method

for nding local maximizer, i.e. gridding the facets of the plygon and using each point

in this grid as an initial condition for the optimization problem. Notice that it is not
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15

101

-10
i \_/

20 I I I I I
-10 -5 0 5 10 15 20

Figure 3.11: Final result for problem 8.16).

clear in the beginning how ne the grid should be in order to dah all local maximizers.
Indeed, one has to run a few simulations to identify the griddg factor for which the
algorithm converges. It seems that trial and error is the oglway for identifying the
gridding factor. Notice that the ner the grid, the longer it takes to complete the step
of identifying all local maximizers. The simulation resultfor this problem is illustrated

in Figure 3.11

Convex 3D Example

We now examine the functionality of the algorithm in 3D. We rst start by the following

convex problem:
8
% Maximize Volume(Folytope P with 7 vertices)

s.t. P separates

n 2 1:0 2 2
% Sz buvd e * L=+ 2T 10
i : : , O

S;= [yuy] 1yi+yi+y: 4 0

0 (3.17)

Di erent views of the resulting polytope are illustrated in Figures3.123.14
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=25+

Figure 3.12: Resulting polytope for problem3.17): Top view.

To better observe the functionality of the algorithm, we nownake the feasible region
a little bit tighter by bringing the ellipsoid closer to the surface of the sphere. Formally,

the new problem is (Only the inner change constraint has chged) :

Maximize Volume(Folytope P with 7 vertices)

s.t.P Separates
n . (0]
y1 2 y, 122 ys 2
= : == + + —
S1 ) iyl = g5 075 05 10

S;= [yuyd i+ ys+y: 4 0

(3.18)

VAN /ARRRRRAXN/ 0O

The outcome of the algorithm is illustrated in Figures3.153.17.
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Figure 3.13: Resulting polytope for problem3.17: 3D view.

Non-Convex 3D Example

Our last simulation in this chapter concerns the following mpblem:

Maximize Volume(Folytope with 6 vertices)

s.t. P separates
n 0 (3.19)

Si1= [yuya]l 1 yi+y: 4 siny)®+0:1 +y; O
n 0
S;= [yuyl @ yi+ys 36 siny)?+0:2 +yi 0O

VAN /ARRRRRAXN/ 0O

Figure 3.18and 3.19illustrates two di erent views of the resulting polytope.

3.4 Concluding Remarks

The method presented in this chapter can be straightforwalg extended to the case when
the inner and outer sets are de ned bymultiple inequality constraints.

Our algorithm is based on the assumption that there does ekia polytope separating
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Figure 3.14: Resulting polytope for problem3.17): Side view.

the inner and outer sets of interest. Convergence of our proged algorithm indicates
that indeed the two sets are separable. For the cases, whehe talgorithm does not stop
(i.e. the algorithm keeps iterating without diverging and @ing unbounded), it might

be due to one of the following factors: either there simply ests no feasible solution for
the problem or there exist a solution but there are not enougtertices to construct this

solution. If such situation is encountered, one can systetizally increase the number of
vertices until a solution is obtained. If increasing the nuimer of vertices does not yield

convergence, then there might not exist any feasible solati for the problem of interest.

In all of our simulations, we posed the problems in such a wahadt the two sets are
separable with the given number of vertices. We observed thahenever the problems
are posed in 2D, the algorithm demonstrates an excellent c@rgence; in fact, for our

simulations the algorithm converges to a local solution fra all the chosen initial condi-

21t will become more evident in chapter 5 that in the application setting in the scope of this thesis,
there exists another alternative if the algorithm does not gop. In such case, one may reduce the size of
the inner set (level-set of the Lyapunov function) in an e ort to make the problem feasible.
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Figure 3.15: Resulting polytope for problem3.18: Top view.

tions. On the other hand, for our 3D examples, although the pblems were all feasible, it
was di cult to nd an initial condition yielding convergenc e. We observed that in most
cases the algorithm diverged, unless the initial conditiawere set in a close vicinity of
a local optimum. We suspect that this was resulted due to the emit function (Hans-
Powel) we chose in the SQP algorithm not being able to geneeaa proper stepsize for 3D
examples. Our e orts to nd another merit function yielding a better convergence were
not successful. In fact, the other merit functions that we tied (Augmented Lagrangian,
[; merit functions) were incapable of achieving promising ralis even in 2D.

In dimensions higher than 3D, due to the fact that we were unadd to visualize the
problem, we could not generate the initial conditions clos® a solution, and in all cases

the algorithm diverged.
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Figure 3.16: Resulting polytope for problem3.18: 3D view.
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Figure 3.17: Resulting polytope for problem3.18: Side view.
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Figure 3.18: Resulting polytope for problem3.19: View 1.

Figure 3.19: Resulting polytope for problem3.19: View 2.



Chapter 4

Polytopic Separation: Second

Method

Our rst method of polytopic separation, detailed in the previous chapter, su ers from
two major disadvantages, namely computational ine ciencyand lack of global conver-
gence. Also, the latter indirectly prevented us from achiéng desirable results in dimen-
sions higher than three. For these reasons, in this chapteewlevelop a di erent approach

to solve

Problem 1:  Given are two setsS; = fY 2 RN : C'(Y) 0g;S, = fy 2 RN :
CO(Y) 0g, whereC';C° : RN I R are continuously di erentiable and, for allY 2

RN, @C=@Y6 0, @C=@Y86 0. Find , if possible, a polytopeP s.t.
S; P Sy (4.1)

The approach presented here to solve Problem 1 is based onhogonal projection
and outer polytopic approximation. Rather than nding a maxmum-volume polytope,
we seek to just construct aseparating polytope with no requirement on the optimality
of its volume. One immediate implication of this point of viev is that we do not require

the setS, to be compact.

49
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Our simulation results con rm that, in comparison to the previous method, this algo-
rithm demonstrates enhanced computational e ciency and biter capability to deal with
problems in dimensions higher than three. Although we haveohstudied its convergence
property in details, for the problems that we examined, ourecond method exhibits a
considerably enhanced convergence capability in companisto the rst method. The
application of this algorithm to the control problems studed in the next chapter, further

corroborates the superiority of the second method in an apphtion setting.

4.1 Proposed Algorithm

Method two is based on the following idea: Find an outer polgipic approximation to the
inner set, S;, and check whether this polytope is contained inside the cert set,S,. If it
is not, iteratively make ner polytopic approximation of S; until the resulting polytope
is contained inS,, or until a maximum number of steps is exceeded.

In order to perform the outer polytopic approximation, we ptk an orthogonal frame

projections ofS; on each axis of the frame. Next, using these bounds and the tas df
we construct N hyperplanes that containS; in between them. A polytope,P¥, is then
formed by the intersection of negative halfspaces induced Ibthese hyperplanes. This
way, the resulting polytope,P¥, contains S;. We then need to then check whethePX is

contained inS,. We do so by solving the program

8
2 MaximizeCO(Y)
N k (4.2)
7 st Y2P

and checking whetherall local maximizers satisfyC°(Y) 0. If not, then we choose

another set of N hyperplanes whose intersection with the previous ones ydeh re ned

outer approximation of S;, and so on. The process is repeated unfi® is contained in
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S, or until a maximum number of iterations has been reached.
This method has a strong geometrical intuition behind it. Hece, to enhance the
clarity of our presentation, we will rst geometrically illustrate the above ideas in Example

4.1.1. Thereafter, we will formally describe the steps taken by ntieod two.

Example 4.1.1. Recall the 2D example mentioned in SectioB.2.1 In this section, we
solve the same basic problem using method two, but for the sakf illustration, we make
the feasible region in this example a little tighter. We poséhe problem as

8
% Construct  PolygorP

s.t. P separates
n 0 (4.3)

% Si= [yuy. :yity; 4 O
n yi 2, Y2 122

Now, we illustrate the steps taken by method two to solve thiproblem. We rst

o
O .

choose a random unit vector, e.g.dl = [pi;pir (Figure 4.1). Next, we nd an or-

1
05 d;

0.5r

L L L L T L T L L L L
2.5 2 1.5 1 0.5 [ 05 1 15 2 25

Figure 4.1 Step 1 in the Examplet.1.1

thonormal basis for the null space off{. Since this example is in 2D, there is only
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one vector, di = [ p?;p§]>, spanning this null space (see Figurg.2). We then

set = [IO ?;p§]> ]| p?;p§]> . We now orthogonally projectS; on sparfdig and

05

Figure 4.2: Step 2 in the Examplet.1.1

sparf dig, and nd the global minimizers and maximizers of these proggions, that is,

fori =1;2, we solve

8 D E
3 Maximize [yi;ya]; dt

4.4
Bst Y 2+ y2 1 i 1 0; 9
T 0:5 0:75 ’
8 D E
3 Minimize  [y.;ys]; d!

4.5
Bst Y 2+ y2 1 i 1 0: 7
Lo 05 0:75 '

Next, we de ne hyperplanes (in this case lines), normal to eh of the vectorsd} and d}

and passing through the global maximizers and minimizers ¢ie two programs above

in H;(Y) are chosen so that each half-plarieH;(Y) 0g containsS;. This way we have
obtained an outer approximation toS; by the H -representation of a polytope with four

vertices. Now, we need to check the containment of the resulg polytope inside the circle
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Figure 4.3: Step 3 in the Examplet.1.1

S,. To do so, we seek to solve programi (). To this end, we apply the reverse search
algorithm (see Sectioril.3.3 to obtain the V-representation of the polytope (speci cally,
its four vertives vy;:::;Vvs) and then convert program @.2) to the following equivalent

form

8
% MaximizeC® (tlvl + tov, + tavs + tyVvy)

t1 Ot, Oty Oty O

In this case, the program above has only one local maximizdiystrated in Figure 4.4 by
an asterisk. Next, we check whether the obtained local maxirer satis es the constraint
of the circle. Since it does not, we choose another random lwwhormal framef d?; d3g
and restart the procedure. We continue this procedure untgll local maximizers satisfy
the constraint of the circle or a maximum number of iteratios has been reached. After

three iterations the program converges (compare this to th&9 iterations required by
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15

05

Figure 4.4: Step 4 in the Examplet.1.1

method one for a simpler problem). The nal polytope is illugated in Figure 4.5

4

Now, having developed intuition by means of Examplé.1.1, we are ready to formally

describe the steps taken by method two.

Algorithm 4.1.1.  (The second polytopic separation algorithm)

SetP?= RN . In step k proceed as follows:
(1) Choose a random unit vectordt, in RN,

(2) Find an orthonormal basis for the null space ofl, span df;:::;d{ . Set k =

(3) For each of the vectorgd 2 ¥, nd the global maximizers Y;" and global minimizers

Y,™ of the two programs
8

2 Maximize Y ;d
. (4.6)

s.t. c'(y) o
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Figure 4.5: Final result in the Example4.1.1

8

2 Minimize Y ;d

g | (4.7)
s.t. C(yY) O

H(Y):= Y  YMi; HA(Y)= hd$y Y™
The H -representation of the outer approximation polytopeP is
PX=fH(Y) O0g\f H3(Y) o0g\ Pk %
(5) Use the reverse search algorithm (see Sectidn3.3 to nd the vertices, VK =
fvk; i vk g, of PK.
(6) Let ég(t) = CO(tyvk +  + to, vk ) and nd all local maximizers of
2 Maximize  CO(t)

Xk (48)
_§ s.t. =1, (8)t O
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(7) 1f €O(t) 0 for all local maximizers or ifk = max iterations then terminate. Oth-

erwise, continue with step (1).

Remark 4.1.1. In step (3) of Algorithm 4.1.1, instead of problems 4.6) and (4.7), one

could alternatively solve the more computationally e ciert problems

8
2 Maximize Y ;d

(4.9)
7 st c'(Y)=0;
8
2 Minimize Y ;df
N (4.10)
- st c'(y)=0:

Notice that here in e ect, we perform orthogonal projectioronly on the boundary ofS,,
whereas previously (in the case of multiple inner constras), this step was performed
on all the points in S;. In caseS; is de ned by more than one inequality constraint,

however, one should keep the original form of the programs step (3).

4.2 Implementation Details

In what follows, we detail some of the more important issueavolved when implementing

Algorithm 4.1.1

4.2.1 Choosing A Random Unit Vector

We create a random unit vector by rst choosing a random poinbn the surface of a half
unit hyper-sphere, centered at origin, and then connectinthe origin to this point. In
order to improve the convergence of the algorithm, the chas@oint should be su ciently

far, in Euclidian distance, from the points already chosen.
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4.2.2 Finding the Global Optimizers of the Inner Constraint S

This problem is equivalent to nding all the local maxima and minima, explained in
previous chapter. The only further step here, is to nd maxdll local maxima) and
min(all local minima ) to nd the global maximizer and the global minimizer respetvely.
Notice that here again we have implicitly assumed that ther@are a nite number of
local optimizers. This step along with the step to nd all lo@l optimizers for the outer

constraints remain to be the most computationally expense/steps for this algorithm.

4.3 Results

In this section, we summarize the results obtained by emploent of the second method.
We applied the procedure to the same set of examples as for th& method to be able
to compare the functionality and e ciency of the two methods The comparison is made

in the conclusion of this thesis.

Our rst example is the dual of (3.16 stated as

st.P separates

S, = [yl;yz] 0202 0:7(y1+ Y. 3)?sin:l7(y; Y. 6)’+0:4+ (4.11)
)
+0:7(ys ¥» 6)* 35 0
)

8
% Construct Polygon P
Sz = [Y1;Y2] 5 y3siny)®+0:2 + i 10 0 :

The resulting polytope is illustrated in Figure4.6.

Now, we move on to 3D examples. The next simulation deals wittroblem of sphere
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Figure 4.6: Final result for problem ¢.11).
and ellipsoid formulated in @.12):

Construct  3Polytope P

s.t. P separates
n .
y1 2 y, 1.0 2 Y3 2
= . : - + + — l
S1 ) iyal : 55 075 05 0
S;= [yuyd :yi+Vvi+y; 4 0

0 (4.12)

VA AR 00

Di erent views of the resulting polytope is shown in Figurest.7-4.9.
To be consistent with the examples mentioned in the previoushapter, and also to

better observe the functionality of the second algorithm, & include the result treating

the following problem:

Construct  3Polytope P

s.t. P separates
) 12 2 ’ o} (4.13)
Yyi <, Y2 Y3 1 0

n
St= byl o g% 075 05
) : : o

S;= [yuy tyi+ys+y; 4 0

VRN ARRRRAN/ 00

The outcome of the algorithm is illustrated in Figures4.104.12
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Figure 4.7: Resulting polytope for problem4.12: Top view.

For a non-convex 3D example, we ran the algorithm on problemi.(14. Di erent

views of the results are shown in Figure$.13 4.15

Construct  3Polytope P

s.t. P separates
n o] (4.14)

Si= IyuYa @ yi+tys 4 siny)*+0:1 +yi O
n (0]
S;= [yuY @ yi+tys 36 siny)?+0:2 +yi 0O

VAN AR 00

4.3.1 Concluding Remarks on Convergence Property of Method

Two

It was observed that method two enjoys a much faster convengee compared to method
1, in both 2D and 3D, thanks to the much smaller number of iteft@ons required for
convergence of method two. The following table summarizelset running time of method

one and method two for each each of the abovementioned exaewl
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Figure 4.8: Resulting polytope for problem4.12: 3D view.

Example title

Running time for method one

Running time for method two

Convex 2D
Nonconvex 2D
Convex 3D

Nonconvex 3D

17 min
27 min
more than a day

more than a day

less than 1 min
4 min
24 min
38 min

60

As will be demonstrated in the next chapter, method two is ats successfully applied

to an application problem with dimensionality of 5. Even in B, there is a relatively

small number of iterations necessary for the convergencerméthod two. The e ciency

of method two is partly due to the elimination of the requirenent for constructing a

maximium -volume polytope making any separating polytope an accepik choice, and

thus considerably reducing the the number of iterations nessary for convergence. Al-

though the polytope constructed by method two satis es the equirements for the ap-
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Figure 4.9: Resulting polytope for problem4.12: Side view.

plication framework of this thesis, there exist problems imwhich it is crucial to nd a
maximum-volume polytope (see for e.g.1f]). In such problems method one proves to

be of great value.
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Figure 4.10: Resulting polytope for problem4.13: Top view.

62
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Figure 4.12: Resulting polytope for problem4.13: Side view.
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Figure 4.13: Resulting polytope for problem4.14): Showing only the inner constraint.

Figure 4.14: Resulting polytope for problem4.14): Showing both constraint.
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Figure 4.15: Another view to resulting polytope for problen{4.14): Showing both con-

straint.



Chapter 5

Application: Control of Jet Engine

Surge and Stall

In this chapter, we apply the techniques developed in Chapt®3 and 4 to the problem
of controlling two instabilities in jet engine compressornamely surge and rotating stall.
We begin our discussion by describing minor modi cations tour algorithms that allow
one to avoid using the explicit knowledge oF !. These modi cations make our algo-
rithm suitable for observer design. Then, we employ the resed algorithms to construct
polytopes required for surge and stall observer design. ltlgs simulation results of the
closed-loop system are presented. We stress that the desailf the problem of surge and
stall control are beyond the scope of this thesis. For moreformation, the reader may

consult [24], [2] or [34].

5.1 Revised Algorithms

In Chapters 3 and 4 we developed two algorithms to solve

Problem 1:  Given are two setsS; = fY 2 RN : C'(Y) 0g;S, = fY 2 RN :

CO(Y) 0g, whereC';C° : RN I R are continuously di erentiable and, for allY 2

66
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RN, @C=@Y6 0, @C=@Y6 0. Find , if possible, a convex polytop® s.t.
S P& (5.1)

As illustrated in Section 2.2, Problem 1 is motivated by nonlinear observer design,

where the polytopeP should separate the two sets ity coordinates
S1=F( o); S2= F(O);

where .= fX 2 R"™™ :V(X) c¢ 0g. LetC'(X)= V(X) c. Assume thatthe set
O is described a0 = fX 2 RN : C°(X) 0g. S; and S, are then given as follows,

Si=fY2RV:C' F YY) o0g S,=fY2RV:C° F YY) O0g

Hence, it seems that in order to solve Problem 1 one needs tgkeitly know the inverse
of F (and hence the inverse oH). But, as pointed out in Remark 2.1.4 we may not
assume thatF ! is explicitly known. It turns out that a small modi cation to our
algorithms overcomes this problem and allows one to use ougarithms without having

an explicit expression forF 1.

5.1.1 Method One Revised

In method one of Chapter3, the only steps to be modi ed are the steps to nd all local
maxima of the constraints. The amendments to these two stese summarized below:
Outer Constraints: Recall program @3.10 for nding all local maxima of the outer con-

straints
8

2 maximize ¢°(t)

Xd (5.2)
2 4 =1:8)Y O
j=1

1Recall the relationship betweenX and Y coordinates in the output feedback control setting of
Section2.1Y = F(X) =col( H(x; 2); 2).
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where CO(t) = CO(tyvk +  + tqvk), V&;:::;vE being the vertices of the polytope at
iteration k. In the light of the discussion above, since the polytopic paration problem

is de ned in Y coordinates, we must replace progranb(2) by the following
8

% maximize C° F (t;vi+  + tqvf)

ﬂ .
.§ t = 1;(8j) £ 0:
j=1

This problem is equivalent to

8
Maximize C° F (Y)
Xa
s.t. Y = tj v
j=1
: x
- t = 1, (8J)tj 0:

j=1

Now, noting Y = F (X), we obtain the following equivalentformulation of the problem

8
% Maximize C°(X)

s.t. F(X) =

|
-t
<

j (5.3)

j=1
: x
- tj 1, (8]) tj 0:

j=1

Note that this way, we have eliminated the need for the explicexpression ofF !
Inner Constraints: Recall that in order to nd the local maxima of the inner constaints

we de ned ny subproblemsP;
8
2 maximize C'(Y)
Pi .
7 st Hi(Y) > 0; CO(Y) O

We must replace this program by the following
8
2 maximize C' F (Y)
Pi .
7 st Hi(Y)>0, COtY) O
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Again noting that Y = F (X ), we can rewrite this program in theequivalentform
8

2 maximize C'(X)
P, : (5.4)

Z st H F(X)>0 C° F(X) O

Once the local maxima inX -coordinates are found, application of the maf- gives the
local maxima in'Y -coordinates.
The aforementioned two steps are the only parts of the algthim that need to be

modi ed to avoid the need forF 1.

5.1.2 Method Two Revised

In Algorithm 4.1.1, the following steps need to be adjusted:

Step 3: Observe that problems 4.6) and (4.7), in Y -coordinates, translate to the follow-

ing:
8
2 Maximize Y ;d
S (5.5)
- st c' F YY) o
8
2 Minimize Y ;d
S (5.6)
~ st c' F Yy) o
We now useY = F (X) and rewrite (5.5 and (5.6) as
8
2 Maximize F(X);d
S (5.7)
- st c'X) o
8
2 Minimize F(X);d
S (5.8)

- st c'(X) o
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Notice that by solving (5.7) and (5.8), we obtain the global optimizers inX -coordinates,
XM and X™, respectively. Now, recall that in order to construct the plytope, two
hyperplanes are passed through these global optimizers (ath are now given inX -
coordinates). It is therefore clear that if the polytope is® be constructed by this method
in Y -coordinates, then the global optimizers must be given i -coordinates. Hence, to
satisfy this requirement, we setY™ = F(XM)and Y™ = F (X ™), so that we obtain the
image of the optimizers inY -coordinates.

Step 6: In this step, all local maxima of the outer constraint with respect to the polytope
are identi ed. Notice that in e ect, this step is identical to the rst auxiliary problem
(3.10 in method 1, and the procedure to revise this problem is, thefore, exactly the
same as what was described in Sectiénl.l Hence, the problem in step 6 needs to be

altered to

8
% Maximize C°(X)

s.t. F(X)

1
ot
<

j (5.9)

j=1
: x
- tj 1, (8]) tj 0:

j=1

Step 7: This step can now be simply expressed as imposing that all @anaximizers

satisfy C°(X) 0.

5.2 Surge and Stall Control in Jet Engine Compres-
sors

A benchmark control problem to test the algorithms introdued in previous chapters
is the problem of controlling rotating stall and surge in jetengine compressors. There

exist several models describing the compression system ijeaengine, of which the most
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popular is the three state system (MG3) developed by Moore drGreitzer in [35]. The

MG3 model is described by the following system of ODE's:

= —( T) (5.10)

R =R(@ 2% R); RO O
where represents the mass ow through the compressor, is he plenum pressure rise,
R 0is the normalized stall cell squared amplitude, and+ is the mass ow through the
throttle. The functions ¢()and () are the compressor and throttle characteristics,
respectively, and aredened as c() = ¢, +1+3=2 1=2 3, =1 =21+ +()) 2,
where , is a constant and is the control input (the throttle opening). Throughout
this chapter we set =7, and = 1:p 2.
The control objective here is to stabilize system5(10 around the critical equilibrium
R®*=0, ¢=1, °= ¢( ® = ¢, *2, which achieves the optimal performance on
the compressor characteristic. Changing variables= 1, = c 2, We can

shift the origin of the system to the equilibrium point to obtain

R?2 R(@2 + ?

- 322 1=2°% 3R 3R (5.11)

R N e PP

© WA N 00
0
1

We assume that the pressure rise (and hencg is the only measurable state.

5.2.1 Five Dimensional System

In this section, we brie y study the controller developed in[2&] and describe how the
observer, introduced in Sectior?.1, is applied to the problem setting here. As will be

seen, the state space of the extended system is ve dimensgrconsisting of R; ; 17,
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the three states of MG3, along with4;; z,]”, the states of the two integrators augmented
on the input side of MG3.

In [2€], a full-state feedback controller for MG3 is designed whichas a domain of
attraction f(R; ; )2 R®j R 0g. The next theorem summarizes the properties of this

controller.

Theorem 5.2.1. For system(5.11), with the choice of the control law

_2+(1 2k.4_k2) + 2%k, +3 %R
- VN

, 5.12
+ o +2 ( )
wherek; and k, are positive scalars satisfying the inequalities
8
(2C +3)2
% B
E:)kz 31,4 ki (C +3)2 >0
4 2 4
oK K2 1y (5.13)
> kqi+ k2 1 4+
471 4k, 9=2 4

the origin is asymptotically stable with domain of attractin A = f(R; ; )2 R®j R
Og.

Simulation results con rm that the values ofk; and k, can be chosen much smaller
than their theoretical bounds in Theorem5.2.1. This will later help us partially treat
the numerical instability caused by badly scaled coe ciens, i.e. choosing smaller values
for k; and k> reduces the degree of variation in magnitude order of the coent, thus
reducing the ill-conditioning of the problem.

We next seek to design an observer for the control lavé.(L2 using the methodologies
outlined in Section2.1 To this end, we need to verify that the assumptions A1-A3 are
satis ed for (5.11):

Assumption Al.
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We form the observability mappingH from the measurable outputy =

3 3

2 2
y

ye=§1§=H[R;; ];;_=§ = (;: ) %:
y =2

322 123 3R 3R _
(5.14)

where (; )= P + ¢ t2 2and =(@ =@) +(@ =@ _. Therefore, we need

and _to calculateH, thus n, = 2. Next, we augment the system withn, = 2 integrators
at the input side. To simplify the integrator backstepping esign, we employ a chain of

two integrators with a modi ed output:

Z1+2 .
= o2

Z) = Z; L=V, =p (5.15)

so that and —in (5.195 can be replaced byz, and z,, respectively. Now, we can write

the augmented system as the cascade interconnection of twibsystems P;] and [P;], as

follows:
8
%R, = R2 R@ + 3
[Pl]§ - = 32?2 1=2% 3R 3R
1 p—
S _2( + c,+2+2) (5.16)
8
2 L, =D
[F’z]>
Z =V

Letting X =(R; ; ;z 1;2), the mapping F can now be constructed

Y=FX)= HI[R; lzsz ;zmz (5.17)
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2 3
=2 ()
=8 1= 2 322 1=2°% 3R 3R _ I: (5.18)
2
Z:
Notice that when = 1 (i.e. =0), F does notdepend oR and hence the mapping

is not invertible. On the other hand, when 6 1, F is a di eomorphism. Hence,

assumption Al is satis ed on the set
n o]

O= [R;; " 2 R%z2 R?’j] 6 1: (5.19)
Assumption A2. Letting x =[R; ; T, we can rewrite P;] asx = f (x;z;) := f1(X) +
0:1(x)z;. By Theorem5.2.1, using the controller in (5.12), the origin of the system £.16
is stabilized with domain of attractionfx; 0g. Application of integrator backstepping

gives the following stabilizing control law for theextendedsystem (.16

v _ & km o= (x2); (5.20)

wherezr=z; (x), = P— cwt2 2, (xz)= kszm Gag(x)+ L(fi(x)+

a(X)z1), & = 2, (x;z1), where ks and k, are arbitrary positive constants. This
completes the design of the stabilizing full-state feedblacontroller. It can be shown

that the Lyapunov function for the extended system is

1 Ky 1 1 1
V=CR+ 2= %+ = %+ = ki )2+ Z2%+ 222 5.21
5 5 2( 1) 58t 5% (5.21)

Assumption A3. Recall the observability set given by %.19. Notice that the observ-
ability set is a half-space constructed by the hyperplane = 1, and thus is topologi-
cally well-de ned. We now need to construct a polytope in 5DseparatingF ( ) from

Y = F(O), where . represents the level-set of the Lyapunov function in5(21). In Sec-
tion 2.2, we showed that any polytope ful lls all the requirements ohssumption A3. So

in particular, the constructed polytope in 5D will satisfy these topology requirements.
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5.2.2 Three Dimensional System

For the 5D system, we will not be able to visualize the arrangaent of the polytope with

respect to the level-set of the Lyapunov function and the obsvability set. Hence, we
may be incapable of assessing the performance of our progbsethods in an application
setting. For these reasons, in parallel with our ve dimensinal development, we introduce
a simpli cation which allows us to reduce the dimensionalit of the problem, and thus
visualizethe various sets involved in our discussions. The simpli ¢@n, discussed next,
relies on employing goartial state feedbaclcontroller, a function of and only, and on

assuming thatboth and are available for feedback.

Partial-State Feedback Control Law

Another controller devised to stabilize MG3 is the partialstate feedback controller de-

veloped in P6]. This control law is expressed as

()= 2t e 522

~

where ¢, > 0, ¢ > max 9:2732+é : = dges( ), and ges( ) = c1+§ =

Co - Notice that the controller (5.22 uses only two of the states. This controller can

also be expressed as:

+ 2%k
(; )= p(_ %) (5.23)
wherek > 2¢y, ¢o > maxf 10:773 4 + 1:53g and
=2+ Ko ol (5.24)

The result of utilization of this controller for MG3 is summaized in the following

theorem.
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Theorem 5.2.2. The closed-loop systen{5.11) evolving in the setA = ( ; ;R) 2
R®j R 0 with control law (5.23 has a unique asymptotically stable equilibrium with

domain of attraction equal to the entire seA. The corresponding Lyapunov function is

Cl"‘—"'—l 2+§R +1—7 +%,

1
st o2 g 2 4+3R 2 +§( G )% (5.25)

V2 =

N[ &

We assume that and are available for feedback so thatH.22 can directly be
implemented without the need for an observer. Because of shsimpli cation, we can

replacez; and z, in H by the expression in .23 and its time derivative, respectively.

Hence,
21 = Hu+2)T z, =71 = Yot+2q)= (5.26)
Noting that = z; and —= z,, and manipulating the expression foH in (5.14 by

substituting for and _, we obtain an observability mapping that depends oR; ;

only:
2
y
Ve = g y 7= H [R’ : ] =
y
2 3
=§ 5 Aet2a)(  ©) - (6:27)
+%2+%3+3R +3R i2-'-((-:2"-2(-:0)(:0 + 4 (:;LO) )
When = 1, H does not depend orR and the mapping is not invertible; hence the
n 0

observablesetiD= [R;; |” 2 R®j > 1.

Remark 5.2.1. Although the observer here is not used for control and it mekgestimates
the system's states, in a practical setting an observer mighktill be required, if the status

of the rotating stall, R, is to be observed.
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5.3 Results

In this section, we summarize our simulation results for theurge and stall problem

described in Sectiorb.2

5.3.1 Three Dimensional System

In the 3D system, constructed by the partial-state feedbackontroller (5.22 (described

in Section5.2.2), the following observability set and Lyapunov level-sett@ obtained after

substituting for the constants

Observability set:

n (0}
SS= [R;; T 2 R3j 1 0

Region enclosed by the Lyapunov level-set:
n
Si= [R;; T 2 R}j782412+46:77TR+1:5 *+18R 2+ :5( 12)*> c;
0]
R 0;

* VRN AKRARRAXARAAN/ ©O

(5.28)

wherec > 0 is the level set parameter. Recall thaR 0 is imposed by the modelling
of MG3. The inner and outer constraints are therefore expresed as

CO = 1

C) :=78:241 2+46:77R+1:5 *+18R 2+ :5( 12)* c

C,= R:
Notice that S; is expressed bytwo constraints, C; and C). As discussed earlier, the

algorithms developed in Chapterss and 4 are straightforwardly extended to handle this

situation.

Now, recall that c speci es the size of the Lyapunov level-set. Hencemay be used

to change the size of the level-set of the Lyapunov functiom order to ensure that it is
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contained inside the observability set. One can solve thelllmving optimization problem,

in order to nd the maximum allowable value forc:
8

% Minimize  V(x)

:

whereV (x) denotes the Lyapunov function andy(x) = O represents the boundary of the

s.t. gx)=0 (5.29)

Other modelling constraints are satis ed

observability set. For the region b.28 for instance, we will need to solve the following

optimization problem to nd the largest possible value forc:

8
%Minimize 782412 4677TR 15* 18R %2 5( 12)?

2

Notice that in a practical setting, c is a fundamental value, describing the region

sit. 1=0 (5.30)

R O

of operation for a system. Now, to get the observability mappg for this system, we

substitute for the constants in 6.27) and obtain
2 3

H :E 25 +300:4823 z (5.31)
( 9014 9014)R+324:;5 4507 2 1502 3 7512

For the above expression, we substituted fde; and k, by 10 and 20, respectively.

Application of Method One

Recall that in order to apply method one, the outer sets needs be compact. For this
n

problem, however, the outer set, i.e. the observability séd = [R;; | 2 R®j >
o]
1 , is not compact. In order to tackle this di culty and for the sake of illustration,
we change our observability set to a sphere of radius 1, cemd at origin. Notice that

this sphere is contained in the original observability set.Also observer that although
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the sphere is convex irx-coordinates, its image iny.-coordinates might not be convex.
Therefore, we can not use the sphere as our d8t and we still need to carry out a
polytopic separation method to constructP.

Now, in order to choose a level set paramete; we solve the optimization problem
(5.30 and nd the maximum allowable value forcto bec' 79. For the purpose of our
simulations in this section, we set = 50.

In light of the abovementioned re nements, the following rgion of interest is obtained

Observability set:
n 0
S;= [R;; T2R}jR?2+ 2+ 2 1 0

Region enclosed by the Lyapunov level-set:
n
Si= [R;; 7 2 R¥j782412+46:77TR+1:5 *+18R 2+ :5( 12 )* 50
(0}
R O0:

* VRN AKRARRARARAAN/ ©O

(5.32)

Recall that when utilizing method one in dimensions highetian two, one needs to set
the initial condition in a close vicinity of a local optimum for the algorithm to converge.
Although we were able to visualize this problem (and therefe were presumably able to
choose the initial conditions wisely), our e orts to set thenitial conditions close enough
to a solution failed, i.e. for all the initial conditions that we tried the algorithm diverged.
We believe that this was a result of numerical instability, aused by the ill-conditioning
of this problem. The reason for our claim is that when we triedo run the revised rst

method on the same feasible regiorb (32 but with an altered observability mapping
2 3

2:2

(21 21)R+6 22 3 15

the algorithm converged to a solution. The outcome of runngthe revised rst method
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on the constraints £.32 with the observability mapping (5.33 is given in Figures5.1
and 5.2

Figure 5.1: First Method: Observable set, Polytope and Lyamov level set: View 1.

Application of Method Two

One of the advantages of method two over method one is that nietd two can be applied
to the problems where the set described by the outer constrés is not compact. Hence,

unlike the previous section, here we did not have to manipukathe outer constraint and

we used the original region of interest

8
% Observablllty set:
0

R,; " 2 Rj 10
Reglon enclosed by the Lyapunov level-set:

R;; 17 2 R®j 78241 2+46:77R+15 *+18R 2+ :5( 12)* ¢
0]
R O0:
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Figure 5.2: First Method: Observable set, Polytope and Lyamov level set: View 2.

(5.34)

By solving optimization problem (5.29 for region (5.34), we obtain the same value

of c' 79, and for this simulation also, we set = 50. Next, Using the observability
mapping (5.31), we run the revised second method, described in Sectibri.2 on region
(5.39 in order to obtain the polytope, P. Thereafter, usingP and the observer 2.13,
we apply the partial-state feedback controller §.22 to system (5.11) for various initial
conditions of the system and the observer. The results aréustrated in Figures5.3-5.8.

Notice that in Figure 5.5, when the polytope is mapped fronye-coordinates back to

x-coordinates, it is not convex anymore.

5.3.2 5 Dimensional System

The 5D system is constructed by the full-state feedback cawtler (5.12). After substitut-

ing for the constants, the following observability set and yapunov level-set are attained:
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— Observer state trajectory

0
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Figure 5.3: method two: State trajectories inye.-coordinates: View 1.

Observability set:

n

Sz

(R; 2z 1;20) j

o

1 0

Region enclosed by the Lyapunov level-set:

n

Sy

(R; ; ;Z 1;22) j :2357TR + :5 2+ 1:25 *+ :5(

R

100 )%+

+:5(z1+41368 41468 6220R )%+

+ :5(z2 +22:21+817:36 49762 +

13654R 62052 2 20684 3
+777:52R 2+466:5IR 3+62:20R + 186:61R?)?
0}

0 :

82

12410R + 622:02R? +

C,

(5.35)
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800 — System initial condition
O Observer initial condition
System state trajectory
— Observer state trajectory
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200 —

y3
o
|

-200 —

-400 —|

-600 —

-800 —

yl

Figure 5.4. method two: State trajectories inye-coordinates: View 2.

The maximum allowable level set parameter attained by runng optimization prob-
lem (5.29 is ¢ ' 1:7. In our simulations we setc = 1:3. After substituting for the

constants, we obtain the following observability mappingdr the extended system
2 3 2

Ye, :14823@, + :48230
Ve 2= F(X)= 8 ( 1:4469 14469R :48230 723452 241153 :4823@,
Z; Z;

Zy Zy!
(5.36)

For the 5D problem, it is impossible to place the initial polyope close to its optimal
position, as we are unable to visualize this problem; thus pfication of the revised rst
method in this case is not viable. However, we can apply thevised second method to

this problem. The outcomes of this application are demonsited in Figures5.9and 5.10Q
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System initial condition
© Observer initial condition

System state trajectory
=== QObserver state trajectory

15—
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Figure 5.5: method two: Polytope and State trajectories ix-coordinates: View 1.

5.4 Concluding Remarks

Although the application of the revised rst method was not pssible in the practical
setting of this chapter, the revised second method was susstilly employed to design
an observer for systems with di erent state-space dimensiality, namely 3D and 5D.
We noticed that apart from its ability to give results in higher dimensions, the second
method enjoys the added bonus of e ciency. For both 3D and 5Dystems, the revised

second method constructed the polytope in a relatively shibamount of time? (about

2These simulations were performed on a PC with CPU speed of 2GBand RAM of 512 MB
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System initial condition

O Observer initial condition
System state trajectory

=== QObserver state trajectory

Figure 5.6: method two: Polytope and State trajectories ix-coordinates: View 2.

4 minutes and 30 minutes, respectively). The most computatmally expensive step in
both methods, however, remains to be the step of nding all al maxima and min-
ima. Improvement in time complexity of this steps would coriderably improve the time

complexity of the overall algorithm.
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Figure 5.7: method two: State trajectories inx-coordinates: View 1.

O System initial condition
O Observer initial condition

— = System state trajectory
—— Observer state trajectory
Q)

0.8 -

0.6

0.4+

0.2 -2
0.4 -4

Figure 5.8: method two: State trajectories irx-coordinates: View 2.
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Figure 5.9: method two: 5D closed system states and obsergtates.
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Figure 5.10: method two: 5D closed system states and obserseates: Enlarged.



Conclusions and Future Research

This thesis has investigated the application of two polytoje separation techniques to
nonlinear observer developed in2[]. Our objective here was to suggest some practi-
cal methodologies, rather than presenting theoretical ralis. After setting the stage in
chapters 1 and 2, we discussed the theoretical details of oust method of polytopic
separation in chapter 3. Due to limited functionality of the rst method, we proposed
our second method in chapter 4. The simulations presented shapters 3 and 4 con-
rmed superiority of the second method over the rst method n terms of computational
complexity and global convergence property. In chapter 5,evapplied the two developed
methods to the benchmark problem of controlling surge and ta&ting stall in jet engine
compressor. This practical application further con rmed he superiority of the second
method in the application setting of this thesis.

We will now give a concise comparison of the two proposed apprches and will then

conclude the thesis by outlining several possible futuregearch directions.

Method one can be employed only in a setting where the outerriraint encloses
a compact set, while method two imposes no such restrictiomNonetheless, both

methods require the inner set to be compact.

Method one has the advantage of constructing thiargest possible polytope with
a xed number of vertices which separates two nested sets. Qhe other hand,
method two constructs, in e ect, a close-to-minimum-volura polytope which sep-

arates two nested sets while the number of polytope verticesn not be set xed.
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The size of the constructed polytope plays a major role in sarproblems (see for

e.g. [L5)), in which case, method one may be advantageous.

Method one su ers from lack of global convergence (at leastitw our current choice
of merit function). Except when the initial condition is chasen in a close vicinity
of a solution, method one demonstrates poor capability of seergence, especially
in a non-convex problem setting. Conversely, method two eddits computational

e ciency and enhanced convergence capability in the probies we considered.

Due to abovementioned dependence of method one on the chaitmitial condition,
it has been so far impossible to apply this method to dimensie higher than 3. On

the contrary, method two has proved to be promising in highedimensions.

In our simulations, method one almost always converged to alytope whose ver-
tices are slightly outside the outer set. This is due to thenaximizing nature of
the algorithm, which aims to "shoot" the vertices outside tle outer constraints, in
order to enlarge the polytope volume as much as possible. $hhhenomenon can
be problematic in practical settings similar to ours, wherg¢he outer constraint is
the observability set. In such case, the phenomenon provalaith the possibility of
the observer trajectories leaving the observable set. In thed two, however, this
possibility is avoided and the nal polytope is always comgtely contained inside

the outer set.

Both methods su er from numerical uncertainty. More precisly, both methods
require identifying all local optima, which in real problems may not be possible to
guarantee. This step also turns out to be the bottleneck of blo methods in terms
of computational complexity. Improving the e ciency of this method will directly

e ect computational e ciency of the overall algorithm.
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Future Research

Our primary goal, in the implementation phase of this work, \&s to study the functional-

ity of our algorithms in Matlab. Due to unavailability of oth er established optimization
softwares, such as AMPL, NPSOL, etc., we were unable to examiour proposed method-
ologies in such software environments. There are, for exalap claims that NPSOL

can signi cantly improve the performance of polytopic appoximation [16] (upon which

method one is based). Therefore, implementation of propasenethodologies in other
such environments may be worthwhile.

Recently, some advancements in eld of Semi-In nite Prognaming have been realized
[1], [40). Application of these developments on improving the conkgence of method one
may be analyzed. Further, other choices for merit functionsnot investigated in this
thesis, can also be scrutinized. One may, moreover, expldtee application of both
developed techniques on other non-UCO systems (e.g. a cla§shemical engineering

problems), or perhaps on entirely di erent class of problemand dissect the outcomes.
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Appendix A

Sequential Quadratic Programming

In this appendix we review sequential quadratic programm@in some detail. The ma-

terial presented here is in part taken from7] and [8].

A.1 Overview

Sequential quadratic programming (SQP) has incontestabligeen the most widely used
algorithm in nonlinearly constrained optimization appli@tions. It has applications in
many di erent areas of technology and has been used to solveeanarkably large set of
important practical problems.

SQP, rather than being solely an algorithm, is a conceptual @hod from which many
speci ¢ algorithms have been evolved. In this section, whkilwe examine the underlying
ideas of SQP, we concentrate our focus on issues related t@flem 1. SQP solves the

following nonlinear program:

8

% minimize f(x)

g subject to: h(x) = 0 (NLP)
: gx) O
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wheref : R"! R;h: R"! R" andg : R"! RP.

The basic idea of SQP is to model (NLP) at a given iteration sfg xX, by a quadratic
programming subproblem, and then to use the solution to thisubproblem to construct a
better approximation x*'. The sequence generated in this form wilhopefully) converge
to the solution x . In some sense, SQP is a natural extension to Newton's method
However, it shall be noted that SQP is not a feasible-point ntieod, that is, neither the
initial point nor any of the subsequent iterates need be feidde. This is a major advantage
since nding a feasible point when there are nonlinear constints may be nearly as hard
as solving (NLP) itself.

In this section, the termglobalis used in two di erent contexts. An algorithm is said
to be globally convergentf, under suitable conditions, it converges to some locallstion
from any remote starting point. On the other hand, aglobal minimizeris a local solution
corresponding to the least value of .

To establish global convergence in SQP, a way of measuringogress towards a so-
lution is constructed which is called amerit function; a reduction in which indicates
that an acceptable step towards a local solution has been &k Notice that in prac-
tice, global convergence may still not be attained, even byrgloying a merit function.
This depends on the nature of the problem concerned, that isther factors, such as the
ability to maintain positive-de niteness of the Hessian maix, feasibility of quadratic

subproblent, numerical stability of the problem, etc. may preclude gloal convergence.

A.2 Assumptions and Notation

It is often assumed in the literature on SQP that all the funcions in (NLP) are three times
continuously di erentiable. This assumption is automati@lly satis ed for the systems in

the scope of this thesis, as we only deal with regions constrad by smooth functions.

1These terms will be discussed later in the section.
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As explained previously, here and throughout the thesis, lahe vectors are assumed to

be column vectors.

In this thesis, we denote the dot product byha; b, wherea and b are two vectors in
R". We user , e.g.r f (x) to denote the gradient of a scalar-valued function. We use

also for vector-valued functions, to denote the Jacobian tiie function. For example,

In this thesis, x* denotes the iterates anck denotes anylocal solution of the (NLP).
A local solution or a local minimizer refers to a pointx that minimizes the function
f (x) on a su ciently small ball centered at x . The following conditions, also known as

second order su cient conditions are assumed to apply to each such solution .

A4:. The rst order necessary conditionshold, i.e., there exist optimal multiplier vectors

u andv 0 such that

re(x;us;v) =rf(x)+rh(x)u +rgkx)v = 0:

A5: The columns ofG(x ) are linearly independent.
A6: Strict complementary slackness holds, i.e.,

g(x)v, = 0:

A7: The Hessian of the Lagrangian function with respect t& is positive de nite on the

null space ofG(x ); i.e.,
dHL d> 0

for all d 6 0 such that G(x )> d=0.
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These assumptions are standard for most of the optimizatioslgorithms.
The Hessian of a scalar-valued function, denoted by the lettH, is de ned to be the

symmetric matrix whose {;j )" component is

@f (x) .
@x@x

In instances where a function is de ned on more than one set @riables, the oper-

H f (X)i;

atorsr and H refer to di erentiation only with respect to x. The Lagrangian function
is an example of this sort, where its di erentiation will on{y be with respect tox. The

Lagrangian function associated with (NLP) is de ned as:
L(x;u;v) = f(x)+ u” h(x)+ v~ g(x):

whereu 2 R™ andv 2 RP are multiplier vectors. We denote the value of Lagrangian at
(x ;u;v)byL ,where i ;u ;v ) denotes the triple consisting of a local solutionx ,

Lagrange multiplier vector for equality constraints,u , and Lagrange multiplier vector
for inequality constraints, v , respectively. Given a vectoi, the set ofactive constraints
consists of the inequality constraints, if any, satis ed agquality at x. We denote the

index set of active constraints by
I(x) = fi : g(xX)=0g¢:

G(x) is the matrix made up of the gradient of allactive constraints; i.e. G(x) contains
the matrix r h(x) along with the columns ofr g;j(x), i 2 1 (x).

Finally, We use the termcritical point to denote a feasible point that sati es the rst
order necessary conditions, i.eA4 . A critical point may or may not be a local minimum

of (NLP).

A.3 The Quadratic Subproblem

As mentioned in the previous section, the SQP method is an regive method in which,

at a current iterate x¥, the step to the next iterate is obtained through informatim
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generated by solving a quadratic subproblem, i.e. a problemith a quadratic objective
function and linear constraints. This subproblem should re ect the local propsies of
the original problem.

At a given xX, an appropriate choice for the constraints of the quadratisubproblem,
is the linearization of the actual nonlinear constraints abut x. It turns out that a
suitable selection for the objective function of the quadtec subproblem should employ
the gradient of the original objective function in (NLP) andthe Hessian of the Lagrangian
function. There are good reasons, however, to consider arpagximation to the Hessian
of the Lagrangian rather than the actual Hessian. One reasas that the numerical
computation of the Hessian of the Lagrangian is usually a wecostly operation. Further,
it turns out that using an appropriate approximation, under suitable conditions, yields
global convergence of the algorithm.

The form of the quadratic subproblem in accordance to the akementioned guidelines

turns out to be the following:

. 1
minimize r f(xX)” dy + Qd; By dy

subject to: r h(x¥)> de + h(x) = 0 (QP)

WA AR 00

ro(xX)” det g(x)  O;

whered, = x  xX, and the symmetric matrix By is the approximation to the Hessian of

the Lagrangian function.

A.4 High-Level Conceptual Algorithm

In order to have a solution, the system of constraints of theugdratic subproblem must
be consistent i.e. the linearized constrained must have a nonempty fea set. Also the
guadratic objective function should be bounded from belownathe feasible set (although

a local solution can sometimes exist without this condition
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Letting dy be the solution of (QP), we shall be able to use, to generate a new iterate
x¥*1 py taking a step fromxX in the direction of d,. Further, we need to update the
Lagrange multipliers, u® and v¥, to new estimatesu*** and vk*'. We do this using the

optimal multipliers of (QP), denoted by uq, and vy, and setting

- k
d, = ugp U

— k.
dy = Vgp VO

The updates to k*; uk; vk) can then be written as:

XK= XK+ dy

Ul = UK+ dy (A.1)
VK = vkt d

for some selection of thesteplength parameter .

As described in the introduction of this section, convergee properties are generally
classi ed as either local or global. Local convergence pemsxs from the assumptions that
the initial x-iterate, x°, is close to a solutionx , and the initial Hessian approximation,
By, is close toHL . Convergence from a remote starting point, as described be#,
is called global convergenceln order to ensure global convergence, the SQP algorithm
needs to be equipped with a measure of progress. The progiessssessed by employing a
special function, calledmerit function and denoted by$ , whose decrease implies progress
towards a solution. In order to guarantee that$ is reduced at each step, a procedure
for choosing thesteplength parameteiin (A.1) is devised which will be discussed in the
next section. Using the decrease if§, it turns out that under some conditions, such
as the feasibility of the quadratic subproblem, and the cajlity to maintain positive-
de niteness ofBy, etc. the iterates will converge to a solution even if the itial x-iterate,

x9, is not close to a solution.

Conceptual Algorithm
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Given initial iterates (x°; u®; v°); By, and a merit function $ , set k=0.
1. Form and solve (QP) to obtain @;dy; d,).
2. Choose a steplength so that
$(xk+ dy) < $ (XN

3. Set

Xkl =
utt = gkt dy
VAREEE VAR
4. Stop if converged.
5. Compute By, .

6. Setk := k+1; goto 1.

Thus far, we have presented (mainly conceptually) the buildg blocks of the SQP
algorithm. We will devote the rest of this section on preseitg in more detail each of the
individual building blocks, namely the Hessian approximabn and the merit function for

steplength selection.

A.5 Hessian Approximation: BFGS Method

Under the smoothness assumption, the Lagrangian satis es
r L(Xk+1 . uk+1 . vk+1) r L(Xk. uk+1 . Vk+1) HL (Xk+1 . uk+1 . vk+1 )(Xk+1 Xk): (AZ)

As aresult, it makes sense to approximate the Hessian of thagrangian at x**; uk*1; vk+1)

by requiring By.; to satisfy

r L(Xk+1 : uk+1 : Vk+1) r L(Xk; uk+1 : Vk+1) — Bk+1 (Xk+1 Xk)Z (A3)
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Equation (A.3) is called the secant equationor quasi-Newton condition and plays an
important role in the algorithmic theory of nonlinear systens and unconstrained opti-
mization.

A common procedure for generating the Hessian approximatie that satisfy the

Quasi-Newton Condition is to update a giverBy according to

Biks1 = By + Uy

where Uy is usually a rank-one or a rank two matrix which depends on thealues ofBy,
UK Uk* vk kL yk g xk*L

Broyden [L(] has proven that there exists low rank updates t8 that can satisfy the
guasi-Newton condition in A.3) . The Broyden class of rank-two updates has the form

yy> Bkss B

S s Bgxs + ST Bies] v vics

By+1 = By +

where#, 2 [0;1], ands and y are de ned as

s= x*1 Xk (A.4)

y=r L(Xk+1 : uk+1 : Vk+1) r L(Xk; uk+1 : Vk+1): (A5)

One of the common update matrices, which is in the form of Brogn class of up-
date matrices and has been shown to be quite practically e #ee, is Broyden-Fletcher-
Goldfarb-Shannon's (BFGS) update, in which#, = 0. The formula for this update is

therefore

(A.6)

The important qualities of the matrices generated by the BFS formula are that they
have thebounded deteriorationproperty and they satisfy thehereditary positive de nite-

ness conditionas described next. If the di erence between the Hessian ampimation,
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Bk, and the actual Hessian of the Lagrangiand L, approaches zero as the number of
iterations approaches in nity, it is said that the Hessian @proximation has the bounded
deterioration property. The hereditary positive de nitenesscondition states that if By is

positive de nite and
y’ s> 0; (A.7)

then By.; is also positive de nite.

We explain the use of the abovementioned properties in Thesn A.5.1.

Theorem A.5.1. Suppose thaH L is positive de nite and letB, be an initial positive
de nite matrix. Further, suppose that the sequence of itetes f (x¥; uk; v&)g is gener-
ated by the SQP algorithm using the sequence of matrix appmoation generated by the
BFGS update. Then ifkx® x k andkB, HL(x ;u ;v )k are su ciently small and
u® and v° are su ciently close to u and v , respectively, then the sequendeB,g is of
bounded deterioration property and (x¥; uX;vk)g convergessuperlinearly to the pair

f(x ;u;v)g.

Remark A.5.1. It turns out that if, in addition to having the bounded deterioration
property, the sequencd Byg is also positive de nite, then the assumption in Theorem
A.5.1that kx® x kandkBy HL(X ;u ;v )k should remain su ciently small can be

removed.

Remark A.5.2. It can be shown that if the Hessian of the optimal Lagrangiaid L is
positive de nite on the domain of the objective function, adl B is chosen to be positive
de nite (e.g. the identity matrix), then the updates to By remain positive de nite and
close toH L and remarkA.5.1 is automatically satis ed. However,H L is only positive

de nite in speci c cases (e.g. if (NLP) is convex).

According to Remark A.5.2, maintaining positive de niteness of the sequencéByg
is a crucial step. In what follows, we describe two of the mogtopular methods for this

purpose.
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A.5.1 Powell-SQP Method

The Powell-SQP method maintains the positive de nite propey of the Hessian approx-

imations by modifying y in the update formula (A.6) by
v=y+(1 ) B¢ s; (A.8)

for some 2 (0;1]. Note that with this modi cation, the condition ( A.7) can always be
satis ed, and therefore, the sequencBy remains positive de nite. However, using this
scheme, the updates no longer satisfy the quasi-Newton cdrmah. Nevertheless, it has
been empirically shown that a speci ¢ choice of leads to a sequencé x¥g that converges
superlinearly tox . Unfortunately, no proof of local convergence has been falialthough

algorithms based on this procedure have been shown to be guguccessful in practice.

A.5.2 Augmented Lagrangian Method

The augmented Lagrangian scheme has been used extensivelyréat the equality con-
strained problems. Here, we rst touch on the basic ideas beld augmented Lagrangian
method for the problems with only equality constraints. Laér we extend the proposed
techniques to incorporate inequality constraints as well.

Remark A.5.2 implies that one way to maintain the positive de niteness oBy is to
transform the problem so thatH L is positive de nite. This is the basic idea behind
the augmented Lagrangian method. In the case of equality cetnained problems, this

method replaces the objective function in (NLP) by the fundbn
_ c 2.
fo(X)=f(x)+ ékh(x)k ;

for a positive value of c. Notice that this modi cation does nt change the solution to
the problem sincekh(x)k? is a constant added to the objective function. This change,

however, results in a new Lagrangian function, the so-calleugmented Lagrangian

L.Ocu) = LOGu) + %kh(x)kgz (A.9)
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As explained in [/], the augmented Lagrangian function for the inequality costrained
problems is
c 1 X
Le(x;u;v) = L(x;u)+ u” h(x)+ ékh(x)k§+ o . (maxO;v; + cg (x)g)* v/
| (A.10)

Although adequate for local convergence theory, this "augented BFGS" method has
major drawbacks that are related to the fact that it is di cul t to choose an appropriate
value of c. To apply Theorem A.5.1, the value of c must be large enough to ensure
that HL .(x ;u ) is positive de nite, a condition that requires a priori knowledgeof x .
On the other hand, if unnecessarily large values afare used without care, numerical
instability can result. This problem is exacerbated by thedct that if the iterates are
not close to the solution appropriate values of may not exist. This is sometimes called
ill-conditioning.

A possible approach is to choose an initial valu€ for ¢ and increase it as necessary
at each iteration k if the algorithm indicates that the current value c¢ is inadequate.
However, practical experimentation shows that the followig consideration should be
kept in mind for selecting the penalty parameterc to prevent ill-conditioning (taken

from [7]):

(a) ¢ should eventually become larger than the threshold level oessary to bring to

bear the positive features of the multiplier iteration.

(b) The initial parameter c® should not be too large to the point where it causes ill-

conditioning at the rst iteration.

(c) ¢ should not be increased too fast to the point where too much-itonditioning is

forced upon the unconstrained minimization routine too edy.

(d) c¢ should not be increased too slowly, at least in the early mimiizations, to the

extent that the multiplier iteration has poor convergence ate.
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A good practical scheme is to choose a moderate valifg(if necessary by preliminary
experimentation), and then increase* via the equationc“*! = ¢k , where is a scalar
with > 1. In this way, the threshold level for multiplier convergene will eventually be
exceeded. For Newton-like augmented Lagrangian minimizah problems, fairly large

values of (say 2 [5;10]) are commonly chosen.

A.6 Stepsize Selection and Merit Functions

For constrained optimization problems, we would like eaclttarate not only to decrease
the cost function, but also to come closer to satisfying theoastraints. Often these two
aims con ict, so it is necessary to weigh their relative impance and de ne a merit$
which can be utilized as a criterion for determining whetheor not one point is "better"

than another.

The standard way is to construct$ so that the solutions of (NLP) are the uncon-
strained minimizers of$ . Therefore, a reduction in$ indicates progress andl, must be
a descent direction for$ . If this is the case then for a su ciently small ¥, $ (xkK+ *dx)

will be less than$ (x¥).

Remark A.6.1. It shall be noted that in unconstrained minimization there § a natural
merit function; namely, the objective function itself. In aconstrained setting, unless
the iterates are always feasible, a merit function has to bahce the drive to decrease
the objective function with the need to satisfy the constraits. (recall that in SQP the
initial point and following iterates need not be feasible)$ indeed weighs a measure of
infeasibility against the value of either the objective funtion or the Lagrangian function.

In what follows, we review some of the popular merit functian
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A.6.1 Augmented Lagrangian Merit Function

A popular choice of the merit function in sequential quadrat programming is augmented
Lagrangian merit function. This merit function is based on he same objective function
employed previously for the augmented Lagrangian method tmaintain positive de -

niteness ofBx. For a problem with only equality constraints, this function has the form

$r(x;0) = f(x)+ h(x)” u(x) + gkh(x)kz; (A.11)
wherec is the augmented Lagrangian constant (described in the prieus section) and
u(x)=  r h)r h(x) Y h(x)” r f(x): (A.12)

Under the assumptions in sectio.2 $ ¢ and u are di erentiable and it turns out that for
su ciently large augmented Lagrangian parameterc, the merit function $ ¢ is bounded
from below on the constraint set,C. (see 8] for more details). Di erently said, under

some other regularity assumptions, foc su ciently large the following hold:
(i) x 2 Cis alocal minimum of$ ¢ if and only if x is a local minimum of (NLP).
(i) if x is not a critical point of (NLP) then d, is a descent direction foi$ ¢ .

There are several ways to extend the abovementioned resulisnequality constrained

problems. An approach uses the idea of squared slack varidl denoted byt?; i =

subject to: h(x) = 0

8
% minimize (over fx;tl;:tpg) f (x)
% (A.13)
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Now, letting z = t?, it turns out that for

0 1
h(x)
hx2) = B X (A.14)
g(x) +
we can construct the merit function
$r2062)= F(0+ h(x:2)” u(x2) + Skh(x;2)kE: (A.15)

Remark A.6.2. It shall be noted that one shouldnot use (A.13) to form the quadratic
subproblem (QP); rather, one should form (QP) from the origial (NLP). Then (QP) is
solved at each iteration to obtain the stepd,. The slack variables can then be updated
at each iteration so that the nonnegativity ofz is preserved. One way to do so is by

setting
2t = (rg(x)7 de+ g(x¥) O (A.16)

It can be shown that (A.16) maintains nonnegativity of z.

A.6.2 Powell-Han Merit Function

Another popular merit function, which is also utilized in the Matlab function fmincon, is

the one introduced by Han [ 9] and Powell [37]. It uses an absolute-valued merit function
to determine the stepsize in each iteration. Also, it guarantees thatBy remains positive
semide nite during iterations. It can also be proven that unler some regularity conditions

this merit function yield the global convergence in SQP. Tisi merit function has the form

X X
$(X)=f(x)+ ri:gi(x)+ ri:maxf 0; g (x)g; (A.17)
i21 i21

wherel is the index set of the active constraints| denotes the index set of the non-active

constraints, and the penalty parametery;, is often de ned as

i =(reea)i = Max; Vi %((rk)i +Vvi)
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wherek denotes the current step. This de nition ofr; allows positive contribution from
constraints that are inactive in the quadratic programmingsolution, but were recently
active. There are di erent ways set (o), the initial value for eachr;. Matlab de nes

(ro)i as

kr f (X)k

(ro)i = m,

wherek k represents the Euclidean norm.

A.6.3 Stepsize Selection

Once a choice of merit function has been made, there are saeschemes to select an

appropriate stepsize, :
(a) Minimization rule : Here * is chosen so that

$(xX*+ *dx)= min f$(x*+ dx)g:

(b) Limited minimization rule: Here a xed scalars > 0 is selected and ¥ is chosen

so that

$(x*+ *dx) = min 504f$ (x*+ dx)g:

(c) Armijo Rule: Here xed scalarsn; and with n> 0, 2 (0;1)and 2 (0;0:5)
are selected and we setk = ™« n, wherem, is the rst nonnegative integerm for

which
$ (X $(xk+ Mnd mn (d) By d: (A.18)

Theoretically, all of the abovementioned methods would ralt in an appropriate stepsize.
Practically, however, it turns out that for most of the problems, Armijo rule yields a

stepsize more e ciently than the other two methods T].
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A.7 Detailed Resulting Algorithm

In what follows we illustrate the detailed SQP algorithm we ged in our implementation:

Given initial iterates (x°; u° v°), consider the merit function$  de ned as

X X
$(x)=f(x)+ ri:g(x)+ ri:maxf 0; g (x)g;

i21 i21
where| denotes the indices of the active constraintd, denotes the indices of the non-

active constraints, and the penalty parameterr;, is de ned as
. 1 .
N =(reea)i = Max; Vi é((rk)i +vi)

wherek denotes the current step. Also, letr(y); be de ned as

kr f (x)k_

(ro)i = m,

Further, let the augmented Lagrangian be de ned as

X
L u;v) = L(x;u)+ u” h(x)+ (—2:kh(x)k2+ 2_10 (maxo;v; + cg (x)9)* V¢ ;
j=1

Setk=0; n=5; =05 =0:25 By=1.

1. Form and solve the following quadratic programming to olatin (dy; dy; d,):
8

% minimize rf(x%)” dy + %d; By dy
E subject to: r h(x*)> dy + h(x*) = 0
rg(x¥)” de+ gx*) 0O
2. Set the steplength = ™ n , where my is the rst nonnegative integer m for
which

$(x5) $(xk+ m™nd) M n (d)” By d;
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8
X = XK+ dy
u“t = uk+ dy

y=r LC(Xk+1 : uk+1 : Vk+1) r Lc(Xk; uk+1 : Vk+1)Z

4. Set

5. Stop if converged.

6. ComputeBy+1 by

yy> Byxss By

Bk = Bi + :
kel KT sy S”> By s

7. Computer;.

8. Setk := k+1; goto 1.
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