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Abstract
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2004

The maneuver regulation (or path following) problem has received considerable attention
in the control literature where feedback linearization has proven an effective approach
to solving the problem. This thesis presents a general synthesis method for designing
path following controllers for a class of systems using the concept of transverse feed-
back linearization. The relationship between maneuver regulation, transverse feedback
linearization, and zero dynamics is explored. An output stabilization problem is solved,

which under suitable conditions, also solves a maneuver regulation problem.
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Introduction

The subject of this thesis is output maneuver regulation. Maneuver regulation is also
known as 'path following’ and as such, the two terms will be used interchangeably
throughout this work. The output maneuver regulation problem can be stated as: given
a system, find, if possible, a feedback making the system’s output approach and move
along a given curve (path or maneuver) with no associated timing law from an initial
condition on or off the path. State maneuvers are a special case of output maneuvers
where the desired maneuver is defined in the state space. In this work, the term maneu-
ver regulation will be used with the understanding that output maneuver regulation is

implied.

Given a path to be followed, a maneuver regulation controller forces output trajec-
tories of the system to approach and slide along the path. The maneuver regulation
controller does not have a timing law it must adhere to. The controller’s main task is
to steer the system along the path at some speed (bounded from away zero), chosen

according to a set of specifications, or imposed by system dynamics.

In this setting, the maneuver regulation problem is more general than the trajectory
tracking problem. In a trajectory tracking problem, the path to be followed is given a
specific time parametrization. The tracking controller tries to make the system’s state
keep up with a reference point along the path whose time parametrization is usually
imposed. On the other hand, a maneuver regulation controller drives the trajectories of

a system to a maneuver up to time re-parametrization. Thus a single maneuver gives rise



to an infinite set of trajectories [24].

The difference between trajectory tracking and maneuver regulation is crucial for
many robotics and aerospace applications where system dynamics impose constraints on
the time parametrization of feasible maneuvers. For these systems, cases exist where a
trajectory tracking problem is unsolvable yet the associated maneuver regulation problem
does admit a solution (consider, for instance, the problem of maneuvering a wheeled
vehicle with bounded maximum translational speed by means of steering). A trajectory
tracking controller does not make the desired path an invariant set. This has practical
implications for applications in which it is more important to faithfully re-create a motion
in the state or output space than it is to track a timed reference trajectory. For these
situations, a maneuver regulation controller is better suited. In order to further motivate
the study of maneuver regulation we now present a pair of relevant application examples.
The purpose of these examples is to illustrate situations where maneuver regulation is

preferable to trajectory tracking.
Example : Cutting Tool

Consider the application of maneuver regulation controllers to an industrial cutting tool.
In this application, it is desirable to approach the cutting area as quickly as possible. In
the frame work of maneuver regulation, this is the task of approaching the path. Once on
the surface to be machined, it is desirable to control the speed of cutting depending on the
material being cut and to ensure quality edges. In the framework of maneuver regulation,
this is the task of traversing the path. In other words, the task of controlling the dynamics
on the path. Maneuver regulation controllers allow us to decouple these tasks and design
controllers that meet both the approach specifications and the cutting specifications.

This decoupling is harder to accomplish with trajectory tracking controllers.
Example : Intelligent Wheelchair

Consider the application of maneuver regulation controllers to an automated wheelchair.

It is not difficult to imagine a situation where the wheelchair user enters a tightly confined



space, for example to use a wash room. In this situation a maneuver regulation controller
based on the approach presented in this thesis could be quite effective. In this case, the
intelligent wheelchair could simply remember the path the user followed to enter the wash
room. Then, in order to leave the confined area the controller presented here would be
used (it could be difficult to manually re-trace ones path backwards). Since the wheelchair
is, by construction, starting on the path, a great advantage of our controller is that it
guarantees the wheelchair remains on the path as it maneuvers backwards out of the
tight area thus avoiding possibly harmful collisions. Tracking controllers do not make
the desired path invariant, thus, in the situation described above, a tracking controller
may lead to collisions in tight areas.

This work treats the maneuver regulation problem as an output stabilization problem.
We solve an output stabilization problem, which with some extra conditions, solves the
maneuver regulation problem. This approach admits a synthesis method for designing
path following controllers for a class of systems and was inspired by the work of Banaszuk
and Hauser [8]. It is based on the well-known concept of feedback linearization modified
for the purposes of path following. The specific problem studied in this thesis is a special

case of the following more general problem.

Problem 1: Consider a control system with state defined on a manifold M and output
defined on a manifold N

y = h(x)
where f: M x R™ — TM is a C* wvector field and the mapping h : M — N.

(1)

Given a parameterized path o : D — N, where D is either R or S*, find a smooth
feedback control law uw : M — R such that the controlled system (1) enjoys the following

properties:
(i.) y(t) — o(D) ast — oc.

(ii.) ||gll = d > 0.



(iii.) Let 2° = z(0)

w0 =h@€o® ) s 0) w) € o).
9(0) € Thzoyo (D)

Condition (i.) guarantees the output trajectories approach the desired path. Con-
dition (ii.) ensures path traversal and condition (éii.) asks that the path be invariant
under (1). The focus of this thesis is on solving Problem 1 for the case when the system
to be controlled is a nonlinear, control affine, time invariant system with m = 1.

More specifically, the problem considered here investigates systems with outputs and
extends the results of Banaszuk and Hauser [8] to the case of non-periodic maneuvers
defined in the output space (rather than periodic maneuvers in the state space). The main
challenge here lies in finding conditions for feedback linearization of dynamics transverse
to an embedded submanifold of the state space whose dimension is not restricted to be
one. A natural way to study this problem is to use the notion of zero dynamics.

This thesis is organized as follows. Chapter 1 contains a brief literature review.
Chapter 2 establishes the framework of this thesis, various required assumptions are
introduced. Once the appropriate assumptions have been established, we are ready to
formally introduce Problems 2 and 3, which are the main focus this work. This structure
aids in understanding that solving Problems 2 and 3, under the appropriate assumptions,
solves Problem 1.

Chapter 3 presents necessary and sufficient conditions for solving Problems 2 and 3
in Theorems 3.1.1 and 3.3.1 respectively. More constructive results, useful for controller
design, are presented in Theorems 3.1.4 and 3.3.3. Chapter 4 applies the results of

Chapter 3 to solve the maneuver regulation problem for various kinematic systems.



Chapter 1

Literature Review

The preceding decade has seen considerable effort and attention paid to motion control
problems, specifically with regards to autonomous vehicles. The problems of motion
control addressed in the literature may be broadly classified into three groups : a) point
stabilization b) trajectory tracking ¢) maneuver regulation [30]. Of these three, maneuver
regulation has received comparatively less attention than stabilization and tracking. This
chapter presents a sampling of some of the more significant works recently published. The
aim is to give a global overview of some existing techniques used to solve the maneuver

regulation problem and point out some advantages and drawbacks for each.

1.1 Inversion Based Controllers

Motion (path) planning and open-loop control are equivalent in the context of maneuver
regulation. These terms imply open-loop or feed-forward controllers. These techniques
have been referred to as dynamic inversion by Hauser and Hindman [25] and Consolini
et al. [16, 15] or the Problem of Reproducing the Reference Output by Isidori [26]. In this
approach, the set of desired trajectories in the output space are used to determine the
precise inputs which allows for perfect reproduction.

This is a particularly useful approach for systems which are differentially flat. Fliess
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et al. define a system to be differentially flat if its entire state and control signals can be
expressed in terms of the output and a finite number of its derivatives [21]. The flatness
property means that the desired maneuver in the output space completely specifies the
desired states and control inputs required to follow the path.

The obvious drawback of a pure motion planning solution is that it requires that the
initial state of the system be compatible with the desired path and it is not robust against
disturbances or uncertainties. Due to these concerns the majority of control schemes
which employ motion planning also include feedback in order to improve robustness of
the closed loop system. Not surprisingly, De Luca et al. observed that integration of
path planning and feedback control design yields better tracking performance [32].

The controller proposed by Sgrdalen and de Wit [10] is not based on dynamic in-
version, yet employs both path planning and feedback in its design. S¢rdalen and de
Wit investigate the control of a nonholonomic unicycle. In their approach, a piecewise
continuous feedback controller is designed which stabilizes the unicycle to an arbitrary
position and posture in the state space. The stabilizing controller is then combined with
a path planner which solves the maneuver regulation problem as a series of point sta-
bilizations. This approach only works for paths which can be constructed using circles
and straight lines. The result of this design is a switching or hybrid controller. Aicardi
et al. [2] use a similar approach on a unicycle represented in polar coordinates, solving

the path following problem as a series of point stabilizations.

1.2 Path Coordinates

One of the most common approaches to solving the maneuver regulation problem is the
use of Frenet-Serret frames, often referred to as path coordinates. Path coordinates are
used to transform the path following problem into a stabilization problem. Like trajectory

tracking, this approach entails the convergence of a system’s state to a prescribed state.
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Instead of being a pre-assigned function of time, the desired state is a function of the
configuration of the vehicle with respect to the path.

A Frenet - Serret frame is an orthonormal basis for R* which moves along the path.
Its evolution, as a function of the path parametrization, is completely determined by the
curvature and torsion of the path via the Frenet-Serret formulas. Given a regular curve
t— z(t), r : R — R3, we next show how to construct the associated Frenet-Serret frame.

We begin by defining the arc length of the curve from a fixed point zq = x(to),

s:/t |z (t)]|dt (1.1)

where || - || denotes Euclidean norm. By definition, a regular curve is such that V¢ € R,
|Z(t)|| # 0. It can be shown that this condition implies that the mapping ¢ — s defined
by (1.1) is a diffeomorphism of R onto its image. Its inverse s +— ¢ can be used to define

an arc length (or unit speed) reparametrization for the curve, s — z(s). After such a

s= [ latolas

which implies that ||Z(s)|| = 1 for all s. In other words, the tangent vector, T'(s) := @(s),

re-parametrization, one has that

to a unit speed curve, is a unit vector. By differentiating the expression

(T'(s), T(s)) =1

with respect to s, one immediately gets that <dZis),T(s)> = 0. It can be shown that

= k(s) where k(s) denotes the unsigned curvature of the curve. A necessary

dT'(s)
ds

and sufficient condition for a plane curve to be a straight line is that Vs € R, k(s) = 0.
Assuming k(s) # 0, let N(s) := ﬁi—f, and B(s) = T(s) x N(s). The resulting orthonor-
mal frame {7, N, B} is the Frenet-Serret frame associated to the curve in question, see
Figure 1.1.

For vehicle systems, the maneuver regulation problem can be solved by finding a co-

ordinate transformation which represents a system’s dynamics in terms of a Frenet-Serret
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Figure 1.1: Frennet-Serret Frames

frame. The transformation gives the arc length parameter s of the curve to be followed
as a function of the system’s position relative to the curve. The arc length parameter s
describes the unique location on the desired path which minimizes the distance from the
system to the path. Once in path coordinates, the controller’s objective is to stabilize to
zero the system’s dynamics in the direction of the vector N(s) and B(s).

There are a wide variety of works which employ path coordinates in order to solve
the path following problem. DeSantis [18] employs path coordinates to solve a path
following problem for a trailer system following circular paths and straight lines. Even
though Frenet-Serret frames are defined only in R3, the author is able to apply them
to higher dimensional systems by considering n — 1 simultaneous frames, one for each
trailer. This is possible since the desired path lies in R? where Frenet - Serret frames are
defined.

Canudas de Wit et al. use path coordinates to solve the maneuver regulation problem
for the unicycle [17]. Encarnacdo and Pascoal [19] apply path coordinates to a three

dimensional path. They are interested in path following for autonomous underwater
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vehicles. When the path is 3-D, a higher dimensional subsystem must be stabilized.
Samson combines the use of path coordinates with the chain form for nonholonomic
systems [13]. He applies this approach to the control of a trailer system. A general

nonholonomic control system, expressed in kinematic form, is given by

T = zzgz(a:)uZ
i=1

When m = 2, the chain form is given by

21 = YUz

Zo = 21U

Zp—o = Zp_3Un

Y1 =uy

Yo = Uy
The trailer system which Samson considers falls under this class, however extensions exist
for the case m > 2. The approach of Samson is to represent the trailer system in path
coordinates and then apply a second state and control transformation to put the trailer
into chained form.

Chain form does not alter the essential properties of path coordinates. The maneuver
regulation problem still reduces to a stabilization problem except that the chain form
simplifies the control design. This approach requires that both inputs be used and no
degrees of freedom left to assign path dynamics.

Finally a more recent result from Astolfi et al. [7] considers the problem of making a
lead trailer follow circular and rectilinear paths. They follow the approach of DeSantis [15]
decoupling longitudinal velocity control and steering control. This differs from Samson’s
approach of using the chain form where both inputs were required. Astolfi et al. use a
Lyapunov based control law which allows for maneuver regulation solution in the forward,

backward direction and a precise characterization of the region of convergence.
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Path coordinates represent a natural approach to path following. This approach is
suitable for situations in which the desired path is embedded in R? and thus it is popular
in automotive applications. For more general paths embedded in higher dimensional
space, this approach is not suitable. Path coordinate solutions demonstrate that the
maneuver regulation problem is simplified by the appropriate choice of coordinate system.

This partially motivates the solution presented in this thesis.

1.3 Path Following from Trajectory Tracking

The maneuver regulation problem has been greatly influenced by a paper by Hauser and
Hindman [241]. In this work, the authors present a constructive and analytical method
for properly selecting a time re-parametrization for tracking control laws to solve the
maneuver regulation problem. Hauser and Hindman find a mapping which converts a
trajectory tracking control law into a maneuver regulation control law.

The novel idea presented is to take an existing tracking law, and redefine the trajectory
time to be the value obtained from the mapping. The redefined time corresponds to the
point on the maneuver closest to the current state. The authors present a solution for
systems which are feedback linearizable. They focus on feedback linearizable systems since
these are systems for which the tracking problem can be solved using a static feedback
control law.

In addition to formally proving the existence of such a mapping, Hauser and Hind-
man provide an algorithmic and numerically robust method for calculating the value of
the mapping which is suitable for real-time implementation. This paper gives theoret-
ical insight into the relationship between trajectory tracking and maneuver regulation.
Although initially unheralded, the results of [21] has recently spurred much new work in
the area of maneuver regulation.

Encarnacao and Pascoal [20] use the ideas of Hauser and Hindman to solve the ma-
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neuver regulation problem for fully actuated autonomous underwater vehicles. The main
extension provided by the work of Encarnagao and Pascoal is to apply the results from [21]
for dynamic models by using backstepping. That is, they work with system models which
are not purely kinematic. Al-Hiddabi and McClamroch [3] design tracking controllers for
nonlinear non-minimum phase systems and then apply the results from [21] to convert
their tracking control law into a maneuver regulation control law. They apply the results
to a planar vertical takeoff and landing (PVTOL) aircraft.

More recently, work by Skjente at al. [11] uses the results of [21] to solve the output
maneuver regulation problem. The work of Skjente et al. approaches the maneuver
regulation problem from a general perspective for a class of systems. In this regard, their
work is similar to the work presented here. The authors in [11] divide the maneuver
regulation problem into two tasks, geometric and dynamic. The geometric task is to
approach the desired path. The dynamic task consists of satisfying a time, speed or
acceleration requirement on the desired maneuver. This is an interesting and novel way
of looking at the path following problem. This two-tasked view of the problem is useful
when considering the practical implementation of maneuver regulation controllers.

Since Skjente at al. are using the results of [24], it follows that the main drawback
of this approach is that it requires the system be feedback linearizable. The authors
consider uncertain models, but nevertheless require that system have a vector relative

degree of n. In general, this may be quite restrictive.

1.4 Partial Feedback Linearization and Output Reg-
ulation

Partial feedback linearization (or input - output linearization) as presented by Isidori [20]
represents a natural framework for solving the maneuver regulation problem. This is

evidenced by the body of work on path following which employs this method (see for
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example Altafini [5, 0], Coelho and Nunes [I1], Bolzern et al. [I1] and Banaszuk and
Hauser [2, 9]). The work of this thesis is based on the results of Banaszuk and Hauser [5]

and so it falls within this category.

Banaszuk and Hauser [¢] approach the maneuver regulation problem from a general
viewpoint thus representing an attractive starting point for this work. Banaszuk and
Hauser solve the state maneuver regulation problem for periodic orbits. They provided
necessary and sufficient conditions for generating a coordinate and feedback transforma-
tion which linearizes the dynamics transverse to the desired maneuver. This is useful in

facilitating a simple solution to the geometric task of the path following problem.

Bolzern et al. [I1] work with the n-body trailer system. They solve a maneuver
regulation problem when the output of the system is the mid-point of the front vehicle’s
axle. The trailer system they consider has off-axle hitching and so it is not differentially
flat as in [21]. Bolzern et al. generate a so-called ’offset model’ of the trailer system
similar to path coordinates. They show that by using lateral offset (i.e. the lateral
distance from guide point to path) as an output, they can stabilize these dynamics and
solve the path following problem. This is a specific application of the general framework
in which we solve the path following problem. The work of Bolzern et al. is important
with regards to the work presented here. These types of works help motivate the need

to generalize and formalize the use of input - output linearization for path following.

We conclude this section by discussing an interesting approach to solving the maneu-
ver regulation problem presented by Altafini [5]. Altafini casts the maneuver regulation
problem as an output regulation problem. He considers the general n-trailer and models
it in path coordinates. In path coordinates, the trailer is input - output linearized and
then the regulation problem is solved on the partially linearized system. The regula-
tion controller tries to asymptotically stabilize the trailer to paths whose curvature is
regarded as a persistent disturbance produced by an exosystem. Note that the position

of each trailer is embedded in R2. As such, the curvature function completely specifies
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the desired path up to congruence [12].

The main drawback of Altafini’s solution is his reliance on path coordinates. As
pointed out earlier, if the desired path is embedded in R* path coordinates do not apply.
In addition, the curvature function of the desired path must be neutrally stable [26]. This
requirement restricts the class of maneuvers which can be followed using this technique.
Despite these problems, this approach is very appealing for its theoretical and practical
significance. Although beyond the scope of this thesis, it would be fruitful to investigate

this approach for a more general class of systems.

1.5 Implementations of Maneuver Regulation Con-
trollers

Here we discuss some experimental results published in the area of path following. The
aim is to give the reader an idea of the methodology used in implementing path following
controllers and highlight some fascinating application examples.

Nelson and Cox [31] discuss an early implementation for industrial car-like robots.
Position is sensed using odometry, i.e., by knowing the starting point (initial conditions)
relative to a known workspace, the system is able to extrapolate its location. This
implementation is based on a path planner and feedback similar to [2, 10]. The path is
traversed as a series of point stabilizations.

Sampei et al. [12] report an experimental implementation of a path following controller
for a trailer system. This implementation relies on path coordinates and only works for
desired paths which are straight lines, but it works in both forward and reverse directions.
Sampei et al. work with the standard trailer system of Fliess et al. and so it is possible
to apply dynamic feedback linearization to the system.

We conclude this chapter by discussing the RABBIT bipedal robot [13, 37]. The

RABBIT testbed represents one of the most elaborate experimental implementations
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utilizing path following controllers. The path following controller is vital in ensuring a
stable walking motion. This is a prime example of a situation where tracking controllers
are not appropriate in order to remain in a desired region of operation. Since stability of
the walking motion is the overriding concern in this application, path following controllers
are better suited. Specifically, a path following controller is designed which guarantees
that all of the phases of the walking motion are executed in sequential order. A tracking
controller in the presence of an obstacle could lead to a phase being skipped and the
entire walking motion becoming unstable. Specifically, if the motion of the robot becomes
retarded in the presence of the obstacle, a tracking controller would try to catch up to
its reference trajectory to regain synchrony which could lead to crashes. In this case
it is more important to faithfully follow the maneuver than some time parametrization
associated with a tracking law.

RABBIT’s path following controller is based on converting a tracking law into a
maneuver regulation law. The time scaling of the tracking law is parameterized by the
bipedal robot’s state and thus the controller bears some resemblance to the ideas of
Hauser and Hindman [24]. The result is that when a disturbance affects the walking
motion, the feedback controller focuses on maintaining the appropriate speed and limb

position based on the current walking phase, and not time.



Chapter 2

Problem Formulation

This chapter contains the appropriate assumptions and formal problem statements which
this thesis solves. The main purpose of this chapter is to describe the class of systems
and class of paths under consideration and present Problems 2 and 3. We show that
under the appropriate assumptions, solving these problems also solves a general maneuver
regulation problem, Problem 1. The problem statements considered in this chapter are
inspired by the work of Banaszuk and Hauser [8]. There, the authors consider periodic
maneuvers in the state space and present necessary and sufficient conditions for feedback

linearization of the associated transverse dynamics.

Section 2.1 defines the required assumptions and presents the class of system and path
under consideration. Problems 2 and 3 are introduced in Section 2.2. Section 2.3 ex-
plains why systems with one dimensional outputs are not considered. Finally, Section 2.4

discusses the application of the zero dynamics algorithm to maneuver regulation.

15
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2.1 Required assumptions and framework

Consider the smooth dynamical system
(2.1)

defined on R", with h : R" — RP (p > 2) of class C*°, and u € R. We are given a smooth
parameterized curve to follow, o : D — RP, where D is either R or S'. When D = S!, o
is a periodic function with constant period Ty > 0. Specifically, (V t) v(t) = v(t + Tp)-

We impose geometric restrictions on the class of curves o(+).

Assumption 1: The curve o : D — RP enjoys the following properties:
(i) ois C7, (r>1)
(ii) o is regular, i.e., ||o]| # 0

(iii) o : D — o(D) is injective (when D = S! we instead require o(D) to be a Jordan

curve)

(iv) o is proper, i.e. for any compact K C RP, ¢7!(K) is compact (automatically

satisfied when D = S1)

Assumption 1 guarantees that o(D) is a submanifold of R? with dimension 1. Tt
should be noted that although this is a required assumption, it is not very restrictive.

Assumption 1 precludes curves which have the properties depicted in Figures 2.1, 2.2, 2.3.

Assumption 2: There exists a C* map v : RP — RP~! such that 0 is a regular value of ~y
and o(D) = y~1(0). Moreover, the lift of y~1(0) to R", " := (yoh)~1(0), is a submanifold
of R™.

Since the path o is given as a parameterized curve, the first part of Assumption 2

can always be satisfied locally. The assumption requires that the entire path can be
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o(t)

Figure 2.1: () =0 Figure 2.2: Improper o Figure 2.3: o not injec-

tive

represented as the zero level set of the function . With regards to the second part of

Assumption 2, a sufficient condition for
[={z:m(h(=)) =... = 9p-1(h(z)) =0} (2.2)
to be a submanifold of R" is that h be transversal to v~*(0), i.e., [1, 23]
(Vz € T) Im (dh), + Ty~ (0) = RP. (2.3)

We have dim T’ = n—p-+1 [15]. The problem of maneuvering y to y~*(0) is thus equivalent
to maneuvering x to I'. Thus, the problem of maneuvering x to I has been cast as an

output stabilzation problem for the system

&= f(z) + g(x)u

Y = (yo ) (@),

(2.4)

In general one may only be able to maneuver x to the subset of I' which can be made
invariant by a suitable choice of the control input. Accordingly, let ['* be the largest
controlled invariant submanifold of I" under (2.1) and let n* = dimI™* (n* < dimI" =
n —p+ 1). Further, let u* be a smooth feedback rendering I'* invariant and define
f*:= (f + gu®)|p~. The following assumption, if satisfied, guarantees that by stabilizing

the output of (2.4), the original system (2.1) will traverse a portion of the path and the
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maneuver regulation problem is solved.

Assumption 3: I'* is a globally well defined, connected, parallelizable, closed submanifold

(with n* > 1) and the following conditions hold
(i) e>0)(VzeI*) ||Lyh(x)] > e
(ii) f*:I™ — TT* is complete.

In [3], T* =T = ¢(S"), and it is assumed that f(x) = f*(x) # 0 on I'*. Thus in that
work Assumption 3 is automatically satisfied. The completeness of f* follows from the
periodicity of o(S') which implies that T'* is compact [12, Corollary IV.5.6].

We first focus on the assumption that I'* be well defined.In order to derive condi-
tions guaranteeing that I'* is well defined, associate with each constraint in (2.2) the
single input, single output (SISO) system {f, g,7 o h} where k € {1,...,p— 1} and a

corresponding zero dynamics manifold I'}.

Lemma 2.1.1. If(, 'y is a closed, controlled invariant submanifold, then I'* exists and

it is given by I'™ = ﬂF}Z
k
Proof. (C) Choose any point x € I'*. Since I'* C T,

(Vke{l,....,p—1}) ~w(h(z)) = 0.

This, together with the fact that, by definition, I'* is locally invariant around z, implies
that
(VkEe{l,...,p—1}) z eI}

orz e,
(D) Since (), I} is controlled invariant and output zeroing, and since I'* C (1), I';, one

has that, by the maximallity of I'*, I = ", I';. O

Lemma 2.1.1 can be used to highlight a few important concepts regarding this frame-

work. Consider the single input single output systems { f, g, v;0h} withi € {1,... , p—1},
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as introduced above. Although we consider each system separately, they are in fact re-
lated by having the same input. Figure 2.4 gives a schematic representation of the inter-

action between the outputs of the SISO systems and the lone input. By Assumption 2,
Y10h

Y20 h

730]7)

u o
[e]

Yp—30h
Yp—20h
Yp-10h
Figure 2.4: Schematic representation of single input, multiple output systems

I' is the intersection of p — 1 zero level sets corresponding to simultaneous stabilization
of the output of (2.4). Lemma 2.1.1 formalizes the intuition that it is insufficient to
stabilize a subset of the outputs in order to be on I'.

Let 7; be the relative degree of system {f,g,v; o h} and define H; :  — col(~; o
h(z), L¢(v; o h(z)), ..., L}i_l(% oh)(x)). If {r,...,rp—1} is well-defined (uniform) on
R", one has that each T} is globally defined and given by I'; = H; '(0). Even if O, I

is nonempty, it may not be a submanifold. A sufficient condition for the intersection

[; NI, i # j, to be a submanifold is that [23]
(Ve eI NI T.I; + T, =R"

or, equivalently, ker (dH;), + ker (dH;), = R". Using the fact that T,,(I'; NT'}) = T,I'; N

T,I'; one easily arrives at the following result.

Corollary 2.1.2. I'* is a globally well defined closed submanifold if there exists a point
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xog € I' around which each system {f,g,v;0oh}, i € {1...p — 1} has a uniform relative

degree r; and, if p > 2, the following conditions are satisfied for k =1,...,p— 2.

(i) Fork=1,...,p—2,

k+1

(‘v’x e r;.) H* + ker(dHys)o = R,
j=1

where HY is defined recursively as
H} :=ker(dH,).,, k=1

HF = HFL Nker(dHy),, k> 1.

L' (yy0h)
S
Ly L;k (voh)

(u1)

(ii) Letting uj, := L 1<kE<p-—1,

nr; == ()

. * p—1
In this case, n* =n— > " r;.

Remark 2.1.1. Rather than using transversality to derive the sufficient conditions of
Corollary 2.1.2, one can employ a slight modification of the zero dynamics algorithm
of [27] (see also [20]) or the constrained dynamics algorithm presented in [36]. In both
cases a feasible initial condition for the algorithm should be defined to be any point
xo € I'" such that f(zo) + g(zo)uo € Ty, I'* for some vy € R. If the sufficient conditions
of Corollary 2.1.2 are not satisfied, the zero dynamics algorithm may still find a locally
maximal controlled invariant submanifold of I'. See Section 2.4 for more discussion on

the zero dynamics algorithm.

The technical requirement that I'* be connected and parallelizable is needed in order
to be able to generate a global basis for the tangent space of I'*. This assumption
guarantees the existence of non-vanishing vector fields vy, ..., v,«, v; : I' — TT™, which
span T,I'* at each o € I'* [12]. This is needed in some proofs of Chapter 3.

The condition, in Assumption 3, that ||Lgh(z)|| > € on I'* implies that there are no

equilibria on I'* and that, whenever z € I'*| ||g|| > €. The result is an assurance that the
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output of (2.1) traverses the curve o(D). The next example illustrates that this condition

is not strictly necessary for the feasibility of the maneuver regulation problem.

Example 2.1.1. Consider the dynamical system and path

y =col(xy,z3), 0:X€R— col(A\N)
Here D =R and 0(D) = {y : y1 — yo = 0}. The lift I" is given by I' = {z : 1 — 25 = 0}
and it is readily seen that I'* = I' and a smooth feedback rendering I'* invariant is
u* = x;. Assumption 3 is not satisfied since there exists a single point on I'* where
Lyh(x) = col(za, 1) is zero. Yet, almost all initial conditions on I'* result in path

traversal. Specifically, the only case where the path is not traversed is when z;(0) =

JAN

Example 2.1.1 shows that even if Assumption 3 is violated, it may still be possible
to traverse the path. Example 2.1.1 also highlights the fact in the case of a linear time
invariant system, Assumption 3 is always violated. This fact is shown in Chapter 3. If
Assumption 3 is violated, i.e., if Lg-h(z) = 0 for some x € I'*, then the situation becomes

problematic from the maneuver regulation point of view.

Example 2.1.2. Consider the dynamical system and path

T1T3 0
. —222%x
T 12+ 11 |u
(w%+1)
T3 0

1
y = col(x1,22), 0: X €R— col <)\, TH)
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Here D =R, I' =I* = {2 : 15 — - = 0}, and v* = 0. Assumption 3 is not satisfied

z3+1
since
—2z31
Lih(x) = col (xlxg, 7132)
(a1 +1)
is zero on the set {z : xyx3 = 0}. Let u = —x9+ x%ﬂ The result is a closed-loop system
1

where any initial condition

2% = col (9, %, €)

where €0 = 0 will not result in path traversal. However, initial conditions where €d #

Figure 2.5: Example 2.1.2: phase curves in the state space.

0 will result in path traversal, see Figure 2.5. This example illustrates the fact that
Assumption 3(i) avoids pathological situations whereby some phase curves originating
outside of I'* may approach points of I'* where Ls-h = 0, thus not traversing the path
o(D).
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2.2 Problem Statement

We are now ready to formulate the main problems investigated in this thesis. The

following are a direct generalization of analogous problem statements found in [3].

Problem 2: Find, if possible, a single coordinate transformation T : x — (z,§) €

[ x R"™™" walid in a neighborhood N of T'* such that in (z,£) coordinates
(i) T* = {(2,6) e I* x R"™ : £ = 0}

(ii) The dynamics of system (2.1) take the form

z= fO(Zug)
& =6
(2.5)

én—n*—l = gn—n*
én—n* = b(Z, 6) + a(z, g)u
where a(z,&) #0 in N

The following is the local version of Problem 2.

Problem 3: For some 2° € T*, find, if possible, a transformation T° : x — (2°,£%) €
I x R"™™ walid in a neighborhood U° of 2° € T'* such that in (2°,£°) coordinates prop-
erties (i) and (ii) of Problem 2 are satisfied in U°.

Banaszuk and Hauser [$] provide a solution to these problems in the special case when

D = S' and h(z) = x in (2.1).

Remark 2.2.1. It is clear that if one can solve Problem 2 or 3, then by choosing a
feedback matrix K such that linear portion of (2.5) is Hurwitz, the smooth feedback

1
u——a(zjg)(b(z,g)—l—K{). (2.6)

achieves local stabilization to I'* and makes I'* invariant. However, (2.6) does not prevent

the closed-loop system from exhibiting finite escape time (i.e., the entire o(DD) is traversed
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in finite time), even though the vector field of the closed-loop system is complete on I'*.
A similar problem is encountered in feedback linearization when stabilizing a minimum
phase system in normal form. There are various ways to modify (2.6) to avoid finite
escape time. Discussing them is beyond the scope of this thesis.

The great advantage in linearizing the dynamics transversal to the desired set lies in
our ability to use linear control techniques. Since we are essentially stabilizing a linear
system, it becomes possible to, for example, stabilize to the set in optimal time.

We show that solving Problems 2 and 3, also solves Problem 1. We restate the

specifications of Problem 1 under the current assumptions:
(i.) y(t) — o(D) as t — co.
(ii.) liminf, . ||9]| # 0.

(iii.)
VO =10hED =00 s 0) (o me) = o
Ly(yoh)(z®) =0

Assume that a solution has been obtained to Problem 2 or Problem 3. We immedi-
ately obtain that part (i.) of Problem 1 can be satisfied since, as already noted, the
controller (2.6) achieves output stabilization of (2.4), or, equivalently, stabilization of y
to (D). Note that y asymptotically approaches o(ID), but never actually reaches it.

Part (7i.) is satisfied by Assumption 3. Finally, we show that a controller solving
Problems 2 or 3 satisifies (¢44.). If (yoh)(z?) =0 and (L;(yo h)) (z°) = 0, then 2° € T*.
This is because (v o h)(z°) = 0 implies 2° € T, (L;(y o h)) (z°) = 0 implies f(z°) € Tpol"

and thus 2V € T'*. Controller (2.6) makes I'* invariant, i.e., (V¢ > 0), (y o h)(z(t)) = 0.

Remark 2.2.2. If Assumption 3(i) does not hold, then we have that the path is not
traversed and the path following problem cannot be solved in this manner. Specifically,
Problem 1, condition (i:.) is violated. In these cases, solving Problems 2 and 3 results in

the solution to an output stabilization problem.
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We refer to Problem 2 as global transverse feedback linearization (TFL). We seek a
single coordinate and feedback transformation which is valid in a tubular neighborhood
of I, not necessarily in all of R". We refer to Problem 3 as local transverse feedback
linearization. Here we seek several coordinate and feedback transformations, each valid
over a neighborhood of a point on I'*; such that the union of a finite number of such

neighborhoods contains I'*. See Figures 2.6 and 2.7.

N

Figure 2.6: Global TFL Figure 2.7: Local TFL

Problems 2 and 3 differ from standard input-output feedback linearization. Here
we are interested in designing a suitable output map, «, so that the associated zero
dynamics manifold coincides with I'*. The requirement of path traversal gives rise to a
unique situation where unstable zero dynamics become not only desirable, but necessary.
The maneuver regulation problem is solved by stabilizing the output of (2.4) which can
be accomplished using input - output linearization. However, we will show that one may
still be able to solve Problems 2 and 3 even in the case when (2.4) is not input-output

linearizable.

2.3 Single output systems

Here we briefly discuss the case when p =1 in (2.1) and justify why we do not consider
this case in Problems 2 and 3. When p = 1, the output space is the real line, R. Recall

that we only consider smooth paths ¢ : D — RP which are either of infinite extent D = R



CHAPTER 2. PROBLEM FORMULATION 26

or otherwise periodic D = S!. This implies that when D = R, the desired path is the
entire output space. On the other hand, when p = 1, one cannot have D = S! because
S1 cannot be embedded in R. As a result, the only class of curve compatible with this
framework for the case p = 1 are curves of infinite extent.

In this scenario, we have that ¢(ID) = R and any point in the state space is actually
on the path. This case is degenerate since the problem of getting on the path is trivially

solved.

2.4 Zero dynamics algorithm

It is useful to review the zero dynamics algorithm (ZDA) since it is used prominently in

this work. Consider the system
(2.7)

with the same number of inputs as outputs, m. The ZDA is initialized at a regular point
xo in state space of (2.7). A regular point is a point for which f(z¢) = 0 and h(zg) = 0.
With this initialization the user of the algorithm has a priori knowledge that there exists
at least one point which zeros the output and is controlled invariant. In other words,
the initialization guarantees the existence of at least one point where if z(0) = xy and
for all £ > 0 u(t) = 0, then y(¢) = 0. We now introduce the zero dynamics algorithm as
presented in [20]:

Step 0: Set

My = h™(0)

Step k: Find a neighborhood Uy, _1 of xo such that My_1NUy_1 is an embedded submanifold.

Let My _, denote the connected component of My_1 N Uk_1 containing xo. Then set

My ={ze M, f(z) € span{g(@),...,gm(@)}+ M}
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The following proposition describes the conditions under which the ZDA converges

to a maximal output zeroing submanifold.

Proposition 2.4.1 ( [26], 6.1.1). Suppose that, for each k > 0 there exists a neighbor-
hood Uy, of x¢ such that My N Uy is a smooth submanifold. Then, for some k* > 0 and
some neighborhood Uy~ of xo, My+11 = Mj..

Moreover, if

dim (span {g1 (7o), - - -, gm(20) }) = m (2.8)

and the subspace

span {g1(x), ..., gm(z)} N T, M. (2.9)

has constant dimension for all x € M., then Z2* = Mj. is a locally mazimal output

zeroing submanifold.

In applying the zero dynamics algorithm to the maneuver regulation problem, we see
that by Assumption 2, M is a globally defined submanifold. This implies that Uy = R"”
and My N Uy = M. In the notation of this work, we have that Z* = I'*. Next we note

that expressions (2.8) and (2.9) reduce to

dim (span {g;(zo)}) =1 (2.10)

and

dim (span{g1(x)} N T, I") =c,c € Z VYx € I'* (2.11)

respectively.

Isidori shows that when ¢ = 0 the control «* which makes Z* (I'*) invariant under (2.7)
is unique. The condition for the uniqueness of u* is implied by the notion of transverse
linear controllability presented in Chapter 3.

We require that that I'* be globally well defined. This ensures feasibility of the path

with respect to the system to be controlled. The algorithm generates the mazimal output
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zeroing submanifold. If only a portion of the path can be followed, then I'* will represent
the feasible part of the path in a neighborhood of h(xg) [15]. Local feasibility of the path
is assured by initializing the algorithm at an zy € I'* such that f(zo) + g(xo)up € Ty, I'™*

for some real number .



Chapter 3

Main Results

This chapter presents the main results obtained in this thesis. Necessary and sufficient
conditions are presented for solving Problem 2 and Problem 3. It is shown that in the
special case when D = S! and y = x for the class of system under consideration, the
conditions presented in this chapter are equivalent to those presented by Banaszuk and
Hauser [8]. It is also shown that when specialized to the linear time invariant case, the

results obtained recover some results on output stabilization by Wonham [17].

3.1 Solution to Problem 2

Theorem 3.1.1. Problem 2 is solvable if and only if there exists a function o : R — R

such that
1. T* C{z eR": a(x) =0}
2. « yields a uniform relative degree n — n* over I'*.

Proof. (=) Consider system (2.5) and let a = &;. Conditions (i) and (ii) follow immedi-

ately.

29
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(<) From a slight modification’ of the proof of [26, Proposition 9.1.1] one obtains a
coordinate transformation 7" : R” — Z* x R"™™" valid in a neighborhood of Z*, yielding
the normal form (2.5), where Z* := {(z,£) : £ = 0} is the zero dynamics manifold
associated with the output function o. We are left to show that Z* = I'*. First notice
that I C Z* for if € I'* then «(z) = 0. Since through Z there passes a controlled
invariant submanifold, I'*, and Z is output zeroing, it follows that z € Z* as well.
Finally, since I'* and Z* are two connected, closed submanifolds of the same dimension

and I'* C Z*, one has that ['* = Z*. O

Here we explicitly show the transformation one obtains from the proof of Theo-

rem 3.1.1. Let
—L" " a(x 1
nf_n*_l( ) ) b(l’) = n—n*—1
L,L% a(x) LyL% a(x)

a(x) =

and consider the following vector fields defined in a neighborhood of I'*

f(x) = f(z) + g(x)alz), g(x) = g(x)b(x).

Let

and

Ai(z) = Lj;_loz(:c), 1<i<n-—n"

Finally, consider the mapping ¢ : z — I'* (for x sufficently close to I'*) given by

ple) = 003G o 2 oo 9

_AQ(:E) n—n*"

Then the coordinate transformation yielding the normal form (2.5) is given by

T:z— (o(x), A(z), a(x), ..., Apens())) . (3.1)

'Here the main difference is that we do not require that the vector fields {Ti}ie{lmn,n*} in [26,
Proposition 9.1.1] be complete. This implies that the normal form (2.5) is valid over a neighborhood N
of T'*, rather than R™. If the vector fields 7; ¢ € {1...n —n*} are complete, then the transformation is
globally valid on R™.



CHAPTER 3. MAIN RESULTS 31

The conditions in Theorem 3.1.1, although rather intuitive, are difficult to check in
practice. In what follows we present sufficient conditions for the existence of a solution

to Problem 2 which are easier to check.

Corollary 3.1.2. If one of the constraints in (2.2), v; o h, yields a relative degree n —n*

then Problem 2 is solved by setting o = ~yz o h.

Remark 3.1.1. The smooth feedback

i —L}‘_"*a

u = n—n*—1
LgLf o'

makes [* an invariant submanifold of (2.1).

Lemma 3.1.3. If there exists a function a : R™ — R which satisfies the conditions of

Theorem 5.1.1, then for all x € T'*

T,.I' + span{g, .. ., ad}‘_"*_lg}(z) =R". (3.2)

Proof. The existence of o implies that one can transform the system dynamics into the
form (2.5) and specifically that I'* is controlled invariant. Let f* := (f 4+ gu*)|r+, with
u* defined as in Remark 3.1.1. Then, for all x € I'*, f*(z) € T,I'*. Also, span{f*} is a

one dimensional, hence involutive, distribution. These facts imply that, on I'*,

(span{f*})* = (T,I")" +span {dgs ... dpp-}.

By Assumption 3, f* # 0 and f* is complete. Fix 2° € T'*, define the map t — &/ (29)
and its inverse ¢; : I* — ¢1(I'*). The map ®/ (z°) is a diffeomorphism of ¢;(I'*) onto
I'*. By construction Lp¢; = 1 on I'*, implying that d¢;(x) ¢ (span{f*(x)})* and thus
that, on I'*,

(R™)" = (span{f*})* + span {d¢; }.
or, equivalently,

R™ = T, T + span{de, do, ... dp,-}*. (3.3)
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For each x € T, consider a set of linearly independent vectors {vy,...,v,-} spanning

T,I'*. Locally this can always be done, globally, by Assumption 3 this can be done since

I'* is parallelizable. Let V = [vy --- v,+] and define a matrix S as follows [3]
de,
deps
S(z) = depy- Vg - adi g
dL;ﬁ_"*_la
a
Lv¢ *
0 A

where {Lv¢}ij = Ly, ¢, i,j = 1,...,n", and A € R xn=n" g upper triangular
with non-zero diagonal (this follows from condition (2) in Theorem 3.1.1). It is clear
that if the matrix Ly ¢ is nonsingular then S is nonsingular as well, implying that
Im([V g(x) --- ad;ﬁ_"*_lg(:ﬂ)]) = T, 4+ span{g, . . ., ad;ﬁ_"*_lg}(x) = R" and the proof
is complete. To prove that Ly ¢ is nonsingular, we use the fact that the product of two
matrices AB (where AB is a square matrix) is full rank if and only if Im B Nnker A = 0.

In this case we must show that
Im V Nker (col(do(z), ..., do,(x))) =0

or, equivalently,

T,.I'" Nker (col(do (z), ..., do,(x))) =0,

and this follows directly from (3.3). O

Remark 3.1.2. Condition (3.2) is a generalization of the notion of transverse linear

controllability to the case of controlled invariant submanifolds of any dimension. It
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is useful in deriving checkable sufficient conditions for the existence of a solution to
Problem 2. The notion of transverse linear controllability was originally introduced
in [33] and later used in [3] for transverse feedback linearization. In both papers, n* =1,
D = S, and T,I'* = span {f*(x)}. Figure 3.1 illustrates the situation where transverse

linear controllability holds for the case n* = 2.

span {g(x), adyg, . .. ,ad’}’3g}

pan {vy, vg } ()

RTL

F*

Figure 3.1: Transverse linear controllability when n* = 2

Theorem 3.1.4. Problem 1 is solvable if

1. T,I'* +span{g... ad;ﬁ_"*_lg}(x) =R" on I'™*

2. The distribution span{g. . .ad?_”*_zg} is involutive.
Proof. We will show that if the above conditions hold, then a function o can be con-
structed satisfying the conditions of Theorem 3.1.1. Let {vy,...,v,+} be a set of inde-

pendent vector fields defined on I'* such that 7,1 = span{vy, ..., v, }(z). As noted in

the proof of Lemma 3.1.3, global existence of these vector fields is guaranteed by the fact
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that, in Assumption 3, I'* is parallelizable. Condition (1) can be rewritten as
span{vy, ..., Ups, g, .- -, ad}‘_"*_lg}(:c) =R"

We use the flows of these vector fields to generate s-coordinates [15]. Choose any point

2% € I'* and consider the mapping F' defined as

*
ad®™ " -1

s @ 0. 0dy gofbgzi o~-~o<I>§i(x0). (3.4)

The map F : F7}(N) — N, where N is a neighborhood of I'*, is a diffeomorphism. Let

a(x) = spe41(x). (3.5)

By construction, any point x € I'* can be reached by flowing along vy, ... v,-. Therefore,

in s-coordinates, any point x € I'* is represented as

* «— row n*

thus in particular a(x) = 0, which proves that condition (1) of Theorem 3.1.1 is satisfied.

To complete the proof, notice that, by construction
Lad'}zfn*flga - 1

on N. By the assumption of involutivity, the vector fields adjcg, i€{0...n—n*—2} in
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s-coordinates have the form [15, Lemma 4]:
0
; 0

* «— rTOow n* + 2.

*

It readily follows that, on NV, Lad;ga(:c) =0,9=0,...,n—n*—2. Thus «a has a uniform

relative degree n —n* on I'. O

Remark 3.1.3. Theorem 3.1.4 has a nice geometric interpretation, refer to Figure 3.2.
In its proof, we use the flows of the vector fields spanning T, I'* to reach any point on I'*.
Then, using the flow of the vector field ad;ﬁ_"*_lg we are able to make the system’s state
leave the surface I'*. At that point, the remaining vector fields of the mapping (3.4)
span an involutive distribution. By Frobenius’ Theorem [12, 26, 36], this means that
through every point in a neighborhood of I'* there passes an integral manifold of such

distribution. Let S, denote the integral submanifold passing through x. We have that
T,S, =span{g.. .ad?_”*_2g}(x).

Hence, flowing along the g, adyg, . ..,ad”™™ =2 does not take the system’s state off of 3.
This is the key feature that allows us to conclude that the time, s,+,1, one flows along

ad;ﬁ_"*_lg does not change while flowing along g, adysg, .. ., ad;ﬁ_"*_zg.
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Figure 3.2: Depiction of the proof of Theorem 3.1.4

Example 3.1.1. Consider the following dynamical system and path to be followed.

3 0

T = 61 +x3 | T | 0 | U (3 6)
0 1 '

y = col (z1,x2), UI)\GRHCOI()\,()\+1)2).

The path satisfies Assumption 1 with D = R. The first part of Assumption 2 is satisfied

since

o) ={y e R*: 9y, — (y1 +1)* = 0}

One immediately has that
I={zcR®: 2y — (z; +1)*=0}.
Using Lemma 2.1.1 and Corollary 2.1.2 we obtain

F*:{l’erxg—Q:O}
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Therefore, we have that n* = 1. Since I' is defined by one constraint which yields a

uniform relative degree 2 on I'*, Corollary 3.1.2 trivially applies so that setting
a(z) = 2y — (27 +1)?

one can define a coordinate transformation 7" : z — col(¢(z), a(z), Lya(z)) yielding the

normal form (2.5). In this example we have

o(x)
T(x) = | x9 — (z; +1)*

.]73—2

As is customary in feedback linearization, one can define a smooth linearizing feedback
solving the maneuver regulation problem without actually computing the function ¢(z).

This is given by

f 1 2L/ f
Uu [[ ) 1, 2

In this example we have that L%a =0 and L,Lyar =1 and so the controller reduces to
u = —ky(zy — (21 + 1)) — koxs.
The zero dynamics f* in local coordinates are represented by
T =3,

hence f* is complete. Also, for all z € I'*, Lyh(x) = col(3,6x1) is bounded away from
zero, and thus in particular Assumption 3 is satisfied. A plot of output curves of the
closed-loop system is presented in Figure 3.3 with &y = 6 and ks = 7. This example
illustrates that input-output linearization of 2.4 is a sufficient condition for Problem 2 to

have a solution. We show in Section 3.5 that this condition is not necessary.
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Figure 3.3: Example 3.1.1: phase curves in output coordinates.

3.2 Linear Time Invariant Systems

In this section we specialize our results to the case of LTI systems with paths given
by straight curves passing through the origin (i.e., one dimensional subspaces). This
specialization places a restriction on the class of paths considered in Problem 2. The value
in this analysis is that it better illustrates some of the ideas of this thesis, and shows
how our solution recovers a well-known necessary and sufficient condition for output
stabilizability of LTI systems.

Consider the following n-dimensional single input linear system

T = Ax + bu
(3.7)

y = Cu,

(with y € RP) and, given a full rank D € RP=V*P_ define the path as o(R) := ker(D).
In the LTT case, we do not require that the path be given as a parameterized curve. It is

readily seen that o(R) satisfies Assumption 1. The lift of the path to the state space is

I' = ker(DC),
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and hence Assumption 2 is satisfied and in particular, when C'is full rank, dim ker(DC') =
n—p-+1 still holds. In the linear setting, I'* becomes the largest (A, b)-invariant subspace
contained in ker(DC'). Let F be a friend of I'*, i.e., a feedback matrix that makes I'* an
invariant subspace for (A + bF). Then, we have f*(x) = (A+ bF)x, which is a complete
vector field, and so Assumption 3(ii) is satisfied. Notice, however, that Assumption 3(i)

is not satisfied in this simplified setup because
Lyh(z) =C(A+bF)x

is always zero at the origin. Because of this (see Remark 2.2.2), we focus our attention

on just the stabilization problem. We thus seek to stabilize the output of the LTI system

&= Az +bu
(3.8)
y = C'v == DCx.
by means of state feedback. Following [17], we refer to this as the output stabilization

problem (OSP). In Problem 2, we require that the £ dynamics be in Brunovky normal
form. Thus in the spirit of Problem 2, we further require that the rate of decay of the
output to zero can be arbitrarily assigned (another way to say this is that the observable
modes of (A,b,C") can be pole-shifted). We refer to this as the output stabilization with
controllability problem (OSCP).

Following [17], partition C to distinguish between regions of the complex plane where

“good” (stable) eigenvalues and “bad” (unstable) eigenvalues lie,
C=C/Ict,

(where the symbol 1T is used to indicate disjoint union). Let m()) denote the minimal

polynomial of A and factor m(\) as
m(A) = mg(A)my(A),

where the zeros of m, and my, are in C? and C°, respectively. Let V,(A) = ker(m,(A))

and V,(A) = ker(my(A)) be the associated “good” and “bad” modal subspaces of A.
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Then, R" = V,(A)®V;4(A). Theorem 4.4 in [17] gives a necessary and sufficient condition

for output stabilizability of (3.8).

Theorem 3.2.1. OSP is solvable if and only if

Vi(A) C T* + Im([b Ab --- A" 'B]).

The theorem can be rephrased as follows ([17]): OSP is solvable if and only if the
bad modes of A can be made unobservable at the output or they can pole-shifted. The

following is an obvious consequence of Theorem 3.2.1.

Corollary 3.2.2. OSCP is solvable if and only if
R™ =T* +Im([b Ab --- A" '0]). (3.9)

Intuitively (3.9) states that all modes of A can be made unobservable at the output or
they can be pole-shifted.
We next seek to modify (3.9) to yield a decomposition of R which can be related to

transverse linear controllability (3.2). Recall that n* = dim(I'*). Then we have

Lemma 3.2.3. Condition (3.9) is equivalent to

R" =T* @ Im([b Ab --- A" ~1p)). (3.10)

For LTI systems, f(z) = Az and g(z) = b. Therefore, the Lie brackets ad}g are

computed in the following manner

adpg = [Az,b] = %Ax - %b = —Ab

adig = [f,adsg] = [Az, —Ab] = A%
Continuing in this way and noting that Im(—Ab) = Im(Ab), we conclude that in the LTI

case, transverse linear controllability (3.2) reduces to (3.10). This result gives
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Corollary 3.2.4. (OSCP) is solvable if and only if the system is transverse linearly

controllable.

Proof of Lemma 3.2.5. Sufficiency is obvious. We prove necessity. Assume that (3.9)
holds and recall that I'* is (A, b)-invariant by construction. I'* is (A, b)-invariant if and
only if

A" Cc I+ B, B:=Im(b).

We proceed via contradiction. Choose any 0 < k < n—n* —1 and assume that A*b € T'*,
then
AFtp € AT* C T + B.

A(AMD) € T* + B + Im(Ab).
Repeating this argument one concludes that

Im([A*b - A"7'0])) € T* 4+ Im([b Ab --- A*1D)),

and hence

dim(T* + Im([b Ab -~ A7) < n* +k < n,

contradicting the assumption that (3.9) holds. Thus (3.9) holds only if
Im([b -+~ A" )N T = 0. (3.11)
Further, (3.9) implies
dim(Im([b --- A" 1)) =n —n*.
In other words, it implies that forall 1 <k <n —n*—1
AR ¢ Im([b --- AM0))

for, if not, then A’b € Im([b --- A*7']), k <4 < n — 1, contradicting (3.9). This shows
that b,..., A"~ ~1p are linearly independent which, together with (3.11), yields (3.10),

as required. O
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On the other hand, we have the following

Lemma 3.2.5. Problem 2 is solvable if and only if (3.7) is transversally linearly con-

trollable.

Proof. We apply Theorem 3.1.4 to (3.7). First, notice that condition 2 is always satisfied

for LTI systems because in the LTI setting, f(x) = Az and g(z) = b. We have
Span{g e ad}L—n*—Q‘g} = Im([b e An—n*—2b])

which, being a constant distribution, is involutive. Explicitly

J ) (
O,y OA

ip =
ox 8:cAb 0

[Aib, ATp) =

forall 0 <4, j < n—n*—2 and involutivity follows. Theorem 3.1.4 states that a sufficient
condition for Problem 2 to be solvable is that (3.7) be transverse linearly controllable.

By Lemma 3.1.3, this condition is also necessary. O
We conclude that

Corollary 3.2.6. In the LTI case, Problem 2 is equivalent to (OSCP).

3.3 Solution to Problem 3

The following is an obvious result in the light of Theorem 3.1.1.

Theorem 3.3.1. Problem 3 is solvable if and only if there exists a function o : R* — R

defined in a neighborhood U° of some z° € T'* such that
1. T*NU°C{zr eU°: a(x) =0}

2. « yields a relative degree n —n* at 2°.
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Proof. (=) Let a = &Y, conditions (1) and (2) follow.

(<) Let £ = a(x). A partial coordinate transformation on U is given by
£) = L’Ji_la, ke{l...n—n"}.

We seek n* more independent functions to complete the transformation and yield the
correct form. This can always be done [26, Proposition 4.1.3]. From the proof of Theo-
rem 3.1.1 we have that the zero dynamics of the resulting normal form coincide, on U,

with I'*. 0

We now eplicitly show the coordinate transformation one obtains from the proof
of Theorem 3.3.1. By definition of relative degree, the distribution G = span{g} is
nonsingluar around z° and thus involutive. By Frobenius’ Theorem, there exists n — 1

real-valued function A\{(z),...,\2 (), such that
span {d\(z),...,d)\°_ .} = G*.

In the set {\(z),..., A% ,(2)} there exists n* functions (without loss of generality

n*

MN(x),..., A0 (z)) with the property that the n differentials do, dLa,. .. ,dL;ﬁ_"*_loz,
d\?, ..., d)\o, are linearly independent. The coordinate transformation yielding the nor-

mal form 2.5 in a neighborhood of z° is given by
Tz — (A(@), ..., A\ (2), (@), ..., & _pe(®)) .

) Sn—n*

Lemma 3.3.2. If there exists a function o : R" — R which satisfied the conditions of

Theorem 3.5.1, then

T.I* +spanfg, ..., ad} ™ 'g}(a") = R™

Proof. See the proof of Lemma 3.1.3. O
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Let
D =span{yg.. .ad?_”*_zg}. (3.12)

Theorem 3.1.4 proves that involutivity of D, together with transverse linear controlla-
bility, are sufficient conditions for the existence of a function « satisfying conditions (1)
and (2) in Theorem 3.1.1 and hence solving Problem 2. When the involutive closure of
D, inv(D), is regular at 2° € T'* (has constant dimension around z°, see Chapter A),
the next result provides necessary and sufficient conditions to solve Problem 3. These

conditions are easier to check than those in Theorem 3.3.1.

Theorem 3.3.3. Assume that inv(D) is reqular at z° € T*. Then Problem 3 is solvable

if and only if
1. TpoI™ + span{g, ..., ad}‘_"*_lg}(zo) =R"

2. ad}™" "'g(a®) ¢ inv(D)(a?).

Proof. (=) Assume that the conditions of Theorem 3.3.1 hold. By Lemma 3.3.2, (1)
holds. By definition of relative degree, in a neighborhood I'* N U°, da € D+ and
Lad?fn*flga # 0. Recall that da € D* implies da € (inv D)*. Since Lad?fnulgoz # 0,
one has that ad;ﬁ_"*_lg ¢ span{da}t and thus also ad}‘_"*_lg ¢ inv(D), showing that
(2) holds.

(<) Assume inv(D) is regular at z° and conditions (1) and (2) hold. This part
of the proof closely follows the idea of the proof of Theorem 2.3 in [%]. Notice that
n—n*—2 < dim(invD) < n— 1. If dim(inv D) = n — n* — 2 then essentially the
same proof of Theorem 3.1.4 applies and we are done. Hence, we focus on the case
n—n*—1<dim(inv D) <n — 1. As in the proof of Theorem 3.1.4, let {vy,...,v,+} be
a set of vector fields defined on I'* such that T,I'* = span{vy, ..., v, }(z), and generate

1

s-coordinates by flowing along the vector fields vy, ..., v, ad}‘_"*_ g,...,q with times

S1,...,8n, respectively. By condition (1), there exists a neighborhood U of x° such that
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the map F' defined as

*
ad®™ " -1

9 o... Y B o o PUL (0
S B9 0 o@ | ol 00 Bl (a”),

is a diffeomorphism of F'~*(U) onto U. Define the set
M:={x €U: spya(r) =" =s,(x) =0}

which is an embedded submanifold of U containing I'* N U of dimension n* + 1. The
submanifold M is the set of points reachable from I'* by flowing along ad;ﬁ_"*_l g. Since,
by assumption, inv (D) is regular at 2°, it follows that inv (D) generates a foliation by
integral submanifolds, S, in a neighborhood of 2° which, without loss of generality, we
can take to be U. Let S, denote a leaf of the foliation passing through z € I'* N U. On
rnu, T,M=T,I* —l—span{ad:ﬁ_"*_lg}. By condition (1) T, M + D = R", implying that
T.M +inv(D) = R" or, equivalently, T, M + T,.S, = R"™. This shows that, on I'* N U, M
is transversal to S and T, M NT,S, = T,I"*Ninv(D)(x) is a regular distribution. Let n be
its dimension. Since we are considering the case n—n*—1 < dim(inv D) < n—1, we have
that 1 <n < n*. Making, if needed, MNU smaller, let {01, ...,0;} be a set of vector fields
defined on M NU spanning T, M Ninv(D) on M NU. Choose additional n*—n vector fields
{41, .., Op } defined on T* N U such that T, = span{vq,..., 0, }(x) Ve € T*NU.

Then, by condition (1),
{,&1’ e 7@ﬁ, ®ﬁ+17 ey @n*7g’ cee ad?—n*_lg}

is a set of independent vector fields on I'*NU. Moreover, inv(D) = span{y, ..., 0} + D.
By making, if necessary, M N U smaller we can assume that the vector fields {vy,.. .,
Vs Gy v v - s ad;ﬁ_”*_l g} are independent on M N U. The domain of definition of the vector
fields involved in our construction is summarized as:

{Oas1, -, O o " NU

{t1,...,02} on M NU

{g,..., ad;ﬁ_"*_lg} on U.
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We use these vector fields to define the map G : G=1(U?) — U° (U° C U is a neighbor-

hood of z°),
adnfn*72 . .
9 R f U, R U1
p Hq)pn © © (I)pn*+2 °© (I)Pn*+1 °© © (I)Pn*mez
adnfn*flg R R
f Opx e Vg 41 (0
o q>10n*—ﬁ+1 © ®p:/*7ﬁ © o (1)1)71Z (ZIZ' )

Let P1 = (pl, ce ,pn*_ﬁ), P2 = (pn*_ﬁ+1, ey pn*+1), P3 = (pn*+27 ce 7pn)7 and define

GI(2) = @ o0 BT (a)

n—n*—1
Po/ 1y . i & adj 9,1
G2 (33 ) T CDPZ*+1 © © épn*ffH»Z © <1>Pn*fﬂ+1 (33 )
n—n*—2
Py 2y . 9 ady 2
Gy*(27) i= @) 00 @y, (27),

so that G(p) = GL* 0 G&? o GT'(20). For a fixed 2%, ' € T*N U, and 2> € M N U°,
each GZJ-D " is a diffeomorphism onto its image, thus G is a diffeomorphism onto U°. This
can be most easily seen by examining the order in which the various flows are composed.
In particular, since ¥p41,...,0,« are independent on I'*) the set of points reached by
flowing along these vector fields is an embedded submanifold, S, of dimension n* — 7,
contained in I'*. Next, since ad}‘_"*_lg, 01, ..., 05 are independent on M N U, the set of
points reachable from S by flowing along these vector fields is precisely M N U°. Thus
MNU={zeU: P3(z) =0} and T*NU° = {z € U : pp_as1(x) = 0, P3(x) = 0}.
Finally, the set of points reachable from M NU° by flowing along ¢, . .., ad;ﬁ_"*_zg is the

entire U°.

Choose a(z) = ppr_as1(x). Then T*NU° C {x € U’ : a(x) = 0} and thus condition
(1) in Theorem 3.3.1 is satisfied. By the involutivity of inv(D) = span{v,...,0:} + D,

the vector fields adjcg, i=0,...,n—n*—2, in s-coordinates have the form [15, Lemma
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4] o

0

. 0
adyg =

* — row n* —n+ 2,

*
and thus, on U°, Lad;ga =0,i=0,...,n—n*—2. It is also clear that Lad?wulga # 0
on U Thus the assumptions of Theorem 3.3.1 are satisfied. O

Corollary 3.3.4. Assume that inv D has constant dimension on I'* and that
1. T,I'* + span{g, . . ., ad;ﬁ_"*_lg}(x) =R" on T
2. ad;ﬁ_"*_lg(x) ¢ inv(D)(x) on I'™.

Then there exists an open covering {UW} of T* and a collection of transformations {T®},
with T =z — (20 D) € T* N U x R such that T* N UY = {¢0) = 0} and in

(29, D) coordinates the systems has the form (2.5).
Corollary 3.3.5. Ifinv D is such that for any 2° € I'*
dim (inv D)(2°) = n,

then Problems 2 and 3 are unsolvable.

3.4 State Maneuvers

In this section, we show that when y = z in (2.1) and D = S* the results obtained thus
far are equivalent to the results presented in [3]. See also [35]. The conditions presented

in [8, Theorem 2.1] for a global solution are

(a) dim (span{f*,g,..., ad;ﬁﬁg}) =non*
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(b) There exists a function a : R — R such that

(i) da # 0 on I'™.
(i) a =0on I

(iii) Lad}*ga =O0near [ fori=0...n—3.

Lemma 3.4.1. Conditions (a) and (b) above hold if and only if the conditions of Theo-

rem 5.1.1 hold.

Proof. (=) Assume conditions (a) and (b) hold. Condition (b.ii) is the same as condition
(1) in Theorem 3.1.1. Next, since f* is by definition tangent to I'*, condition (b.ii)
implies that Lo = 0 on I'*. This, together with condition (b.iii), implies that, on I'*,
span{da}* = span{f*,g,..., ad?:?’g}. By condition (a), necessarily Lad?;:«;ga # 0 on I'™.
This, together with condition (b.iii) shows that « yields a relative degree n — 1, which is
precisely condition (2) in Theorem 3.1.1.

(<) Assume the conditions of Theorem 3.1.1 hold. Condition (a) holds by Lemma 3.1.3.
Condition (b.ii) is identical to condition (1) in Theorem 3.1.1. Finally, since « yields a

relative degree n—1 (recall that here n* = 1), conditions (b.i) and (b.iii) are satisfied. O

In the local case, consider the distribution D, in (3.12), with n* = 1. The conditions

presented in [8, Theorem 2.4] are
(a) dim (span{f*,g,..., ad?:QQ}) =non '™
(b) The distribution D is either

(i) involutive or

(ii) dim(inv D) =n — 1 in a neighborhood of I'* and f* € inv D on I'*.

Lemma 3.4.2. Conditions (a) and (b) above hold if and only if the conditions of Corol-

lary 3.53.4 hold.
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Proof. (=) Assume (a) and (b) above hold. Then we just have to show that condition
(2) of Corollary 3.3.4 holds. If D is involutive then (a) immediately gives (2). Otherwise,
since f* € inv D on I'*, condition (a) implies condition (2).

(<) Obvious. O

A key difference between the normal form presented in this paper (2.5) and the one
presented in [3] lies in the structure given to the vector field fj in (2.5). In the case n* =1
the following procedure illustrates how to obtain the normal form presented in [8]. Fix
a point zo € I'* and define the map t — ®; (2°) and its inverse ¢’ : I'* — ¢/(I'*). Note
that, by Assumption 3(ii), ¢’ is globally defined and that, when D = S, ¢/(I'*) = S
By construction L@’ =1 on I'*. Let 2z = ¢'(x) and let §; = ch_la, i=1...n—1. With
this transformation, together with the feedback

—L:ﬁ_la +v
U= —FT—F—75—
LyL} %

one obtains

z=1+ fi(2,£) + go(z, v

=6
(3.13)
En2 =bna
En1 =0,
(fi(2,0) = 0) which is the normal form as presented in [3]. It is interesting to note that

the normal form of [8] is also valid when D = R (in such a case, the domain of z is
¢'(I*) = R rather than S*).

When n* > 1, the normal form (3.13), could perhaps be generalized by finding a
partial coordinate transformation z = ¢(x) yielding Z = col(1,0,...,0) on I'*. This is
always possible locally. Doing so globally amounts to finding a global rectification for a

vector field on a manifold. We are not aware of a method to accomplish this.
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3.5 On Relative Degree

Based on the results presented thus far, natural questions one may ask are:

(i) If none of path constraints yield a well defined relative degree, can Problems 2

and 3 still be solved?

(ii) If one of the constraints yields some well defined relative degree r, with r # n —n*,

can this constraint be used as a?

In this section we show that the answer to (7) is yes, while the answer to (i) is no.
Recall, by assumption, the desired set I' is represented as the zero level set of p — 1

functions

L= {z: 1(h(2) = ... = 1 (hlx)) = O}.

3.5.1 The case p =2

The case when p = 2 deserves special attention because many important applications of
path following to mobile vehicles have two dimensional output spaces (this is the case,
e.g., for unicycles, cars, hovercraft’s, and trailer systems). Furthermore, when p = 2, a

curve in the output space is represented by just one constraint,
(D) =~71(0), where v:RP — R.

Thus, the problem of driving the system output to o (D) is equivalent to that of stabilizing
the output of the following SISO system,
&= f(z) +g(z)u

y = yoh(x).

(3.14)

The typical approach to stabilizing the output of a SISO system is to check whether
(3.14) has a well-defined relative degree and, if so, to perform input output linearization

(this approach has been followed, e.g., in Example 3.1.1). It is easily seen that, in the case
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p = 2, Corollary 3.1.2 states precisely that a sufficient condition for Problem 2 to have a
solution is that (3.14) has a well-defined relative degree r. In fact, if (3.14) has a well-
defined relative degree r, then necessarily r = n — n*. For, the zero dynamics manifold
of (3.14) is by definition the maximal output zeroing submanifold or, equivalently, the
largest controlled invariant submanifold contained in I' = v o h(x), and thus it coincides
with I'*. Therefore, we conclude that, when p = 2, the answer to question (i7) is negative.

With regards to question (i), one may wonder whether the condition that (3.14) has
a well-defined relative degree is also necessary. This is equivalent to asking whether, in
the case p = 2, the class of systems for which Problem 2 is solvable is made by systems
with output v o h which have a well-defined relative degree. We now show, by means
of a counter-example, that the answer to this question is negative, and thus the class
of systems for which Problem 2 is solvable is larger than the class of systems with a

well-defined relative degree (from the output 7 o h).

Example 3.5.1. Consider the system
T1 = X3+ 21U
iy =1 y = col(xy, z2), (3.15)
T3 =1u

and the path o : R — R? defined by A — col(0,\). Then o(R) = {y € R? : ; = 0}. Let

v(y) := y1. Then, the lift of the path to the state space is
I =v0h™(0)={z €R®: 2, = 0}.

The SISO system
Zii'l = T + 21U

iy =1 y'=7o0h(z) =, (3.16)

j:g,:u
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does not have a well-defined relative degree anywhere on the set {x; = 0} because
Ly(y o h) = z1 changes sign in any neighborhood of {z; = 0}.
Application of the zero dynamics algorithm gives that the largest controlled invariant

submanifold contained in I' is

I'"={z:2 =23 =0}

_ 0

Thus n* = 1 and the smooth feedback rendering I'* invariant is u* = 0, yielding f* = Bag"

We now check the sufficient conditions of Theorem 3.1.4. We have

0 0 0
g = xla—xl + 8—1’37 CLdfg = (LL’3 - 1)0—3:1

Thus, for all x € T'*,

o 0 B s
axQ’axg’_axl}_R

T,I'" + span{g, adsg}(x) = span{
showing that the system is transversely linearly controllable and condition (1) in Theorem
3.1.4 is satisfied. Condition (2) is also satisfied because span{g}, being one dimensional,
is involutive. We conclude that, despite the fact that (3.16) does not have a well-defined
relative degree, by Theorem 3.1.4 we know that there exists a solution to Problem 2.
By following the semi-constructive procedure outlined in the proof of Theorem 3.1.4 we

can actually compute an output function a solving the problem. To this end, we choose

2% = 0 and construct the map
d *
sz =09 oy’ o ®I(0).

We have
s1— ®7(0) = col(0, s1,0)

(52,p) — sy’ (p) = col((ps — 1)s2 + p1, pa, ps)

(837 q) = (I)gg (q) = C01<683q17 q2, S3 + Q3)

The composition of the maps above gives

P9I o @?jfg o q>§1(0) = col(—s9€™, 51, 83).
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We next find the inverse x — s,

z3

s1(x) = 2, so(x) = —w17, s3(7) = 3.

Finally, we pick a(z) = so(x) = —z1e . We indeed verify that this output meets the
two necessary and sufficient conditions to solve Problem 2: (i) I'* C {z : a(x) = 0}
(when z; = 23 = 0 one has @ = 0) and, (ii), the system with output « has a well-defined
relative degree n — n* = 2 in a neighborhood of I'™*:

Lya=—zle™ 4217 =0

LyLioo = —e ™ 4 23e7™ #0 Vo eI,
This example satisfies Assumption 3 since

Lyph = (dh, —

This indicates that in stabilizing the auxiliary output y = v o h(x), the original system
output y = h(x) remains unstable and the result is that the path is traversed by this

system.

3.5.2 The case p > 2

When p > 2, the problem of driving the system output to o(D) is equivalent to that of

stabilizing the outputs of (2.4), rewritten below for convenience
&= f(x) +g(x)u

Yo =m0 h(z)

y;_l = Yp_10 h(zx).
In the case p > 2, we must stabilize all p — 1 outputs. This implies that, Problem 2
can only be solved using o = 7z o h if the relative degree associated with {f, g,z o h} is

precisely n — n*.
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As we did for the case p = 2, we now show, by means of a counter-example, that
even if none of the constraints of a system with p > 2, yield the desired relative degree,

Problem 2 may still be solvable.

Example 3.5.2. Consider the system

i’l = T3+ 21U
Lt‘g = 1
y = col(z1, x2, 14), (3.17)
i’g = U
i’4 = X1 + T4u
and the path o : R — R3 defined by X — col(0,X,0). Then ¢(R) = {y € R3: y; = y3 =

0}. Let v1(y) := y1 and v5(y) := y2. Then, the lift of the path to the state space is
F=~0h(0)={z€R®: 2, =24 =0}.
The SIMO system

T1 = X3+ T1U
To=1
y' =7 oh(zx) = col(xy, 14), (3.18)
T3 =1u
Ty = X1 + T4l
does not have a well-defined relative degree associated with either output anywhere on
the set {xy = x4 = 0} because Ly(y1 0 h) = 21 and Ly(v; o h) = x4 both change sign in
any neighborhood of {z; = =4 = 0}.
Application of the zero dynamics algorithm gives that the largest controlled invariant

submanifold contained in I' is

I={z:21 =23 =24=0}.

__ 0

Thus n* = 1 and the smooth feedback rendering I'* invariant is v* = 0, yielding f* = 7.
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We now check the sufficient conditions of Theorem 3.1.4. We have

9 0 0 _ 0 2,
g_x18—x1+8—x3+x48—3:4’ adsg = (23 1)83:1’ adf9—<1 3)

0

Oy’

Thus, for all x € T'*,

o o 0 a}:R4

T,I" adgg,adig}(x) = span{ -, 5~
+ span{g, adyg, ad;g}(z) = span Oxy’ Oxs’  Oxy Oz

showing that the system is transversely linearly controllable and condition (1) in Theorem
3.1.4 is satisfied. As for condition (2), we must check that span{g,ad;g} is involutive,

which is the case since

0 2—1’3
lg,adsg] = (2 — 1’3)8—lel e 1adfg € A.

We conclude that, despite the fact that none of the outputs of (3.18) has a well-defined
relative degree, by Theorem 3.1.4 we know that there exists a solution to Problem 2. By
following the semi-constructive procedure outlined in the proof of Theorem 3.1.4 we can
compute an output function « solving the problem. To this end, we choose 2° = 0 and

construct the map
adfg adftg f*
s x =09 o dg" 0Dy, 0 DY (0).
We have
s1— ®7(0) = col(0, 51,0,0)
ad?
(s2,p) q)szfg(P) = col(p1, p2, p3, (1 — p3)s2 + pa)
ad
(837 q) = q)SBfg(q) = COI((Q3 - 1>S3 + q1, 42,43, q4)
(84,7) > (I>§4(r) = col(e™ry,ry, 54+ 13, €74).
The composition of the maps above gives

adpg ad?g * s s
D9 0 05y’ 0 By, 0 @1 (0) = col(—sze™, 51, 54, 52€™).

We next find the inverse x — s,

—T3 z3

s1(x) = 9, so(x) = z4e™ ™3, s3(x) = —1167 "3, sy4(x) = 3.
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Finally, we pick a(x) = so(z) = x4e~ ™. To verify that this output meets the necessary
and sufficient conditions to solve Problem 2: (i) I'* C {z : a(z) = 0} (when z; = 23 =
x4y = 0 one has o = 0) and, (ii), the system with output « has a well-defined relative

degree n — n* = 3 in a neighborhood of I'*:

Lo = —z4e™™ + 247 =0
LyLio =17 — 2167 =0

LyLja = —e ™ +x3e”™ #£0 Vo eI™

This example also satisfies Assumption 3 since

0

Leh = {dh. —
! ( e

) =1

again indicating that the path is traversed by this system.

Another such example for the case p > 2 can be found in [3, Example 3.1].



Chapter 4

Applied Transverse Feedback

Linearization

This chapter presents various application examples of the results presented in Chapter 3.
In presenting these examples, the value and the limitations of our solution to the ma-
neuver regulation will become apparent. In particular, it will be shown in some cases a
simple procedure can be used to design a smooth feedback control solving the maneuver
regulation problem. In other cases, we find that Problems 2 and 3 are unsolvable, even

when a solution is known to exist to the general maneuver regulation problem, Problem 1.

o7



CHAPTER 4. APPLIED TRANSVERSE FEEDBACK LINEARIZATION 58

4.1 Kinematic Unicycle

4.1.1 Following a circular path

Consider the kinematic model of a unicycle with fixed translational speed v # 0 and a

circular path to follow of radius 1.

v COS I3 0
T=| ysinag | T |0 |u
(4.1)
0 1

y = col (z1,13), o:X€ S col(cos\,sin)).

See Figure 4.1 for a depiction of the unicycle. For this system we have n = 3, p =2 and h

is of clags C'*°. First, we will show that the various assumptions introduced in Chapter 2

1 =Y

Figure 4.1: Unicycle coordinates

are indeed satisfied. Assumption 1 is clearly satisfied with I = S* and furthermore, (D)

can be represented as the pre-image of a map 7 : R? — R

U(D)Z{y€R2:v(y)=yf+y§—1=0}-

The lift

D={z:v(hx)=0}={z: 2} +22-1=0}

is obviously a submanifold (a cylinder). Using Lemma 2.1.1 we obtain

I={x el :x cosxs+ x9sinzg = 0},
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therefore, n* = 1. Since I' is defined by one constraint which yields a uniform relative

degree 2 on I'*, Corollary 3.1.2 trivially applies so that setting
afr) =27 + 25 — 1

one can define a coordinate transformation 7" : z — col(¢(z), a(z), Lra(z)) yielding the
normal form (2.5). As is customary in feedback linearization, one can define a smooth
linearizing feedback solving the maneuver regulation problem without actually computing
the function ¢(z). This is given by

f 1 2L f
Uu [[ ) 1, 2

or in coordinates

" —20% — ky (22 + 22 — 1) — ko(21 cos 23 + T sin:cg,)7 Fus ks > 0.

2v(x9 cos xg — x7 8in x3)

The zero dynamics f*, which correspond to the system dynamics when constrained to

evolve on I'*, in local coordinates are represented by
T3 =,

hence f* is complete. Also, for all z € R®, L;h(z) = col(vcos s, vsinzs) is bounded
away from zero, and thus in particular Assumption 3 is satisfied. A plot of output curves

of the closed-loop system is presented in Figure 4.2 for the case v = 1 with k; = kg = 1.

Remark 4.1.1. A very interesting property of the solution presented above is the re-
maining degree of freedom in the control. Notice that the velocity control was not used
to stabilize the system to I'* (the geometric task associated with maneuver regulation).
Since the zero dynamics represents the dynamics on the path, we are free to assign dy-
namics while traversing the curve by choosing the appropriate velocity control. Therefore,
this solution leaves an extra degree of freedom in the control (as opposed to say, chained
form solutions) which can be use to solve the dynamic task associated with maneuver

regulation.
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Figure 4.2: Kinematic Unicycle: Phase curves in output coordinates of a unicycle system

following a circular path.

The unicycle example was easily solved by using the lone path constraint. We have
shown that there exist cases where this approach will not work. In those cases, the
results of Theorem 3.1.4 become relevant as seen in Examples 3.5.1 and 3.5.2. We now
apply the semi-constructive procedure of Theorem 3.1.4 to the unicycle system (4.1). Use
Lemma 2.1.1 to get the mapping I'* = H~1(0). Solve T,I'"* = ker dH and obtain

. 0 0 0
T,.I'" = span <—x2 oz, + xlaxg + (%3)

Choose 2 = col(1,0,%) € I'* and generate the the mapping F defined as

g adgg X /.0
s+ @ 0 dy,"" 0 DL (27)
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where span{ X }(x) = T, I"*. We get

v cos (s1)S2 + cos (s1)
r=F(s)= | vsin(s;)sy +sin(s;) | - (4.2)

83+81+g

A function « satisfying the properties of Theorem 3.1.1 is found by inverting (4.2)

and setting a(x) = so(x).

ae) =sale) = 7 (et a3 - 1) (1)

Theorem 3.1.4 actually recovers a function whose differential spans the same co-distribution
as the « function obtained using one of the path constraints. Expression (4.3) is not dif-

ferentiable at (z1,22) = (0,0), so it should not be used directly.

4.1.2 Following arbitrary paths

More can be said about the unicycle with the aid of Theorem 3.1.4. Consider the problem
of maneuvering the output of the unicycle to any curve o(ID) satisfying Assumption 1
with r > 2. In this special case Assumption 2 is not needed. Specifically, we do not need
to assume that there exists a submersion v such that o(D) = v7(0) because the lift
of (D), T, is always an embedded submanifold of dimension 2 (a generalized cylinder
' = ¢(D) x R) and Assumption 3 is always satisfied. To see why the latter is true,
refer to Figure 4.3 and observe that the nonholonomic constraint of the unicycle yields
I ={xeR®: z=(0(t),arctan2(5(t))),t € D}, where arctan2 : R x R — R denotes the
smooth arctangent function. Hence, ['* is a well defined closed submanifold of dimension
1. To show that f* is complete, assume without loss of generality that ¢ is unit speed,
i.e., ||&|| = 1. Then, the flow of f*, t — ® = (o(vt), arctan(vé(vt))) is well defined for

all t € D. Next, the conditions of Theorem 3.1.4 reduce to

T,I'* + span{g,ad;g} = R* on T*,
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Y2,

bl \COS$3)

T

Figure 4.3: Maneuver regulation for the unicycle with forward velocity v = 1.

where adyg = col(vsinzs, —v cos x3, 0). Simple geometric considerations (see Figure 4.3)

show that, for all x € I'*,

T.T" = span{f*, g} () = T,T™ + span{g}(x)

and
span{ad;g}(x) = (T,I')".

Theorem 3.1.4 can thus be applied to conclude that Problem 2 has a solution. Here
Theorem 3.1.4 allows us to recover the well known fact that unicycles with constant
forward velocity can follow any smooth regular curve on the plane.!

The unicycle example demonstrates that in practice, when p =2, and 0 € C", r > 2,
it is natural and more fruitful to try to use the sole constraint defining the submersion ~y
as the desired function a.

Consider a kinematic model of a unicycle with fixed translational speed v # 0 and an

! Actually, Theorem 3.1.4 partially recovers this well-known property of unicycles in that it requires
that the curve o has no self-intersections (see Assumption 1(iii)).
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arbitrary parameterized path to follow.

U COS T3 0
T=| vsinag | + |0 |u
(4.4)
0 1

y =col(z1,22), 0:A€D— col(o1(N),02(N)).
Lemma 4.1.1. If the curve o in (4.4) satisfies assumptions 1 with r > 2 then Corol-

lary 3.1.2 applies to the unicycle system.

Proof. Assume o satisfies Assumptions 1 with » > 2. We have already seen that As-
sumption 2 and part of Assumption 3 are automatically satisfied. Then there exists a
map 7 : R? — R such that (D) = y~!(0). The lift of this path is a generalized cylinder
given by

I'={x:vo0oh=0}.

The linear output of the unicycle ensures that v will solely be a function of the posi-
tion coordinates x; and z5. Check the conditions of Corollary 3.1.2 using the standard

definition of relative degree for SISO systems [20].

a = 7(z1, 72)

oy oy
a=1L Lyu =vcosrs—— +vsinry3——
2 2 2 0 2 2 0
&= Ly + LyLyyu = v°cos” w3 + v sin” 53—+
f g dx? dx3
2 sin x5 cos 827 + Ccos T il sin x il
inxz Tg—r v — — sl — Ju
3 38(1’1,1’2) 38$2 382[‘1

We fail to achieve the desired relative degree of 2 at any x € R3 where

O
x3 = arctan <aa—9fy2>, (4.5)

oy

which cannot occur Vz € I'*. O

Expression (4.5) has a geometric interpretation at points where relative degree is not

well defined. Relative degree is lost at points where the unicycle’s heading coincides with
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the normal direction to the curve, see Figure 4.4. Clearly, this cannot happen when

xz el™.

Yo = Tg

xs3 Y1 =1

Figure 4.4: Geometric interpretation of condition (4.5).
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4.2 Rear-wheel driving car-like robot

Consider the kinematic model of a rear-wheel drive car-like robot with fixed translational

speed v # 0 and unrestricted steering angle.

U COS I3 0
v sin a3 0
T = + U
7 tanmy 0 (4.6)
0 1

y = col (1, xs) .

In this example, we assume that 2 € R* when in fact 2 € R?* x §' x (—=Z,3). See
Figure 4.5 for a description of these coordinates. First we investigate some of the general
properties of this system with the aid of the results from Chapter 3 and then present a

specific example.

n

X1

Figure 4.5: Kinematic state space variables of a car-like robot
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4.2.1 Following arbitrary paths

Consider the problem of maneuvering the output of the car-like robot (hereafter referred
to as simply the ’car’) to an arbitrary curve (D) satisfying Assumption 1 with r > 3. As
in the case of the unicycle, we have that the second part of Assumption 2 is unnecessary.
The lift of o(D) is always an embedded submanifold of dimension 3 (I' = ¢(D) x R?).
Unlike the unicycle, the car has a model singularity when z, = +7 + 2k7. This may
constrain the class of curve which can be followed. Observe that the nonholonomic

constraint of rolling without slipping implies that

= {:c € R': x = (0(s), p(s), arctan (égp(s)) , 8 € ]D)}

where ¢ = arctan2 (6(s)) is the angle of &(s) with respect to the positive y; axis, and
arctan2 : R x R — R denotes the smooth arctangent function. Assume, without loss of
generality, that ||| = 1, then ¢(s) is precisely the signed curvature of o. Therefore, on
the path, the steering angle x4 is constrained to be a function of the signed curvature
of 0. Admissible curves are ones for which the curvature does not cause the model to
become singular. Since the model singularity occurs as ¢ — oo, we conclude that I'*
is indeed a well defined closed submanifold of dimension 1 for any smooth curve o. A
constraint on the steering angle of (4.6) would appear as a restriction on the maximum
allowable curvature, k.., of the path, i.e., |¢(s)] < kpae. Assumption 3(i) holds since
|Ls«h|| = || col(v cos 3, vsinxs)|| = |v| is bounded away from zero.

The second part of Assumption 3 deals with the completeness of f*. Assume, without
loss of generality, that ||| = 1. Following the path o(D) generates a map ¢ — & =
(o(vt), @u(t), arctan (£5,(t))), where p,(t) = arctan2 (vé(vt)) and arctan2 : R x R — R
denotes the smooth arctangent function. This map is well defined for all ¢ € D and so
we conclude that f* is indeed complete.

Checking the conditions of Theorem 3.1.4, we require that

T,I'" + span {g, ad;g, adfcg} =R*,
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where
adrg = Y (1 + tan? :c4) i
f 14 81’3
2 0 2 0
adffg = —% sin 3 (1 + tan? :B4) + 0—1'1 + % COoS X3 (1 + tan? :B4) 0—332
Since I' = ¢(D) x R?, we immediately see that T,I' = T,I"* + span {g,ad;g}. This is

an immediate consequence of the fact that both g and ad;g are orthogonal to 6%1 and

9

Bag- Then, since span {ad%g} L T" provided x4 # 4% + 2km, we conclude that transverse

linear controllability holds at points where x4 # 3 + 2km.
Since n* = 1, we check if the distribution span {g,adsg} is involutive. For the car

system (4.6), involutivity holds since

2 0
—fv(l + tan? x4)tanzv4) — € span{g, adsg}.

l9, adsg] = < ot

The conditions of Theorem 3.1.4 are satisfied and therefore we conclude that Problem 2

has a solution.

Lemma 4.2.1. [f the curve o in (4.6) satisfies assumptions 1 with r > 3 then Corol-

lary 3.1.2 applies to the car system (4.6).

Proof. This proof is identical to the the proof of Lemma 4.1.1. The difference being that
we require a higher class of smoothness from ~ since I'* is now embedded in a higher
dimensional ambient space.

The desired relative degree of 3 fails at points for which

20 20
<—%8—; sin g + %8—532 cos x3> sec?zy =0 (4.7)
which cannot occur Vz € I'*. O

We fail to achieve the required relative degree of 3 at points in the state space
where (4.7) holds. This has the same geometric interpretation as for the case of the

unicycle. The second interesting aspect of the expression (4.7) is that it allows us to
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recover the model singularity. If relative degree is well defined, then the control

.« Ly
- _ —=—
LgL3y % (5?—;’2 COS T3 — 88—;’2 sin :173> sec2 xy

makes [ invariant. When the model singularity is encountered, we have that seczy —
00. Thus, the relative degree remains well defined, however, the feedback u* vanishes.
Therefore, the 24 dynamics vanish and the system gets jammed’ at 24| = § + 2k7 and

the car stops traversing the path (the differential model of the car becomes singular).

4.2.2 Following paths generated by 4" order splines

Let us now look at more specific and useful application example. Again, consider the
kinematic model of a rear-wheel drive car-like robot with fixed translational speed v # 0
and unrestricted steering angle (4.6). We attempt to follow a path generated by 4
order splines. Splines are useful in path generation since they can be utilized to model
arbitrary paths by connecting splines to create a piecewise smooth polynomial. The final
spline can be made arbitrarily accurate by increasing the number of polynomials and can
be made arbitrarily smooth by increasing the order the polynomials. In general, we can
enforce that n'* order splines belong to the class C™"~!. In this example, we are using 4"
order splines and so the best we can achieve are C? curves. Note that each polynomial
is C, it is only when we join them that we lose smoothness.

Recall [10] that the knots of a spline are a set of real numbers representing the
values of the dependent variable where one polynomial ends and the next begins. Let K
represent an ordered collection of knots and let I represent an index set of all piecewise
polynomials. Introduce the following notation to represent the spline we wish to follow,
which may have an arbitrary number of knots

4
c:AER— (A, DY (ak(A = K)) (A - K;) — 1(A — Km))) (4.8)
iel j=0

where 1(¢) is the unit step function. Figure 4.6 shows a typical spline curve. We enforce
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yn(u)

| | | | v
Kﬁot 0 Knot 1 Knot 2 Knot n Knot n+1

Figure 4.6: A typical spline curve in R?

that the spline be the graph of a function in R?. This guarantees injectivity and proper-
ness and therefore this class of curves satisfy Assumption 1. Let o; represent a single
segment of the spline. Then, Assumption 2 is also satisfied since for each segment of the

spline we have that

0i(D) = {y € (K Kipa) x R yp = D af(n — Ko = 0}

J=0

which yields

o(D) = Uai(]D).

We have seen that for any o satisfying Assumption 1, I' is a well defined regular sub-

manifold.

F:U{l’e (KiaKi—i-l) XR?’ IZL’Q—Z;Q;(ZEl —Kz)] :0} (49)

iel
Using Lemma 2.1.1 we can obtain a characterization of I'*. By Lemma 4.2.1, in each

knot interval we can use the sole constraint defining I' and apply Corollary 3.1.2
4
Oél(.ilf) = T9 — Za;(xl — Kl)j
j=1
Define a coordinate transformation in each knot interval (K, K;11),

T; : x — col(pi(z), (), Lyay(z), L?ai(:v))
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yielding the normal form (2.5). The smooth linearizing feedback solving the maneuver

regulation problem is

—Lgoz,-—k:ai—kLozi—k‘Lzozi
w = —1 1LLf:f ST ke ke ks > 0.
g )

In order to traverse the entire path, the controller must switch from wu; to u;,1; when x
switches from knot interval (K;, K;1) to (K;i1, Ki12). The controller u; is a function
of the path constraint and its first 3 derivatives. Thus, in order for the switching to be
bumpless, we require a 4" order or higher spline. Figure 4.5 presents various simulation
results on the car system following a 4 order spline consisting of 38 knots. In this
simulation the linear gains were chosen to be [k1, k2, k3] = [6, 7, 8] with v = 50 and
¢ = 15. This particular spline represents an approximation of the Toronto Indy race

track.

4.3 Kinematic Hovercraft

We investigate the maneuver regulation problem for a kinematic hovercraft system model
derived from the basis of an underactuated ship. The complete model, as taken from [39],

18

24 COS T3 — T SiN T3y 0 0 0
T48in x3 + T5 COS T3 0 0 0
_ Tg 0 0 0
T = + Uy + Ug + us
ma2 _ dn 1
e Tqy e Ty i 0 0 (410)
_miy _ daz 1
m22 x4x5 ma22 x5 m22 O
mii _ ma22 _ ds3 1
| ma2 Lals ma33 L4Ls ma33 Lo | 0 | L 0 | | ma33

y = col (z1,x2) .

Note that model (4.10) is kinematically equivalent to a spherical underwater vehicle

moving in a plane [28]. See figure (4.8) for a picture of the hovercraft’s state variables.
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Figure 4.7: Example 4.2: Phase curves in output coordinates of Car-like vehicle following

a 4™ order (C?) spline.

In order to put the hovercraft (4.10) into the current framework, we design the following

preliminary feedbacks in order to get constant surge and sway velocities x4 = x5 = v.

d
(A1 (LL’) = mi (il@ — @1’41’5 + ]ﬁ(flf4 — U))

mi; myy
myy da
UQ(ZL’) = M2 (m—ZL’4ZE5 + m—ZL'5 + k‘g(l’g, — U)
22 22

with ki, ks > 0. We can eliminate the x; and x5 dynamics from (4.10). Furthermore,
we adopt the reasonable simplifying assumptions from [39] and let my; = mg, dz3 = 0
and ms3 = 1. The assumption that mi; = mags corresponds to assuming that the vessel
is symmetric with respect to the x4 and x5 axes. The d;; terms represent hydrodynamic

damping coefficients which we ignore. There is no loss of generality in assuming ds3 = 0
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Figure 4.8: Kinematic Model of a Hovercraft.

since it can always be eliminated using a preliminary feedback. Finally, mgs3 simply acts
as a scaling factor on the control input us, so there is no loss of generality in setting it

to 1. With these assumptions we obtain the simplified underactated hovercraft vessel

system
U COS T3 — ¥ Sin a3 0
vsinxs + v cos x3 0
T = + U
T4 0 (4.11)
0 1

y = col (1, xs) .

4.3.1 Following arbitrary paths

Consider the problem of maneuvering the output of (4.11) to an arbitrary curve o(D)
satisfying Assumptions 1 and 2 with » > 3. The situation here is similar to that en-
countered for the car in Section 4.2. The lift of o(ID) is a well defined submanifold of

dimension 3 (I' = (D) x R?). Unlike the car model, the hovercraft model, does not have
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a singularity. The underactuated nature of (4.11) can be used to characterize I'* as

I = {z € R*: v = (0(t),arctan2 (5(t)) arctan2 (¢(t))) ,t € D}.

T
"o
Here x4 is constrained to be exactly the signed curvature of ¢ on I'*. We deduce
that I'* is well defined and n* = 1. Furthermore we have that Lyh = col(vcosxs —
vsin s, vsin xz+wv cos x3) is bounded away from zero. Finally, if we assume that ||o|| = 1,
then in order for the hovercraft system to follow o(DD), we have that f* generates a flow
t — & = (o(vt),arctan2(ve(vt)) — 2.4 (arctan2 (vo(t)))) which is well-defined for
Vt € D. Therefore, Assumption 3 is automatically satisfied.

Theorem 3.1.4 can be applied to the hovercraft system. Checking the transverse linear

controllability condition with n* = 1 and n = 4 we require
T,I'" + span {g, adyg, adfcg} =R%

In this case we have that

0 0
adsg = 92y ad;g = (—vsinzz — v cos x3) prn + (vcosx3 — vsinxs) Fr

It is easy to check that transverse linear controllability holds since T,I' = T,I'* +
span {g, adsg}(x) and just as in the case of the car, span {ad7g} L T.

Next, we check that the desired distribution is involutive. It turns out to indeed be
involutive (in fact, the vector fields commute). Therefore, by Theorem 3.1.4, we conclude

that Problem 2 has a solution.

Lemma 4.3.1. If the curve o in (4.11) satisfies Assumption 1 with r > 3 then Corol-

lary 3.1.2 applies to the hovercraft system (4.11).

Proof. This proof proceeds in the same fashion as the proof of Lemma 4.1.1 and Lemma 4.2.1.
Again we require that o be at least C? since I'* is embedded in R*.

For the hovercraft, we obtain that the desired relative degree of 3 fails at points for
which

0 : oy , .
<a—;2 (cosxz —sinxg) — 5—2771 (sin 3 + cos x3)> = 0. (4.12)
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The relative degree is ill defined when the hovercraft’s heading angle is orthogonal to the

desired maneuver. This cannot occur Vx € I'*. O

4.3.2 Following paths generated by 4" order splines

Finally, we will apply the above discussion to solve the maneuver regulation problem for
the hovercraft when the desired path is generated by 4™ order (C?) splines. For each
segment of the spline, we can use the sole path constraint v(x) to generate the controller
valid on the corresponding knot interval, just as was done for the car. Figure (4.9)
presents various simulation results for the hovercraft following a cubic spline with 3
knots. The splines approximate the coast line of Lake Ontario near Toronto. Note, that
like the car example, the hovercraft requires that the splines be at least C® in order to

obtain bumpless switching.

O*

= = Desired Path
—— Hovercraft Trajectories

100

200

400 -

500

| | | | | | | |
0 100 200 300 400 500 600 700 800
BF = Y2

Figure 4.9: Hovercraft output trajectories following an approximation of the Lake Ontario

coast line near Toronto.
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4.4 1-trailer Systems

In this section we investigate the use of transverse feedback linearization on n-trailer
systems with n = 1. We fix the translational velocity of the front vehicle to some v # 0
and then attempt to solve the maneuver regulation problem for the final trailer using
solely the steering input. We will show that transverse feedback linearization cannot be

applied to the 1-trailer system.

Trailer systems have garnered a lot of attention in the control systems literature on
motion control. Examples of works dealing with articulated vehicles or trailer systems
include [1, 5, 6, 7, 11, 18, 21, 41, 42 13]. The literature distinguishes between two types
of trailer systems, the standard trailer system and the general trailer system [!]. The
standard n-trailer system is one where there is no off azle hitching. Each axle is hitched
to the preceding trailer by means of a rigid bar. This is the trailer system investigated by
Fliess et al. [21]. Tt is a differentially flat system and can be transformed into the chain
form [13]. The general 1-trailer is one which has off axle hitching. That is, trailers are
attached not exactly in the middle of the preceding axle, but at a positive distance from
it. Here we consider standard trailer systems modeled with a unicycle as the tractor or
lead vehicle. See figure (4.10) for an image of the trailer we consider. The kinematic

model is given by

v COS I3 0
v sin 3 0
T = + U
0 1 (4.13)
7 sin (14 — x5) 0

y = col (xr1 — Lcosxy, o — Lsinzy).
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T2

Y2

Figure 4.10: Kinematic model of the Standard 1-trailer.

4.4.1 Following a sinusoid

The goal is to force the output of system (4.13) (i.e. the position of the last trailer) to

A
S A (A1 — .
o — CO ( ) OOCOS(lOO))

Notice, that unlike the previous examples, the output of this system is nonlinear. The

follow a sinusoid

curve o satisfies Assumption 1 and the first part of Assumption 2 with

o(D) = {y € R?: y, — 100 cos (%) = 0}.

In general, the nonlinear output means that it is not clear whether or not the path lift I" is
a submanifold of the state space. The transversality condition (2.3) is satisfied V 2 € R*

since

1 0 0 Lsinxy )
Im (dh), = Im =R (4.14)
0 1 0 —Lcoszy
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which implies
4 : 1
= {x € R*: 29 — Lsinxy — 100 cos m(xl — Lcoszy) | = 0} (4.15)

is an embedded submanifold and Assumption 2 is satisfied. In the subsequent discussion,

we will require various Lie brackets associated with system (4.13).

, 0 0 v 9,
adpg = (vsin x?’)@—a:l + (—vcos x?’)@—a:g + (—Z cos (r3 — a:4)> s (4.16)
2 ,U2 22 2 0
adsg = —Iz (sin® (x5 — @q) + cos” (x5 — 24)) o (4.17)

4.4.2 Characterizing ['*

To check if Assumption 3 is satisfied, we must first characterize ['*. Note that this system
is kinematically equivalent to a unicycle with a trailer. From the discussion in Section 4.1
we know that if we desired that the front vehicle follow a path (i.e. y = col(xy,z3)),
then by Lemma 4.1.1, a controller which accomplishes this task can be designed using
Corollary 3.1.2. For the case y = col(x1, z3), we would find that

x
I'= {:E€R4:x2—1OOcos (Wl()) :0}.

and

"= {:c €I :sin (%) cos r3 + sinxg = 0}

We would conclude that for the case when y = col(xy,z3), n* = 2. This shows that
dim I'* depends on the degrees of freedom, or redundant dynamics available in a system.
The trailer position, a function of the x4 dynamics in (4.13), is irrelevant to the problem
of making the tractor follow a path. Thus the extra degree of freedom in the dynamics
are reflected in the dimension of I'*.

Returning to the case y = col (x; — L cosxy, xo — Lsinxy,), the above discussion leads

to the strong suspicion that n* = 1. The standard n-trailer system is flat [21]. Specifying
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a path for the final vehicle completely determines the state of the system. This implies
that n* = 1 for this system and so we seek to characterize I'* as the zero level set
of 3 functions. A natural tool for accomplishing the goal of characterizing I'* is the
zero dynamics algorithm of Isidori and Moog [20, 27] (see Section 2.4). We can apply
the zero dynamics algorithm by choosing our initial point as any xy, € I'* and some
up € R such that f(zo) + g(zo)ue € T,.I"*. This illustrates a drawback of our definition
of a regular point. We do not have, a priori, a point 2° and real number uq such that
f(z%) + g(2°)ug € T,I'*. However, as we now show, this problem can be overcome. Let
us go through, in detail, the zero dynamics algorithm applied at some x € R” for the

trailer system.

My =T = (yoh) *0) = M.

Recall from the discussion of Section 2.4, that Uy = R* and so by transversality, My = M¢.
Let Ho(z) := (v o h)(z), ie.,

Mg = {:c e R!: Hy(z) = o}
The next step of the algorithm yields
M, = {:c € Mg : f(z) € span{g}(x) + TxMS}
where T, M§ = ker(dHy). Then M; can be written as
M, = {:c € ME < (dHy, f(x)) + (dHo, g(z))u = o}.

At this step, LyHy = 0 and LyHy # 0, so M; is not invariant. We must add another

constraint, namely LyHy = 0. Let Hy; = col(Hy, LyH,) then we have that

M, = {x€R4:H1(x):0}
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where
voh
u | em | _
L;H,
z9 — 100 cos (1%10)
sin (ﬁ(ml — L cos a74)) cos T3 + sin x3 — sin (r3 — T4) cos 14

+sin (23 — x4) sin (155 (21 — L cos x4)) sin 24

M7 is the connected component of M; N Uy, where Uy is the neighborhood of = in which
M, is a smooth manifold. In this case M; = M{ since dH is full rank for all z € R*.

The next iteration yields

M, = {x € ME: (dH,, f(2)) + (dHy, g(x))u = o}. (4.18)
0
LgH1 = ==
L,L;H,
0
v (cos T3 — sin (Wlo(:zl — L cos a74)) sinxz + — cos (x3 — x4) COS Ty

+ cos (w3 — x4) sin (155 (21 — L cos xy)) sina4)
so it is not immediately clear whether LyH; = 0 on M7. If L,L¢Hj is nonzero on M} then
it would follow that (4.18) can be solved for u leading to the conclusion that My = Mf
and the algorithm terminates yielding n* = 2. Otherwise, the algorithm continues.
Suspecting that n* = 1, we continue the algorithm under the assumption that
L,LiHy(x) = 0 on My, later, we verify that this assumption is valid. Let Hy =

col(Hy, LyHy) = col(Hy, L3 Hy). The next iteration in the algorithm yields

M = {:c € Mg < (dHy, f(x)) + (dHs, g(z))u = o}.
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Again, we find that due to the complexity of the expression for (dHs, g(x)), it is unclear
whether or not Ms = M5.

We are now set to show, numerically, the following two facts
(1) YVee M{NU) LyLHy(z) =0
(2) VxeMsnU) LgLfeHo #0

(where U is some open set) which allow us to conclude that the assumption above is in
fact correct and that the algorithm terminates with n* = 1 and I*NU = H, ' (0)NU. We
do that by numerically generating a uniform orthogonal grid of M{ (a two dimensional
manifold) and M (a one dimensional manifold) and checking whether properties (1) and
(2) hold at the resulting grid points. To this end, given an n-dimensional submanifold
M in R™, expressed as M = H~'(0), where H = col(Hy, ..., H,,_,) : R™ — R™™" we

introduce the following

Numerical procedure to generate a uniform grid of M
1. Find a basis {vy,...,v,} for T, M = ker(dH,).
2. Apply Gram - Schmidt orthonormalization to get {vq,...,0,}
3. Let G =>""" H? and let
0; —u% if ||[VG| > €
b —pE i |[VG| <e.
where p, € > 0.

4. Choose an 2° € M and integrate the ©; to generate an orthogonal uniform grid.

The procedure above uses a continuous approximation to the gradient vector field

VG to make M attractive [29]. The parameter p can be used to control the speed of
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convergence, in this work we set = 1. The value of € should be significantly larger
than the integration tolerance used in step 4. We use a tolerance of 107'? and e = 1073,
Figure 4.11 illustrates the concept of gridding for the case dim M = 2.

lo

//\

drz 0 oyt (a?)

t

M

Figure 4.11: Gridding a two dimensional manifold.

Remark 4.4.1. The map generated by the gridding algorithm is isometric, i.e., unit
time intervals are mapped to unit length intervals in the grid. The vector fields v; are
continuous and the manifold M is attractive for each of them. This is useful for numerical
stability of the procedure: if the algorithm is initialized at a point 2° which is not exactly
on M, the procedure generates grid points that get closer and closer to M. Finally, the

flows associated to the vector fields ©; commute, i.e., starting from a point x € M,

oy 0 3 (x) = 6 0 0y ().

Initialize the procedure at a point x° found using an unconstrained nonlinear mini-

mization on the sum of squares

G(z) = Z (LiHo(x)). (4.19)

to obtain

2% = [471.19040123 — 0.060442363014 0.78665447694 0.78412668186]

G(z%) = 5.7281 x 1072,
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We have now obtained a point 2° € M§ C M¢. We first address item (1), the assumption
that (V z € My NU) LyH, = 0. Using symbolic mathematical software, solve for two
independent solutions, v; and v, , spanning ker(dH;). These solutions are valid in a

neighborhood of z°. Apply Gram-Schmidt orthonormalization [22] to v; and vy to obtain

U1

]

U1

and
Vo — (1)2 . 171>’l~11
vy — (vg - 01)01|

In this case, we use (4.19) with i = 0,1 to generate a gradient vector field and obtain the

Vg =

vector fields ©; and 9. Generate a uniform grid centered at z°. In order to determine
if LyLyHy = 0, we check its value at each point of the grid. A plot of this is shown in

Figure 4.12. Figure 4.12 shows that |L,L;Hy| < 107!, which close to the accuracy of

Seconds spent flowing on U2

Seconds spent flowing on U1

Figure 4.12: The value of L,L;H, over a uniform 2-dimensional grid of M7T.

the numerical integration used to generate the gridding. We conclude that L,LsH, = 0
on M.
Finally, we address item (2) by applying the gridding algorithm to M$. Again, using

symbolic mathematical software, we solve for vy, spanning ker(dH,) which we normalize
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to obtain ¥;. Here we use (4.19) directly to generate a gradient vector and obtain 0. We

generate a uniform gridding of M starting from z°.

Figure 4.13 shows the value of the functions defining Hs(z) along the gridding. After

0.06

0.04 *

0.02 . B

-0.02 . N

-0.041 : -

~0.06 ! ! ! ! ! ! ! ! !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (seconds)

Figure 4.13: The value of the functions defining Hy(z) generated by a uniform gridding
of I'.

0.3 seconds the function Hs, evaluated at the grid points is essentially zero. This illus-
trates the numerical stability of the procedure: the point 2° found using an unconstrained
optimization algorithm is not exactly on Mg because H,(2°) is not exactly zero. The
procedure generates grid points that get closer and closer to M§ because Hy gets closer
and closer to zero. Next, Figure 4.14 shows that LgL?HO # 0 on M5. These plots confirm
that MS$ = I'* has been properly characterized. Figure 4.15 shows that the output the
trailer system (4.13) along the gridding of M$ = I'* perfectly follows the prescribed path.

This is a further evidence of the fact that the procedure generates points on I'*.
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7.5

4.5

Figure 4.14: The value of LgL?ph along a uniform gridding of I'*.
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Figure 4.15: Output of the trailer system (4.13) generated by a uniform gridding of I'*.
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4.4.3 Checking Relative Degree

In order to apply Theorem 3.1.1 to the trailer (4.13), we require a function which yields
a relative degree of n — n* = 3. Specifically, if Corollary 3.1.2 is to be applied, we
must have that Ly(y o h)(z) = LyLi(yoh)(z) =0, and LyL}(y o h)(z) # 0 for all z in a
neighborhood of I'*. 'We have already shown that Ly(yoh)(z) = 0 and Ly L3 (yoh)(z) # 0.
Furthermore, we have shown that L,L;(y o h)(z) = 0 Vz € I'*, so we only need to check
the value of LyL(y o h)(z) = 0 for points near I'*. By doing so, one immediately finds
that L,L;(yoh) changes sign in a neighborhood of I'*. Thus we conclude that the path

constraint does not yield a well defined relative degree and Corollary 3.1.2 does not apply.

Remark 4.4.2. The lone path constraint does not yield a uniform relative degree. If
we ignore this fact and implement the controller generated from Corollary 3.1.2, we will
find that numerical simulations suggest the controller solves the maneuver regulation
problem. The reason for this is that L,L;(y o h)(z), although nonzero, is small for z

sufficiently close to I'™*.

4.4.4 Involutivity

Next we attempt to apply the results of Theorem 3.1.4. We again rely on numerical
analysis to check for transverse linear controllability. We randomly select 100 points in
a closed cube of each point along I'*. That is, at each point x € I'* generated from the

gridding above, we randomly select 100 uniformly distributed points in the region
Cezr) = {26R4: |z — 2| <€, izl,...4}
where € = (0.1. Pointwise we check that transverse linear controllability holds.
T,T* 4 span{g, adsg, ad3g}(x) = span{v, g, adsg, ad}g}(x) = R*.

Pointwise, the above distribution is the image of a matrix. Since this analysis is numerical,

we check the condition number of the transverse linear controllability matrix. In other
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words, numerical errors will mean that the determinant will rarely be identically zero.
Instead we check that the condition number (i.e the ratio of the largest singular value to
the smallest), is sufficiently small.

Figure 4.16 shows the result of the analysis. In Figure 4.16, the abscissa is the
point along I'*. The ordinate is the number of well conditioned points obtained in the
random sample. The constant line at 100 indicates that every point tested yields a
well conditioned matrix. We conclude that transverse linear controllability holds in a
neighborhood of I'*. Next we check for involutivity of the distribution span{g,ad;g}.

101
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Figure 4.16: Numerically checking transverse linear controllability in a neighborhood of

I~

We find that

B 0 , 0 vsin (x3 —xz4)\ 0
lg,adg] = (v cos $3)8x1 + (vsin x3)8x2 + ( 7 ) Ero (4.20)

Since (4.20) cannot be written as a linear combination of (4.16) and (4.17), we conclude

that involutivity fails. Thus, the sufficient conditions of Theorem 3.1.4 do not hold
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and we cannot construct a function a based on vector field flows. In light of this,
a natural thing to do is to show that Problems 2 and 3 are not solvable for the 1-
trailer system. To this end, we employ Corollary 3.3.5 and check the involutive closure

of D = span {g,adfg,adfcg}. A semi-constructive procedure for finding the involutive

closure of a distribution can be found in [26, Theorem 1.4.1] in the proof of sufficiency.
Here we use symbolic mathematics software to find inv D [31]. It turns out that
inv D = span {g, adsg, vs, v} (4.21)
where
(—veosas) o+ (~vsinas) -+ (2 sin (s — ) =
v3 = (—vcoswy)=— + (—vsinzz) =— ——sin(r3 —24) | =—
3 3 8:171 3 81’2 L 3 4 01'4
2 0
vy = <% (sin® (z3 — x4) + cos” (x5 — x4))) s
In matrix form
0 v sin x3 —V COS I3 0
0 —V COS T3 —vsinxs 0
invD =
1 0 0 0
0 —2cos(ry —x4) —Ysin(ay—x4) Y5 (sin® (3 — 24) + cos® (x5 — x4))
and since ad%g = —uy, we conclude that the conditions of Theorem 3.3.3 do not hold

and by Corollary 3.3.5, Problems 2 and 3 are unsolvable. This shows that even though a
solution to the general maneuver regulation problem, Problem 1, exists (recall that the

trailer is differentially flat), the approach used here does not yield a solution.



Conclusions and Future Research

Conclusions

This thesis has investigated the maneuver regulation problem from a general perspective.
Solutions were presented for Problems 2 and 3. The solutions to these problems solve
an output stabilization problem, but under the special conditions imposed in Chapter 2,
the maneuver regulation problem can also be solved.

In Chapter 3, a semi-constructive procedure for designing maneuver regulation con-
trollers was introduced. The drawback of these procedures is that they rely on the
knowledge of the flow of vector fields, which may not be amenable to closed form so-
lutions. It was shown that when specialized to the LTI case, the work presented here
recovers a well known result on output stabilization. The approach presented was then
applied to various kinematic systems in Chapter 4.

In conclusion, the main contribution to the path following problem lies in the sufficient
checkable conditions of Theorem 3.1.4 and the necessary and sufficient conditions of
Theorem 3.3.3. In particular, we were able to extend the concept of transverse feedback
linearization from the results of Banaszuk and Hauser [3] and apply it to a more general
problem. We quantified the role which unstable zero dynamics play in this approach
to path following. We also showed that in certain applications, this approach leaves a
degree of control freedom for assigning the zero dynamics. Most importantly, we showed
that even if a system is not input - output linearizable, we may be able to construct a

function suitable for output stabilization, which under the right conditions, also solves a
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maneuver regulation problem.

Future Research

Thanks in large part to the generality of the approach, this topic has opened many
doors for possible future research. Some obvious directions in which this work can be
extended include output feedback systems, robustification of the controller and hybrid
controllers to switch through singularities [16]. Aproximate solutions to the differential
equations can be generated using power series. The use of approximate vector field flows
for generating virtual output functions is a viable topic for future research. In order
to further generalize the results presented here, the multi input-input multi-output case
should also be investigated.

In view of the connection between this thesis and output stabilization, the results
here may be relevant to output synchronization [38]. Finally, in connection with the
MIMO case, it would prove to be of practical interest to be able to quantify the degrees
of control freedom available for assigning zero dynamics. That is, to be able to quantify
the minimum number of controls needed to solve the geometric task. This test would
presumably generate checkable conditions which tell the designer, a priori, whether or

not they will have any degree of freedom for the dynamic task.
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Appendix A

Basic Concepts

This appendix reviews some of the basic concepts and terms used in this thesis. The
purpose of this appendix is to give an informal, intuitive review of some tools used

throughout this work. These concepts can be found in [12, 26, 29, 30].

Manifold Differentiable manifolds generalize the notion of a hypersurface to abstract
sets. A differentiable manifold M (a smooth manifold) is a set equipped with a
differentiable structure, that is, an atlas equipped with C°*°-compatible coordinate
charts. A coordinate chart is a pair (V,¢), where V.C M and ¢ : V — R™
(m := dim M) is a bijection. A pair of coordinate charts, (Vi, ¢1) and (V5, ¢2), are
C*> compatible if V; N V4, # () implies that ¢, o ¢ is a diffeomorphism. The atlas
is a collection of C'*° compatible coordinate charts which cover M. In this work all

manifolds are smooth.

Submanifold A subset N of an m-dimensional manifold M is called an embedded or
regular submanifold of dimension n < m, if N can locally be represented as a slice of
M, (Vp e N)(3(U,¢), p€ U) o(UNN) ={q € UNN : ¢ps1(q) = ... = dn(q) = 0}.
In this work, it is understood that the term submanifold implies embedded or

regular submanifold. See Figure A.1.
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Figure A.1: An n-dimensional slice of U C M.

T,M This refers to the tangent space to a manifold M at p € M. The tnagent space,
T,M, can be given the structure of an m-dimensional vector space, where m =
dim M. There are several ways of doing this. One of them is to define T,M as
the collection of all operators X, : C*(p) — R which satisfy the linearity property
and the Leibniz rule. See Figure A.2. Alternatively, T),M is the set of all tangent

vectors to M at p.

T,M

M

Figure A.2: An example of the tangent space at a point p € M.

ai- This is the notation used to indicate the natural basis of T, M. Since T,M is defined

as a space of operators (see above), this notation indicates that the basis for 7, M

is also generated by operators.

Vector Field A smooth vector field f, on a manifold N, is a mapping which assigns to

each p € N a tangent vector f(p) in T, N. The following demonstrates the notation
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for vector fields used interchangeably in this thesis.

Zs3
9 L0
f(z) = 0 —5530—331+(1+931)0—%~
1+ 23

Parallelizable An m-dimensional manifold M is parallelizable if m vector fields on M,
S1y .-+, 8m, can be defined such that Vp € M, s1(p),...sn(p) are linearly indepen-

dent.

(dh)4 Denotes the Jacobian matrix of a differentiable mapping h : R™ — R" evaluated

at the point z € R™.

Regular Value Given a mapping between manifolds F' : M — N, a point ¢ € F/(M) is
said to be a regular value of F if (Vp € M) such that F'(p) = ¢, rank (dF), = dim .

L) The directional or Lie derivative of a real valued function A in the direction of the

vector field f

(L) = (@ 1) = (G f0))

L’;/\ Repeated Lie derivatives

k k—1 8LIJj_IA
(LEN D) = (LS N, () = | —5——f@) |

LyL¢X Lie derivative of A along the vector field f and then along the vector field g
OL s\
(L L)) = (LN = (52000
z=p
[f,g] The Lie product or bracket of the smooth vector fields f and g. The result is a

new smooth vector field given by

£ 91() = 27 (0) ~ P g(a).

The Lie bracket can be used to give the space of vector fields on a manifold the

structure of a Lie algebra.
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ad’;g Notation used to simplify the representation of repeated Lie bracketing
adyg =g, adfg = [f,ad}"g].

®7 (%) Denotes the flow associated to a vector field f from the initial condition z(0) =

2°. In other words, z(t) = ®/ (2°) solves the ordinary differential equation

Complete Vector Field A vector field f defined on a manifold N is complete if (Vp €
N) ®f(p) is defined V¥t € R.

S' (Unit Circle) The unit circle in R?. The simplest 1 dimensional space that isn’t
just R. May be defined to be all points in R? unit distance from a fixed point.

Equivalently

St={zeC:|z|=1}

Controlled Invariant Consider a control system defined in R". Let M be a smooth
connected submanifold of R™ containing the point 2. The manifold M is said to be
(locally) controlled invariant at z° if there exists a smooth mapping u : M — R™
(and a neighborhood Uy of z%), such that the vector field of the resulting closed

loop system is tangent to M for all  in M (in M N Uy).

Distribution A distribution A on a manifold M is a mapping which assigns to each
p € M a subspace, A(p), of T,M. A smooth distribution is one which can be

written as the span of smooth vector fields.

Regular at £° A distribution A, defined on an open set U, is said to be nonsingular if
(3d e Z)(Vr € U) dimA(z) = d. A distribution A is regular at a point 2° if there

exists a neighborhood Uy of 2° in which A is nonsingular.
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Involutivity A distribution A is involutive (it has the property of involutivity) if the
Lie bracket |1, 72| of any pair vector fields 7 and 75 belonging to A also belongs

to A.

71(x), Ta(x) € A(x) = [1, 12 (x) € A(z).

Involutive Closure Given a distribution A, the involutive closure of A, denoted inv A,
is the smallest (with respect to distributions inclusion) involutive distribution con-

taining A.

Integral Manifold Given a distribution A defined on a manifold M. A submanifold S,
of M is an integral submanifold of A passing through p if (Vg € S,) 1,5, = A(q).
So, an integral manifold of A is a submanifold whose tangent space, pointwise,

coincides with A. See Figure A.3.

E RN

Figure A.3: Example of an integral manifold in R3.

Complete Integrability A distribution A on M is said to be completely integrable if

through each point p € M there passes an integral submanifold of A.

Frobenius Theorem A nonsingular distribution is completely integrable if and only if

it is involutive.
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Foliation A foliation of M is a partition of M by submanifolds, all having equal dimen-
sion. Frobenius Theorem implies that a nonsingular and involutive distribution
defines a foliation of an open set U’ C M by integral submanifolds of A (called

leaves of the foliation). See Figure A.4.

Figure A.4: A foliation by integral submanifolds.

(Uniform) Relative Degree A single input, single output system

&= [f(z) +g(z)u

y = h(z)

defined on R" is said to have relative degree r at a point 2° if
(i) LyLih(z) =0 for all z in a neighborhood of 2° and k <7 — 1
(ii) LgL} "h(2) # 0.
The system is said to have uniform relative degree if (i) and (ii) hold V = € R™.

Zero Dynamics Manifold The zero dynamics manifold is the largest controlled invari-
ant submanifold, Z*, contained in h~*(0) (i.e. output zeroing). If the system has a

well defined relative degree, then

Z*={z eR": h(z) =Lh(z)=...= L}_lh(a:) =0}.
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