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This thesis introduces an approach to output feedback stabilization of SISO nonlinear
systems which are not uniformly completely observable and are affected by disturbances.
This approach is applied to the output feedback control of axial flow compressors in
jet engines represented by a three state model developed by Moore and Greitzer. The
extension of this approach to the case when constant unknown parameters affect the

plant is addressed and its limitations are discussed.
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Chapter 1

Introduction

Two of the fundamental instability phenomena in axial flow compressors are surge and
rotating stall. Rotating stall develops when there is a region of stagnant flow rotating
around the circumference of the compressor which causes undesired vibrations in the
blades and reduces pressure rise of the compressor and surge is an axisymmetric oscillation
of the flow through the compressor that can cause damage and undesired vibrations in
other components of the system [23]. Moore and Greitzer in [26] developed a model for

axial flow compressors which is frequently used in the control literature.

The Moore-Greitzer model has three states which are rotating stall, mass flow and pres-
sure rise (see Section 3.1.5). One of the applications of axial air flow compressors is in jet
engines. Commercial jet engines include temperature, pressure and rotor speed sensors,
but most often do not include sensors for mass flow, hence making it desirable to esti-
mate. This, together with the fact that sensors for stall are not commercially available,
makes the problem of controlling stall and surge inherently an output feedback control
problem, whereby the only measurable variable is the pressure rise. One of the features
of Moore-Greitzer three state model (MG3) is that when pressure rise is the only mea-
surable state, the model becomes unobservable whenever there is no flow through the

compressor; in other words it is observable on an open region of the state space, rather
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than everywhere, or it is not uniformly completely observable (Non-UCQO). This is one of
the reasons that most of the researchers have only focused on the development of state
feedback controllers for this model which may not be implementable since they assume
that all of the states of this model are measurable. To the best of our knowledge, output
feedback control solutions using only pressure rise as the measurable state in MG3 do not
rely on the estimation of the entire state of the system, and, except in [23], no attempt
has been made to solve this problem. In [23], the authors apply the observer that they
have developed in [16] to estimate the entire state based on the pressure rise as the only

measurable state.

A missing feature of the work in [23] is the absence of any external disturbances or
uncertainties in the MG3 model they use, which is the motivation of this thesis. We first
tried to apply the observer developed in [16] to an MG3 model subject to some general
external disturbances. In our path we realized that the technique we were developing for
this particular MG3 problem could be applied to a class of non-UCO nonlinear systems
whose observability maps have a particular specification (see Assumption Al) , and are
subject to some slow varying or constant external disturbances. This observation led
us to develop a more general theory for this class of systems which also includes the
MG3 model. This theory is illustrated in Chapter 2. As the next natural extension, we
considered the case when the MG3 model is affected by constant unknown disturbances.
Our attempts in this direction were not successful and we realized that the observability
mapping in MG3 and systems with uncertainties similar to the MG3 model has a feature
(see Section 4.4) that prevents us from using the observer in [16] with its current format.
This line of work needs further investigation which is beyond the scope of this thesis. As
a result we have not developed a general theory for non-UCO systems with uncertainties,
but again we show that the observer in [16] can be applied to a class of nonlinear non-UCO

systems whose observability mappings have a particular feature (see Section 4.4).
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1.1 Literature Review

In what follows we present a literature review both on nonlinear output feedback sta-
bilization and the surge and rotating stall control problem and later we outline the
organization of this thesis. We emphasize that the MG3 application part of this thesis is
purely theoretical and is therefore to be seen as an application of the theory developed

in Chapter 2.

1.1.1 Output Feedback Control

In 1992 H. Khalil and F. Esfandiari published their work [!] on nonlinear output feed-
back area where they introduced a new technique for designing robust output feedback
controllers for input-output linearizable systems. Their technique has two features. First
a high-gain observer that estimates the derivatives of the output and second, a bounded
state feedback control, obtained by saturating a continuous state feedback function out-
side of a compact set, and hence protecting the state of the plant from peaking when
the high gain observer estimates are used. This technique has been adopted by several
researchers in their work (see e.g. [2, 3, 1, 5, 6, 7]) to solve various problems in output
feedback control. In most of these papers the authors consider input-output feedback
linearizable systems. One of the remarkable works in this line is [9], which proves a

separation principle for a rather general class of nonlinear systems.

In most of the existing and mentioned works in the literature on output feedback control,
the controller is designed in two steps. First, a globally bounded state feedback control
is designed. Second, a high-gain, fast observer, recovers the performance achieved by the
state feedback. Most of these works have two common features which are, the assumption
of uniformly complete observability, and using the vector [y, 7, ...,y u,a, ... u)]"
as feedback, for some integers n,, n,, where y and u denote the system output and

input, respectively. The latter feature implies that, for systems which are not input-
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output feedback linearizable, the explicit inverse of the observability mapping has to be
known. Both of the mentioned features have the disadvantage that in some situations

systems may not possess either or both of these two properties.

In [16], which this thesis is based on, the authors achieve a separation principle for systems
that are not observable on some regions of the state space and the input space, or in
short, systems that are not uniformly completely observable (non-UCQ). The interesting
feature of their work is that for implementation of the controller, they do not need the
knowledge of the explicit inverse of the observability mapping. As we will show, these

two properties are essential for our work on the MG3 model.

1.1.2 Surge and Stall

In 1986 Moore and Greitzer developed a three-state model (MG3) for axial flow com-
pressors which became a benchmark in the control literature for several researchers (e.g.,
(24, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37]) to design stabilizing controllers for stall
and surge. As we mentioned earlier, most of the existing results, in some cases robust
ones (e.g. see [21]), assume that all the states are measurable and the focus is on the
development of state feedback controllers, which may not be implementable, and in the
area of output feedback control, where compressor pressure rise is the only output, not
all the system states are estimated (see e.g. Sections 12.6 and 12.7 in [10]). For a rather
complete discussion on the literature and existing models of axial compressors and meth-
ods for controlling surge and stall phenomena, one can refer to [39]. The work in [23] is
the only one which addresses the output feedback control problem for MG3 by estimating
the entire state of the system. However, a limitation of [23] is that no disturbances affect

the model.

As in all physical systems, disturbances occur in compression systems. Authors in [17]

and [18] study the effect of circumferential inlet flow distortion on the stability properties.
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In [19] and [20] mass flow and pressure disturbances are studied. Authors in [21] study the
effects of inlet temperature distortion and find that these effects can be as significant as
those of inlet pressure distortion. As in [19], the effect of pressure and flow disturbances

are considered in this thesis (see Section 3.1.6).

1.2 Organization of the Thesis

In Chapter 2 we introduce the class of SISO systems affected by a particular kind of
disturbance which the technique in [16] can be applied to, and we develop the theory
which underlies our technique. In Chapter 3, after a brief discussion on the Moore-
Greitzer model for surge and stall in axial flow compressors, we apply our technique to
stabilize the MG3 model in the presence of disturbances. In Chapter 4 we discuss our
attempts to apply the technique in [16] to the MG3 model when there is uncertainty in
the compressor model, and after that we discuss the class of systems with uncertainty

that this output feedback stabilization technique can be applied to.



Chapter 2

Disturbed Non-UCO Systems, the

Theory

In this chapter we develop an output feedback control theory for a class of SISO, non-
UCO, nonlinear systems that are affected by some disturbances. First we describe the
problem formulation and our assumptions. Later we describe our nonlinear observer
structure and prove its properties. Finally we prove the closed loop stability when using

the observer estimates at the control input. Parts of this chapter rely on the work in [10].

2.1 Problem Formulation

Consider the following system,

= fla,u)+ 6(t) o

y = h(z,u)
where z(+),d(-) € R",§(t) is a bounded disturbance with bounded time derivatives and
sup, [[6(t)|| = d, u,y € R, f and h are known smooth functions and f(0,0) = 0. In this
chapter we show that the closed-loop output feedback system depicted in the Figure 2.1

is uniformly ultimately bounded. Y(2, z,y) represents the observer (2.49), 0 < n, <n
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Figure 2.1: Block diagram.

is an integer and v = ¢(2,2) is the control law which is the input to a chain of n,
integrators. We also find an estimation of the domain of attraction of closed-loop system

and a bound on the disturbance §(t).

We start by defining the following observability mapping H,

[ h(z,u) | [ 0 |
Yy _
S I WC_” A, 91@ = Hy(z,2) + Ho(8) = H(z,2,8)  (2.2)
y=b | | )
Gi(2.2)]  [Oaa(5)

(with a slight abuse of the notation, notice that y. is a vector in R” and not the e — th
element of y) where z = (u,w, i, ..., u™ D), § = (8,0,...,6)), n, and ns are integers

(0<n,<n,0<ns<n-1), and
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h h h
J= s = o flu) + i D) (23
= ¢1(x, 2) + 01 (2, 0)
0 0 0 90, (0) =
= Yes = % flau) + %(‘Z 25 ¢18(;”’ D)+ 5((; J50) (2.4)
= ¢o(, 2) + Oa(x, 2,9)
YD = oy = P20 iy 0alnn) | DaltiZ) sy B0l (55

=¢i_1(x,2) + 0;_1(x, 2,0)

where
0¢;(z, 2) 5 L Do,

Zk+1
0z 8Zk

1>

Remark 1: In general 6,’s are functions of z, z and §, but in our case we assume that

0;’s are functions of only  to get the form of mapping (2.2); see assumption Al.

The map (2.2) is parameterized by a vector z containing the derivatives of the control
input u, which for our purpose should be available for feedback. To this end, we augment
the system dynamics with n, integrators at the input side, which corresponds to using a
compensator of order n,, so that the state of the compensator gives precisely the desired

vector z. System (2.1) can be rewritten as follows,
= f(z,z1)+6(t), 21 = 22, ..., Zn, = 0. (2.7)

Define the extended state variable X = [z7,27]T € R*™_ and the associated extended
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system

where f.(X) = [fT(x,21), 20.evs 200, 0T, ge = [0, ..., 1|7, 6.(t) = [5(£),0,---,0]T,

and h.(X) = h(z, z1). Now, we are ready to state our assumptions.

Assumption A1(Observability): Assume that V¢t > 0, 6(t) € A, where A is a
compact set. Suppose O C R"™ x R™ which is an open set contains the origin, and
Fi:0 —R"xR"™ and Fy : O — R"™ x R™ are two smooth functions such that the

mapping (z, z) — (Y., z) has the following structure,

y = Y] B8 2 Fea) 1 ) = | RO )

z z 0

Assume further that H; is a diffeomorphism with respect to its first argument over O so

that, VY € Y 2 {Y € R™™|Y = Fi(x,2) + Fy(8), (v,2) € 0,5 € A},

) L Ry - ey = | e 0 (2.10)

z z

8
1>

In other words, we assume that as long as (z,z) € O, having the output derivatives v,
and knowing the disturbances in &, one can calculate the state x. We later show that

how to deal with the unknown vector .

Assumption A2(Input to State Stability): There exists a smooth function u(x)
such that system

i = f(a,a(x)) + 5(t) (2.11)

viewed as a system with state z and input 0(¢) is input-to-state-stable.
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Considering © = f(x,u(z)) as an unforced system, this assumption implies that a
bounded disturbance 6(¢) yields bounded state trajectories, so in particular it does not
drive the unforced system to instability. We will use this assumption in Section 2.4 to

prove closed-loop stability when using the observer states at the control input.

Remark 2: Assumption A2 implies that there exists a smooth function v(X) = ¢(z, 2)
such that the augmented system (2.7) is also input-to-state-stable. The proof is a special
case of Lemma 5.4 (ISS-Backstepping Lemma) and Corollary 5.5 in [12] when backstep-
ping and no adaptation are used. For the sake of illustration we will show a proof for a

system with two integrators (i.e. n, = 2) in the next chapter.

It is obvious that when §(¢) = 0, systems (2.11) and (2.7) are asymptotically stable with

the u(z) and v(X), respectively.

Remark 3: Notice that if in some neighborhood of the origin, [0f/dz] and [0f./0X]
are bounded and only local properties are needed, then it will be enough to find a smooth
function u(x) such that the origin of the system & = f(z, u(x)) is asymptotically stable.
This implies that when §(f) = 0, the origin of the extended system (2.7) is locally
stabilzing by a function of X, 9(X). A proof of the local stabilizability property for (2.7)
may be found, e.g., in [10], and its global counterpart can be found in, e.g., Theorem

9.2.3 in [11] or Corollary 2.10 in [12].

When 6(t) # 0, once local asymptotic stability is established, by Lemma 5.4 in [11],
system (2.7) with v = ¢(x, z) as the state feedback controller, viewed as a system with

state (z,z) and input 4, is locally input-to-state-stable.
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2.2 Nonlinear Observer

Assumption A2 allows us to design a stabilizing state feedback control law v = ¢(x, 2).

In order to perform output feedback control x should be replaced by its estimate.

Many researchers have considered undisturbed systems (§(¢) = 0) in which the knowledge
of H' in (2.2) is needed (e.g. [7, &, 9]). In that case, with knowing » = H;'(y., 2)
explicitly, one can estimate # = H; '(§., z) with the estimation of n — 1 derivatives of v,
since the vector z, containing the states of the controller, is known. Next, to estimate

the derivatives of y, a high gain observer can be employed.

Since, even if Hi ! exists, it may not be possible to calculate it explicitly, we use the
observer in [16] where instead of estimating the derivatives of y and using H(-,-), = is

estimated directly.

The observer has the form!

aHl(i>Z)

OB 0)

Q

f=ﬂ@a@=f@%ﬁ+[

where L is an n x 1 vector, & = diag|[p, p?,...,p"], and p € (0,1] is a fixed design

constant.

Notice that (2.12) does not require any knowledge of H; ' and has the advantage of
operating in x-coordinates. Assumption Al implies that the Jacobian of the mapping
H, with respect to x is invertible, and hence the inverse of 0H,(Z,2)/0% in (2.12) is

well-defined.

I'Throughout this section we assume Al to hold globally, since we are interested in the ideal conver-
gence properties of the state estimates. In the next section we will show how to modify the observer
equation in order to achieve the same convergence properties when A1l holds over the set O C R™ x R™x.
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We show the properties of the observer (2.12) in in new coordinates using transformation

(2.2). We start by expressing system (2.1) in the new coordinates. By definition we have

[ h(z,u) ] | 0 ]
Y _
=] o | = (bl(%’z) + 61@ (2.13)
. : :
| Gn-1(@,2) | |On-1(9)

Using the definition of ¢, in (2.6) we have

. aqsn—l(za Z) a¢n—l($a Z)
(n) — —_rn=l\ ) Zrn=Ii\ =)
Y = o =0 () 4 DO
Ny —1
— O0¢,_1(x, 2) 0bn_1(x, 2)
+ ; B2 Zk+1 T 9z, v
190

Using the following definitions for a and (3

1 (z, " ¢ (z,

Wty 4 32 Ot ~ a(y..)

aSL’ 8zk _
k=1 (z,2)=F~1(Y,9) (2]_4)
Opp_1(x, 2
¢ 81( )U = ﬁ(y&Z)U
“n (z,2)=F~1(Y,3)
we have
X . aQSn_l(l’, Z) 09n_1(5) =
Yo = A(Ye, 2) + B(Ye, 2)v + o o(t) + 55 J.
Therefore, system (2.1) in the new coordinates is
Obr_1(x, 90,,_1(0) =
Yo = Acye + Be | (e, 2) + B(ye, 2)v + CZS#@Z)é(t) + E( )5 (2.15)
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Transforming observer (2.12) to the new coordinates

= H,(2,2) + Ho(8) = H(%, 2,5) (2.16)

we have

= ¢1(j7u) 4 91(5) i 01(5> 4 ah(it,u)

o Oh(Z,u)
= Ye,2 82%

Q—0:().
———
61(9)

Fori=2,...,n—1 we have

96, (3) =

o 0z 0% Q "‘7 By )

_0¢1(§:,z); 001(Z, 2) . B 90, (5) -

o o (_92(6) ~ =550

+(0a(9) - 205 00005, 008 2)
001(Z, 2)

0z
=Yz + —————0Q + 0(8
Ye,3 9% 2( )

o _00(8,2):  6i(E2),  O6i(d2)

Ye,2 =

X ~ 8 71— i‘) NS
Ye,i = Ye,it+1 + ¢ alg Z)Q + 92(5)
X

where

and
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For ?je,n we have
00 (8,2) RN 0, (d,2) 01 (i, 2)
aqﬁn_l(i', Z)

+ Er Q +

k=1
90,1 (5) =
)
00
8¢n_1 (i’, Z)
oz

8«9n_1 (5) =
—0
96

=a(Ye, 2) + B(Je, 2)v + Q+

In conclusion, the observer dynamics in y.-coordinates is given by

Yo =Acije + B. {a(:)ﬁ", 2)+ B(z, 2)v + Mé]

6
| [9H(@.2)] [0 (2 2)
07 07

} ey - 90+ G6)

89%%(5)5} + €7 LIy — §(0)] + G(O)

_ A + B, {a(.@e, 2) + Bl =)o +

where (A, B.) is in controllable canonical form and G(4) is given by

Define 3. = 9. — y. as the observer error whose dynamics are

?je = (Ac - g_lLCc)ge
(2.17)

. 8@5”_1(25, Z) <

+BC a(geaz) +ﬁ(gje,z)v _a(ye>z) —ﬁ(ye,Z)’U O 5(t) +G(5)

where C. = [1,0,---,0]1xn. Equation (2.17) can be seen as a linear system with two
inputs, namely

9w a(w,2)

=S5 (0) (2.18)

Oé(ﬁe, Z) + ﬂ(gev Z>U - Oé(ye, Z) - 6(y67 Z)U
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and G(9).
Theorem 1 Consider system (2.8) and assume that Al is satisfied for O = R" ™"
the state X belongs to a positively invariant, compact set ), and the following time signal

is bounded as follows (see (2.18)),

lee(Ge(t), 2(2)) + B(Ge(t), 2(8))v(t) — alye(t), 2()) = Blye(t), 20O < 7l[9e(t) = ye(D)]]
(2.19)

for some v, > 0, for allt > 0, and for all ((0),2(0)) € Q (a compact set) where o and

B are defined in (2.14). Choose L = [ly,--- ,1,]" such that the polynomial s + l;s" ! +

w118+ 1, is Hurwitz.

Under these conditions and using observer (2.12), the estimation error

|Tell = 110e — vel| is uniformly ultimately bounded and its ultimate bound, which depends

on 9, can be reached arbitrarily fast.

Before proving the theorem, we clarify requirement (2.19). Requirement (2.19) is a
Lipschitz inequality which has to be satisfied at every time with a fixed Lipschitz constant.
Local Lipschitz continuity of o and 3, and boundedness of z(¢) and v(t) for all £ > 0
are not sufficient for requirement (2.19) to be satisfied. Assuming that « and [ are
globally Lipschitz and v(t) is bounded will fulfill the requirement, but we will show in
a later section that using an appropriate dynamic projection for & onto a compact set,
requirement (2.19) is always satisfied and we do not need to assume global Lipschitz

continuity for o and (.

Proof. We use superposition to find the response of the observer error g.(t) for the two

inputs (2.18) and G(6). First, we consider the case when G = 0. Using the coordinate

transformation
1 1

v =E"qe, Slédiag E i
prt pre

o1 (2.20)
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the error dynamics (2.17) is

Ij = %(AC - LCC)D + Bc Oé(?je, Z) + ﬁ(ge, Z)'U — Oé(ye, Z) - ﬁ(ye, Z)U — 78(25”_1(1’, Z>

By assumption, A. — LC. is Hurwitz. Let P be the solution to the Lyapunov equation
P(A,— LC,) + (A. — LC,)"P = —1I, (2.22)

and consider the Lyapunov function candidate V,(#) = o' Pp. Calculating the time

derivative of V, along the v trajectories we have

~T~
Vo = =L 20T B oG 2) + (00 2)0 =l + Bl 2o - 22
(2.23)

Using requirement (2.19) we have the following inequality

(e (t), 2()) + B(Ge(t), 2(1))o(t) —u(ye(t), 2(£)) = B(ye(t), 2(£))v(E)|| < nllge(@)]]. (2.24)
Since X € Q, a compact set, and H; is smooth, for the last element of V, in (2.23) we

can write

|22 syt <l (229

for some positive real number 7,. Using inequalities (2.24) and (2.25) we have

~112
. 1% - ~
Vo < =P opaTepula + o, (226)

. 1 B B
xes—(;—umQHWF+mwaMﬂ (2.27)

v~

n
where in the last inequality we used the fact that ||7.|| < ||7] (see (2.20)).

Choosing % > 2||P||v1, for all 0 < € < 1 we have

2||P
L 25

Vo< —n(t=olol*  v7|* =
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The ultimate bound for ||7]| (and hence for ||7.]||) is

b(p) = od. 2.29
DN reP) (1) o

It is clear that b(p) can be made arbitrarily small by choosing a sufficiently small p.
As for the time needed for ||7(¢)|| (and hence ||g.(t)||) to reach this bound, notice that
Amin(P)|7]| < Vo = 0" P < Aax (P) |7 (2.30)

Using (2.30) and (2.28), we have

: —n(l = ¢
Vo(t) < ———==V,(%). 2.31
(1) < o (P) (t) (2.31)
Therefore, by the comparison lemma (see [11] Lemma 2.5), V,(t) satisfies the following
inequality,
—n(l —¢)
Vo(t) < V4,(0 —t,. 2.32

But we know that

Vo(0) = 2(0) " P(0) < Amax(P)[[2(0)*.

So (2.32) can be written as

Vilt) < A PO e { 1020 2.9

An upper bound T on the time needed for the trajectory to reach the bound b in (2.29)

can be found by the following equation,

Amin(P)B? < V,(5) < Amax (P)]|7(0)]2 exp {%&D?t} (2.34)
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~ 2
R Amax(P) " Amax(P)]|7(0)|

S R W T (2:35)

and, for all £ > T we have ||7| <.

Using the definitions of 7 in (2.27) and b in (2.29), for sufficiently small p we can write
T ~ a1p + azpln(azp) (2.36)

for some constants a, as and as.

Using Mercator series (In(1 4 z) =z — 122 + 323 — ...}, we can write
lim pIn(agp) = 0.
p—0

Therefore lim, .o 7" = 0. In other words 7" can be made arbitrarily small by choosing a

sufficiently small p.

Now we return to (2.17) and continue the superposition argument by assuming that

G(0) # 0 and B, = 0, so that §. = (A, — E'LC,)Je + G(0). Therefore the error dynam-

ics can be viewed as the states of a linear system w = Aw + Bu, with A Hurwitz, B =1

and u = [uy uy -+ u,_ 0]T = G(6). To find the solution for this system notice that
—L; 1 0 0
—Ly 0 1 0

A=A, —-ELC. =

where [L; Ly --- L,)=[li/p Ila/p* --- 1,/p"]. In Laplace domain we have (sI—
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A)W(s) = U(s), where the components of W (s) are given by

_S"Ui(s) + s"Us(s) + -+ + sUpq

Wils) = s* 4 Lys" 4o+ Ly s+ Ly,
Wa(s) =(s+ L1)Wi(s) — Ui(s) (2.37)
WZ(S) :Li_lwl(S) + SWZ‘_l(S) — Ui_1(8> fori=3---n (238)

Since the poles of Wi (s) are in the left-half plane, the final value theorem gives

lim wy (t) = lir% sWi(s) = 0.

t—o0
and, as a consequence, from (2.37), when ¢ — oo we have that
[wa(t)]| < limsup [Ju |-
For i =3---n we have
[[w;(8)[| < limsup [Jw;—1 ()] + [lui—1 (¢)]- (2.39)

To find an upper bound for |w;(¢)|| in (2.39), we need to find an upper bound for
|wi—1(t)||. To do so, notice that from (2.38) we can write recursively the following

equations

SWi_l(S) :SLi_2W1(8> + 82Wi_2(8> — SUZ'_Q(S>

$*Wi_g(s) =s?Li_sWy(s) + s*W;_s(s) — s*U;_3(5s)

STIWs(s) =83 LaWi(5) 4+ 872 Wa(s) — '3 Uy(s)

T2 Wy(s) =s""2(s + L) Wi(s) — 72Uy (s).
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Therefore when t — oo we have

i— . i— N _
™| < Timsup [l || =

D)2

S| < @ + lim sup [|ul ™
. _ _ . . N
|1yl < @ + - -+ + Gy—gy + Hmsup [|@g_1)| = @i

~ _ ) N
|lwil]| < g+ -+ @—q + limsup ||u;—1]] = 4,

which shows that for some function g of G(5(t)) (remember that u = G(6(t)))

2

lim [lw(t)]| < limsup [|g(G(6()]| = G. (2.40)

Moreover the transient can be made arbitrarily fast by decreasing p.

In conclusion, using superposition, we have that lim sup ||7.|| < G +b(p) where b(p) is the
bound in (2.29). Since b(p) can be made arbitrarily small and can be reached arbitrarily
fast, we can conclude that ||| can reach any neighborhood of G arbitrarily fast by

decreasing p.

|
2.3 Projection
Expressing inequalities (2.30) as a function of g, (7 = £'7), we have
1
M PG < Vo = T E'PET < s P (241)

Note that Ayin(E'PE") > Anin(E)*Amin(P) = Anin(P), since A\pin(E') = 1, and
Amaz (E'PE") < Amaz(EN Amaz (P) = 1/(p* ") Ao (P), since Apag (E) = 1/pm= 1.
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Using inequalities (2.32) and (2.41) we will have the following result,

Amaz(P) 1
Amin(P) p~!

[1Gell <

17(0) | exp {Mt} . (2.42)

During the initial transient, g.(t) exhibits peaking, and the size of the peak grows larger
as p decreases and convergence rate is made faster (peaking phenomenon). In order to
isolate the peaking phenomenon from the system states, the approach generally adopted
in several papers is to saturate the control input outside a compact set of interest to
prevent it from growing above a given threshold. This technique, however, does not
eliminate the peak in the observer estimate and, hence, cannot be used to control general
systems like the ones satisfying assumption A1, since even when the system states lie in
the observable region O C R™ x R™, the observer estimates may enter the unobservable

1

domain where (2.12) is not well defined. In other words H; " in assumption Al is not

. -1
defined outside the observable set O, which implies that {%a(ix,_z)} is not defined.

It appears that in order to deal with systems that are not completely observable, one
has to eliminate peaking from the observer by forcing its estimates not to exit a pre-
specified observable compact set. A common procedure in adaptive control literature for
keeping estimates in a desired convex set is to use gradient projection (see [15]). This
idea cannot be used here mainly because Z is not proportional to the gradient of the
observer Lyapunov function. In other words, applying a standard gradient projection
for for & over an arbitrarily convex set does not necessarily preserve the convergence
properties of the estimate. For example there are situations where, if we use projection

T TT

directly in [z, 2 coordinates, one can introduce equilibrium points on the boundary

of the convex set.

To solve this problem, we use projection in Y = [y, ", 27]" coordinates. In order to relate

the projected estimates in Y coordinates to [x, 2] coordinates, recall form (2.16) when
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d(t) = 0 we have that g. = Hi(Z, z), and hence

o =015 4 O,

Ye = bz B

. [oH7' (. 0H .

xr = |: 0% :| (ye - WZ) . (243)

We will use equation (2.43) to estimate & when ¢, is on the boundary of a specified set
CinY =[y.",2"]" coordinates (see equation (2.49)). In other words we confine ¢, and
z in that specific set C in the mentioned coordinate. In the next sections we show the
construction and properties of the set C and demonstrate how to modify the observer

using such a projection set.

2.3.1 Projection Sets

Consider system (2.8) and assume there is no disturbance 0(¢). Using assumption A2
and Remark 2 we conclude the existence of a smooth stabilizing control v(X) = ¢(z, 2)
which makes the origin of (2.8) an asymptotically stable equilibrium point with domain of
attraction D. By the converse Lyapunov theorem found in [13], there exists a continuously

differentiable function V' defined on D satisfying, for all X € D,

a ([ X)) < V(X) < aa|| X]]) (2.44)
lim oy (|| X]]) =00 2.45
o fm L ([1X11) (2.45)
O () +0.9) < —au(1X1) (2.46)
0X e Ge > —Og .
where «;, i = 1,2,3 are class K functions (see [11] for a definition), and 0D is the

boundary of the set D. Given any scalar ¢ > 0, define
A n+n
Q. ={X eR"™ |V < ¢}

where . C D for all ¢ > 0 and, from (2.45), Q. — D as ¢ — oo. Next, we define set C'

as follows.
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Assumption A3(Properties of C): Assume that there exists a constant c; > 0 and

a set C such that

Fi(Q,) CCcCF(0), (2.47)

where (2., is a level set of Lyapunov function V. Assume that C has the following

properties

(i) There exists a C! function g : C — R such that 9C = {Y € C|g(Y) = 0}, and
(0g/0Y )T # 0 on AC, which C is the boundary of C.

(i) C* ={y. € R"|[y.",2z"]" € C} is convex for all z € R"™.
(i) 8—9(89316;—2) £0 VzeRw,

(iv) UsegnaC* is compact.

F

FT L
L T Ye

Figure 2.2: Projection mechanism.
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In assumption A3 it is required that C possesses some topological properties which we
clarify here: part (i) means that the boundary of C is continuously differentiable, part (ii)
means that every slice of C, C*, which is obtained by holding z constant at z, is convex,
part (iii) means that normal vectors to each slice C* do not vanish anywhere on the slice

and, finally, part (iv) means that the set C is compact in the y, direction.

Remark 4: From assumption Al we know that Y = Fy(&, 2) + Fy(0) 2y Fy(6)
in which we do not know Fy(8). Therefore we use Y in the projection. To do so we
need to find set C such that whenever Y' € C we have F;}(Y') € O. This requirement
is represented in condition (2.47). See Figure 2.2 for a pictorial representation of this
condition. This assumption requires that there exists a set C in Y coordinates which
contains the image of 2., under F} and is contained in the image of the observable set
O under F;. This guarantees that if estimates in Y coordinates do not leave set C then

any trajectory starting in 2., remains in the observable set O.

After defining C, €. 2 {X € R"™™ |V < ¢} is chosen such that it is the greatest set

which Q. C F[1(C).

Remark 5: To further clarify the requirements of set C, consider the sets C; to C4 in
Figure 2.3 and Figure 2.4 for the case y. € R? 2z € R. While they all satisfy part (i), C;
does not satisfy part (ii) since its slices along z are not convex. C, satisfies part (ii) but
not part (iii) because the normal vector to one of the slices has no components in the
y. direction. Cj satisfies parts (i)-(iii) but not part (iv) since the area of its slices grows

unbounded as z — oco. C4 satisfies all the properties for C.

When O = R" x R™ and F;(R™™") = R"*™ A3 is always satisfied by a sufficiently
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G

Figure 2.3: Properties of C.

Figure 2.4: Properties of C,cont.

large set C and any ¢, > 0. In order to see that, pick any ¢y and choose C to be any
cylinder {Y € R"™™|||y.|| < M}, where M > 0, containing F(€2.,). C always exists
since the set F(€.,) is bounded. Generally, the same holds when F;(R"*™) is not all of

R+ and Y2 2 {y. € R"| Fi(x, 2)} is convex for all Z € R™.

When O = X x R™, where X is an open set which is not all of R”, and the the system
is globally ISS (A2 holds globally), one can choose C = D x R™, where D C R" is any
convex compact set with smooth boundary contained in H;(X') and containing the origin
of y. coordinates, H,(0,0). The scalar ¢, is then the largest scalar such that F3(2.,) C C

(co does not need to be known for design purposes). In the particular case when n, = 0
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(control input u does not affect the mapping H;) and A2 holds globally, one can choose
C = D, where D is defined above.

2.3.2 Observer Estimates Projection
Recall the coordinate transformation defined in (1) and let
g0 = (" 2), 50 =9~y YO =[T2T (2.48)

where 2 is the state of the projected observer defined as

P = T(ip,z,y)

(

laHl} R FNye(f/P) (Mo (V)T 4 NVP)TE) O,
A N, (VP)TIN, (77) 02
it N, (YOY 5 ap + N(YP)T2 > 0and YT € 0C
f (&7, 2, y) otherwise
\

(2.49)

where (i, z,y) is defined in the observer equation (2.12), j!|;r denotes the time deriva-
tive of §7 = H, (2, z) when 27 evolves according to the observer dynamics (2.12), i.e.,

: 0H; -

21 1 ~P

elaP = ~ T,z +
y‘ P 8LL’Pf( y)

on,
0z

z,
= (S&)71SEN™T, S = ST denotes the matrix square root of P (used for the Lyapunov

function in the proof of Theorem 1) and

%) ) = (D]

Nye(YP) = |:agP e

are the y, and z components of the normal vector N (YP ) to the boundary of C at Y,
ie., N(YP) = [N, (YE)T N.(YP)T]T (the function g is defined in Assumption A3).
Notice that the dynamic projection (2.49) is well-defined since assumption A3, part (iii),

guarantees that IV,, does not vanish.
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ac

Figure 2.5: Geometric Interpretation of the projection condition.

See Figure 2.5 for a pictorial representation of the condition in the first case of equation
(2.49). This condition is a constraint on the inner product of the two vectors s =
[51l:,T 2T]T and N = [N, T N.7]T. Whenever Y is on the boundary of C and the
vector field s is pointing outside of, or is tangent to, the boundary of C, this product is
greater than or equal to zero. As we mentioned earlier we want to prevent the observer
trajectories from exiting the set F;!(C). A simple explanation of the modification in the
observer equation is that when trajectories are on the boundary of C, OC, we eliminate
those components of the vector field in the direction of the normal to AC which force the
trajectories to exit C. This in turn keeps &7 within the set F '(C) which is a subset of
the observable set ©. When 2 is not on the boundary of C, we let the trajectories flow

along the vector field.

The following theorem shows that (2.49) guarantees boundedness and preserves conver-

gence for 2.

Theorem 2 : If A3 holds and (2.49) is used:
(i) Boundedness: if (#¥(0),2(0)) € F;*(C), then (27 (t), 2(t)) € FTH(C) for all t.

If, in addition, [x(t)", z2(t)"]T € Q., for all t > 0 and the assumptions of Theorem 1 are

satisfied, then the following property holds for the flow of the projected observer dynamics
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(2.49)

(ii) Requirement (2.19) in Theorem 1 is satisfied provided sup,,v(t) < 0o,

Notice that part (i) of the theorem shows that if 27 starts in an observable subset of O,
it remains in that set for all ¢. It does not give any information about the behavior of
our system states x(t) or estimation error. Remark 6 deals with the estimation error and

in Section 2.4 we discuss the behavior of x(t).

Proof. In order to prove part (i) of the theorem, it is sufficient to show that set C
is a positively invariant set for yP trajectories under the projection (2.49). This will

guarantee that (&7 (t), z(t)) = F7(Y'?) is contained in the set F;*(C) € O for all ¢ > 0.
We prove part (i) in a new coordinate [¢T, 2"]T, with the following transformation,
(= SEy. (2.50)

Similarly, (¥ = SE'4F, ¢F = SEGP. Consider the mapping

G = diag [SE', I, xn,]

and define C’ as the image of the set C under the linear map G, i.e.,

2

¢'=g@)={lc".="]" eR™|G7I[¢",2]" eC}.

Notice that G has no effect on z component. Figure 2.6 shows a pictorial representation

of the sets under consideration.

Define N/((, 2), N.(¢, 2) as the ¢ and z components of the normal vectors to the boundary
of C'. In order to relate Né(fp, 2), NI(CP, 2) to N, (47, 2), N!(CP, 2), recall from A3 that
the boundary of C is the set IC = {Y € R"™™ | g(Y") = 0} and hence the boundary of C’
is the set

ac' = {¢ € R" | g((SE)7'¢, 2) = 0}
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Figure 2.6: G Transformation.

From this definition we find the expression of N/ and N as

NU(C,2) = (SE)T[0g(Y") /0y!]T = (SE)TN,. (YF),

NI(¢F,2) = N.(YP).

Here again we express the projected observer in y. coordinate using coordinate transfor-

mation (2.48) as follows

pd b oH, .p OH, .

yf_dt (@7, 2)} = [a:epx * s
(N (N (V) T e + NL(VF)T2)
it.p —T _ _
Deler N, (V7)TTN, (VY 7)

= N . N A 2.51
it N, (VE) g ar + No(VP)T2 > 0 and VP € 0C (2:51)

yll;r  otherwise
\
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Knowing that y, = (SE")~1¢ from (2.50), the projection (2.49) in ¢ coordinates is

r . TNye <NZZQ;‘@P+NZ—|—Z>
SE"y|zp — (SE)
ye|SCP ( ) Ny—I;FNye
(P = gerif = NS gl + N2> 0and Y7 € 0C (2.52)
\ SE'G5r otherwise

and then substituting N = (SE')""N,,, N, = N,, and §}|;r = (SS’)‘lé\ip (since we

only use ﬁébp, for simplicity we do not use the notation ¢ Y:p), we have

A Ne <NéT§|jP i N;TZ) TA T APT U TT
LP_ C|§3P— T lfNé C‘Z%P—FN; ZZO&Hd [CP 4 ] 68(3'
=9 NG
Clar otherwise
(2.53)
Next, we show that the boundary of the set C' is positively invariant with respect to
(2.53). In order to do that, consider the continuously differentiable function

Ver = g ((SE')7YC, 2) and calculate its time derivative along the trajectory of (2.53) when

[CPT, 2T e ac,

Ver = NS, 2) T ¢V + NU(CP, 2)2 (2.54)
Lo NN (N + NITE)
! ] .
= N¢ (lgp — NN, + Nz (2.55)
0 (2.56)

which shows that the trajectory [CPT(¢)T, 27 (¢))]T cannot cross the boundary of C’, which
in turn implies that [§77(¢), 27 (¢)]7 cannot cross C and, therefore, 2 (t) € H;*(C) for

all ¢.

Next, for part (ii), we want to show that if X (t) = [z (¢),27(¢)]" is contained in a

positively invariant, compact set 2 for all £ > 0, then inequality (2.19) holds for all ¢ > 0
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using 7 (t) from part (i) instead of .(t), provided that v(¢) is uniformly bounded. Note
that z(t) is contained in the compact set * = {z € R™ | X(t) € Q} for all t > 0. Using

part (i) of this theorem and part (iv) in assumption A3 we have

~PT T 2 — z z >

PT (), =) e (Uzeﬂzc ) x O, for all t >0, (2.57)
where C is a compact set.

Now, part (ii) is proved by noticing that inequality (2.19) follows directly from compact-
ness of ), %, C, and the boundedness of v(t), and the local Lipschitz continuity of o and
(. As already mentioned, the local Lipschitz continuity of a and ( alone is not sufficient
for (2.19). Part (i) of this theorem is the key feature: it proves that §7(¢) is contained in
a compact set whose size is independent of p. This makes it possible to establish (2.19),
where the Lipschitz constant 7; is independent of p (notice that bounded ¢’ (#) means

bounded 2 (t)).

Remark 6: Notice that in Theorem 2 we do not discuss the properties of the estimation

P as we did for the estimation error in Theorem 1; in other words we have to show

error T
that the properties that we established in Theorem 1 remain valid for £. We could not
prove this part explicitly because its difficulty is beyond the scope of this thesis. Our
major problem was that we worked on a Lyapunov-based proof. But so far this path has
failed because it relies on finding an explicit Lyapunov function which can be used to
show the boundedness of observer error dynamics in equation (2.17) when G # 0, and not
using a superposition-based proof. The problem lies in the transformation (2.20). When
the mentioned transformation is applied, it produces two problems; the first problem
is that it renders a Lyapunov function dependent on &', while the second problem is
the multiplication of G(§(¢)) by £&. At the end these two problems provide us with an

estimation error that depends on p, in a way that decreasing of p produces an increase

in estimation error.
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But based on our simulations, we conjecture that £ has the same properties as # in

Theorem 1. Therefore for now we assume that the following statement is true

Conjecture 1: Preservation of the original convergence characteristics

Properties established by Theorem 1 remain valid for &* .

For a proof of this statement when §(¢) = 0 one can refer to [16], Lemma 2.

2.4 Boundedness and Closed Loop Stability

So far we have proved that the projected state estimate, 27, is bounded. Also based on

P _ AP

Conjecture 1 in Remark 6 we assume that the projected estimation error, 5 —x,

is bounded with an ultimate bound dependent on G. Here, we study the behavior of the

closed-loop system using the projected observer, i.e. the behavior of the system
X = fe(X) + ge¥ + 5e(t) (258>
when v = ¢(27, 2).

Theorem 3 Consider system (2.58) and the set Q. defined in Remark j. Suppose
Assumptions A1, A2, A3 and Conjecture 1 hold. For all ¢ € (0,¢), b(p) > 0,

d = sup(||o(t)]|) and 0 < 6 < 1 such that
d. = az 0o a3 (A(d + 7K(G,b(p)))/0) < c (2.59)

(where s, g, A and k will be defined later) there exists a number p € (0,1) such that

for all p € (0, p] and

V(X(0),27(0)) € {(X,2") | X € Q. (2",2) € FT'(C)},
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the phase curves X (t) of the closed-loop system remain in ., and system (2.58) is

uniformly ultimately bounded.

Proof. First we show that the needed time for every trajectory starting in a set €2,
to reach the boundary of Q. is finite. Since (27(0), 2(0)) € F;(C), by Theorem 2 we
have that (27(t), z(t)) € FyY(C) for all t > 0. Let QF = {z € R™ | (z,2) € Q.}. When

X(t) € Q, from (2.57) we have that

[T (1), 2(0)"]" € I (U C* x Qi) , for all t >0,

2€QZ

is a compact set independent of p. Hence there exists a bounded positive real number D
independent of p such that for all X € Q. and all (27(¢), 2(t)) € F;(C), we have that

| fe(X) + getd(2P, 2)|| < D. Therefore we have
| fe(X) 4 ged(37, 2) + 6.(t)|| < D +d.

In other words, the maximum rate change of X (¢) is D 4 d. Therefore || X (¢) — X (0)|] <
(D +d)t for all X(t) € Q.. If I = dist(§2,Q,) = infx co. x,eq,

Xl - X2||, then T =

[/(D 4+ d) is a uniform lower bound for the exit time from (2. which is independent of p.

Now choose Ty € (0,7). From assumption A2 we know that there exists a Lyapunov
function V' (X) for system (2.58) such that for the disturbance §(-) and some positive
definite, class K, functions «;(-) and some K function y(-) the following inequalities
hold

ar(|X]) < VI(X) < ao([ X1]) (2.60)

V(X) < —as(IX]) + x(ls@)l) (2.61)

Choose A = supycq, [|0V/0X|. From the Conjecture 1 we know that V¢ € [T;,7)
there exists p € (0,1) such that for all p € (0,0], ||ly.(t) — 97 (#)|| < G + b(p), which by

Assumption Al implies that ||2(t) — 27(t)|| < x(G,b(p)) for all t € [Ty, T) and some
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smooth function x with £(0,0) = 0. Choose ¥ to be the Lipschitz constant of ¢ over the

set
-1 z z
F; (Uzeﬂgc X Q) .
Then we have

lo((t), (1)) — ¢(@" (1), ()| < 7K(G, b(p))

Using a Lypunov analysis, for all ¢ € [Ty, T) we have

V =S8 [ R0X) +0:6( 2) + 6.(0)]

Vv :88—‘? [ fo(X) + ged(27,2) — ged(2, 2) + ged(z, 2) + 56(@}

% :2—‘; [ £o(X) + ged(@, 2)] + 2—‘; [9:6(2",2) = ged(x, 2) +6.(1)]

V < — ag(IX]) + A(I8]] +735(G. b)) (2.62)

V < —agoay (V) + A(d + k(G b)). (2.63)

For any V' > d. we have that

V< 12 LA+ 38(E ()

which implies that €2, is invariant since d, < c.

Since X (t) stays in the set Q. for all time, using (2.63) and, e.g. Lemma 5.3 in [11], we

can find an ultimate bound for X () which is given by

1 = (o (o (A5G HY)) 00

The main result of this theorem is to show that if we use the projected observer in the
the feedback loop of the extended system (2.58), or in other words v = ¢(27, 2), with
a sufficiently small p, we can guarantee that the observer estimates will converge to a

neighborhood of the system states in finite time and before the system states exit the
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set 2.. When p is made smaller, the projected observer does not allow large peaks in
the observer estimates, therefore preventing large control inputs which may drive X ()

outside the set Q. in shorter time.

When X (t) stays in €., the Lyapunov analysis shows that X (¢) is ultimately bounded.
With (2.59) we guarantee that this bound is inside the set .. The major difficulty here
is to find an analytical solution for ¢ and d (d = sup ||6(¢)||) such that (2.59) holds. Notice
that from (2.29) and (2.40), when §(¢) = 0 (d = 0), we have that M = 0, which implies
that X (t) approaches the origin. For a complete discussion on asymptotic stability of

the origin when 0(¢) = 0 and the projected observer is used, one can refer to [16].

Notice that in general, when the extended system X = f, o(X) + g.0(2F,2) is asymp-
totically stable at the origin, adding small disturbance d.(t) to the system (see (2.58))
will render the extended system UUB. In this way, the domain of attraction is local and
the bound for §(¢) is not known, while in our method we have a regional result and a

bound for the disturbance defined in (2.59).

2.5 Concluding Remarks

In this chapter we developed an output feedback control theory for a class of nonlinear sys-
tems subjected to disturbances. We specified allowable disturbances and system models
by imposing some restrictions on the observability mapping (2.2). Next, by introducing
the projected observer (2.49) in the feedback loop and the concept of projection sets,
we showed that we could achieve boundedness and stability in the presence of bounded

disturbances.

One of the benefits of the approach introduced in this chapter is that the knowledge of the
inverse of the observability mapping H; is not needed. Notice that the ISS assumption

A2 does not affect our assumptions regarding observability mapping or disturbances,
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which implies that, having observability assumption Al satisfied for a system, we can

use standard state feedback control design techniques to achieve input to state stability.

Although, when the disturbance 4(¢) is small, one can get local results by the method
introduced in this chapter for a linearized model of the original system (2.1), notice that
the observer designed in this way would not preserve the boundedness for the original

nonlinear system.

In the next chapters we will describe the difficulties that may be encountered when using

this technique in practice.



Chapter 3

Application to Axial Flow

Compressors

In this chapter we apply the techniques we developed in the previous chapter to the surge
and stall problem of axial air compressors. Surge and stall are instability phenomena

limiting the range of operation for compressors.

The instability problem has been studied and industrial solutions based on surge avoid-
ance are well established. These solutions are based on keeping the operating point to
the right of the compressor surge line using a surge margin (this point will be explained
shortly). However, there is potential for increasing the efficiency of compressors by allow-
ing the operation closer to the surge line and increasing the range of mass flow over which
the compressor can operate stably. This, however, raises the need for control techniques
which stabilize the compressor also to the left of the surge line. This approach is known

as active surge control.

In the following sections, we give a brief introduction to compressors, axial flow com-
pressor model, and surge and stall problem. Next we use the technique in Chapter 2
to stabilize axial flow compressors in the presence of disturbances. The introduction to

compressors, surge and stall, and Moore-Greizter model are based on the material in [31],

37
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[38] and [39]. Parts of the state feedback stabilizer design and the projection set rely on

the work in [23].

3.1 Compressors

3.1.1 Types of Compressors

The function of a compressor can be defined as to raise pressure of a specified mass flow

of gas by a prescribed amount using the minimum power input.

Compressors are used in a variety of applications such as, turbojet engines used in
aerospace propulsion, power generation using industrial gas turbines, pressurization of

gas and fluids in the process industry, transport of fluids in pipelines and so on.

Compressors can be divided into four general types: reciprocating, rotatory, centrifugal
and axial. Reciprocating, rotatory and centrifugal compressors are not studied in this
work. Axial compressors, also known as turbo-compressors or continuous flow compres-
sors, work by the principle of accelerating the fluid to a high velocity and then converting
the kinetic energy and pressure rise by decelerating the gas in diverging channels. In axial

compressors the deceleration takes place in the stator blade passages.

3.1.2 The Axial Compressor, Principles of Operation

A stage of an axial compressor consists of a row of rotor blades and a row of stator blades,
as shown in Figure 3.1, where (', C5 are the velocities of the flow through the rotor and
stator respectively, C3 is the velocity of the flow exiting the stator, and U is the rotor

velocity.

A single stage has often a low pressure ratio 1.1:1 to 1.2:1. Therefore it is very common

to use multi-stage axial compressors whereby the compressor has a series of stages, each
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having a row of rotor blades and a row of stator blades, where the number of stages

depends of the desired pressure ratio.

Stator

Figure 3.1: Blade rows.

In axial compressors, gas is accelerated in the rotor blades, and decelerated in the stator
blades, converting kinetic energy gained in the rotor into pressure rise. All the power
is transferred to the gas in the rotor, the stator merely transforms kinetic energy to an

increase in static pressure with the temperature remaining constant.

3.1.3 Surge

Surge is an axisymmetrical oscillation of the flow through the compressor, and is char-
acterized by a limit cycle in the compressor characteristic. Surge oscillations are in most

applications unwanted, and in extreme cases can damage the compressor.

The mechanism behind surge can be explained as follows. First, consider a compressor
operating between two constant pressure reservoirs. The compressor is equipped with a

downstream throttle valve. First the compressor operates at point A on the compressor
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characteristic of Figure 3.2. Consider a disturbance, in the form of partially closing the

Pressure

Mass Flow

Figure 3.2: Compressor characteristic.

throttle valve and thereby temporarily reducing the flow (not beyond the maximum of the
characteristic). This results in an increase in the delivery pressure from the compressor
and a reduction in the compressor flow. The increased delivery pressure produces a
larger mass flow trough the throttle, reducing compressor delivery pressure and increasing

compressor flow. This is therefore self compensating, stable system.

Now, consider the compressor operating at point B in Figure 3.2. A reduction in the mass
flow would now result in reduced compressor delivery pressure, reducing flow through the
throttle, moving the operating point further and further to the left. Eventually, the mass
flow reduction would be so great that the pressure upstream of the throttle falls below
the compressor delivery pressure. Mass flow will then increase until the system is drawn
back to the operating point B, and the whole cycle repeats. This instability phenomenon
is referred to as surge.

As a rule, stall and surge occur at the local maximum of the compressor characteristic or
at a point of the compressor characteristic with a certain positive slope. The surge point
will be located at some small distance to the left of the peak. Figure 3.3 is a representation
of the compressor characteristic for different values of rotor speed (n;’s). Surge points are

located on the so-called surge line, which can be considered as a barrier that separates
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Pressure

surge line

surge avoidance line

Ny

ng

n2
ny speed

Mass Flow

Figure 3.3: Compressor characteristic with surge and surge avoidance lines.

regions of stable and unstable operation in the compressor map. In surge avoidance
techniques, a surge avoidance line in the compressor map is introduced which is in some
distance (e.g., 10% of the flow rate) from the actual surge line, and the compressor state

is not allowed to cross to the left of this line, see Figure 3.3.

3.1.4 Rotating Stall

Rotating stall is an instability which arises when the circumferential flow pattern is
disturbed. Rotating stall occurs when one or more stall cells of reduced, or stalled flow
propagate around the compressor annulus at the fraction of the rotor speed. According
to Greitzer, the stall cell propagation may be 20-70% of the rotor speed. Rotating stall
leads to a reduction of the pressure rise of the compressor, which in the compressor
characteristic corresponds to the compressor operating on the in-stall characteristic!, see

Figure 3.4 (this point will be made clear in what follows).

A basic explanation of the rotating stall mechanism can be summarized as follows. Con-

sider a row of axial compressor blades operating at a high angle of attack, as shown in

n-stall or stalled flow characteristic is a set of operating points which define the pressure rise and
mass flow relation when the compressor is in stall. These operating points may be stable and the
compressor remain there, until measures are taken to bring it back to the un-stalled characteristic. In
Figure 3.4 un-stalled characteristic is indicated by compressor char. A technique for extracting the
in-stall characteristic for an axial flow compressor is presented in [22].
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pressure
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In-stall chax. 7 char.

(\Zj\/
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mass flow

Figure 3.4: Shematic drawing of hysteresis caused by rotating stall. Solid lines represent
stable equilibria and dotted lines represent unstable equilibria. The dashed lines are the

throttle lines (throttle pressure-flow characteristic) for the onset and clearing of stall.

Figure 3.5. Suppose that there is a non-uniformity in the inlet flow such that a locally
higher angle of attack is produced on blade B which is enough to stall it. The flow now
separates from the suction surface of the blade, producing a flow blockage between B
and C. This blockage causes a diversion of the inlet flow away from B towards A and
C, resulting in an increased angle of attack on C, causing it to stall. Thus the stall cell

propagates along the blade row.

Another consequence of rotating stall is hysteresis occurring when trying to clear the
stall by using the throttle. This situation is shown in Figure 3.4 and can be described
as follows. Initially the compressor is operating stably (1), then a disturbance drives
the compressor to rotating stall, and an operating point on the low pressure in-stall
characteristic (2). By opening the throttle to clear the stall, a mass flow corresponding
to (4) which is higher than the initial mass flow corresponding to (1), is required, before

the operating point is back on the un-stalled compressor characteristic.
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Figure 3.5: Physical mechanism for inception of rotating stall.

3.1.5 Modelling of Axial Compression Systems

Although dynamic models of basic compression systems have been available since 1955, a
major step in this field was made in 1976 when a nonlinear dynamic model for a basic axial
compression system was presented by Greitzer. A major drawback of earlier models was
that they were linearized, and therefore unable to describe the large amplitude pulsations
during the surge cycle due to their restriction to small perturbations from an equilibrium.
The main contribution of Greitzer is the finding of B parameter (which will be defined

shortly) and showing that B > B..; leads to surge and B < B, leads to rotating stall.

While the model of Greitzer is capable of simulating surge oscillations, rotating stall
is described as a pressure drop. Motivated by stall problems in gas turbines, Moore
and Greitzer (1986) proposed a model for multistage axial compressors where rotating

stall is included as a state. The low order model of Moore and Greitzer captures the
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post stall transients of a low speed axial compressor-plenum-throttle model (as shown in

Figure 3.6).

L
A X
71 : Vp N
/‘\ : \\
/ : /\\ \\
Inlet Duct ! i i \
1 | : Throttle
! Exit Duct i
Compressor Plenum

Figure 3.6: Compressor system.

The three differential equations of the model resulting from a Galerkin approximation of

the original PDE model are

. O H [ U =i 1[P ’ 3 [ J
= | ——= - (=-1 I+=(—=-1)(1-= 2
B Lc< H 2\ W >++2<W )( 2)) (3:2)

where
e H is the semi-height of the compressor characteristic (see Figure 3.7)

e IV is the semi-length of the compressor characteristic (see Figure 3.7)
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e d, is the compressor mass flow

W, is the plenum pressure rise

J is the squared amplitude of the rotating stall

o &7y (V) is the mass flow through the throttle

L. is the effective flow-passage length of the compressor and the ducts defined as

1
LCéL1+5+1E

where the positive constant a is the reciprocal time-lag parameter of the blade

passage.

e Constant B > 0 is the Greitzer B-parameter defined as

a U |V,

B
2a, V A L.

where U is the constant compressor tangential speed, as is the speed of sound, V,,
is the plenum volume, A, is the flow area and L. is the length of the duct and the

compressor.

e Constant o > 0 is defined as

3aH
(1 4+ ma)W

g =
where m is the compressor-duct flow parameter.

Notice that all the time derivatives in equations (3.1)-(3.3) are calculated with respect

to the non-dimensional time &, defined as

&1

I
=[S

where t is the actual time and R is the mean compressor radius.
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The pressure rise of the compressor is a nonlinear function of the mass flow. This function,
Uy (Py), is known as the compressor characteristic. One expression for this characteristic
which has found widespread acceptance in the control literature is the characteristic of

Moore and Greitzer

U1 o(®) =10+ H (1 + g (% — 1) — % (% - 1)3) (3.4)

The characteristic is shown in Figure 3.7. Notice that in (3.2)

o= 2 (_\Pl J Hel®) %J (g - 1)) . (3.5)

H H

Figure 3.7: Cubic compressor characteristic of Moore and Greitzer. The constants W

and H are known as the semi width and semi hight, respectively.

3.1.6 Disturbances

As in [19], the effect of pressure and flow disturbances are considered in this chapter.
Pressure disturbances, which may arise from combustion-induced fluctuations, accelerate

the flow. Flow disturbances may arise from processes upstream of the compressor, other
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compressors in series, or an air cleaner in the compressor in-let duct (see Figure 3.6). In
case of an aircraft jet engine, large angle of attack or altitude variations may cause mass

flow disturbances.

Here we assume that disturbances, §(t), are bounded, and they are either slow-varying or
constant. The constant disturbance case is of particular interest when, e.g., a constant
negative mass flow disturbance pushes the equilibrium over the surge line, initiating
surge or rotating stall. A constant disturbance in equation (3.1) can be considered as an
uncertainty in the throttle characteristic. Likewise a constant disturbance in equation

(3.2) can be considered as an uncertainty in pressure characteristic Wy .

3.1.7 Change of Variables

Consider system (3.1)-(3.3). We use the following change of variables to obtain a different

form for the Moore-Greitzer equations which is easier to use. The change of variables is,

9 R4 J _H
d=gpol V=g R=G f=gpb (3.6)
Applying the above changes, system (3.1)-(3.3) is given by
d =T+ Up(P) - 3PR
. 1
b= (@ - ) (3.7)

R=0R(1—®*—R), R(0)>0
where (5 = %, ® represents the mass flow, ¥ is the plenum pressure rise, R > 0 is the

normalized stall cell squared amplitude, and @7 is the mass flow through the throttle.

P — e+ 1430 — 103 where Weq = %

Referring to (3.4) here we have Wq(®) = —

O () is the throttle characteristic, and is defined as ¥ = v%(l + @7 (V))?, where 7 is
the throttle opening, the control input. For our purpose we assign ¢ = 7, and 3 = 1/v/2.
We call (3.7) the MG3 (Moore-Greitzer three state) model.
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3.2 Output Feedback Control for MG3

Our control objective is to stabilize system (3.7) around the critical equilibrium R =
0,9 =1,V = U (D) = U¢, + 2, which achieves the peak operation on the compressor
characteristic, in the presence of external disturbances. We shift the origin to the desired
equilibrium with the change of variables ¢ = & — 1,9 = U — W, — 2. System (3.7) then

becomes

R=—0R?—o0R(2¢ + ¢ = fi(R,¢,9)

b=~ 20— 36~ 3RO 3R 2 (R, 6.) (3.8)
w——%(q)T—l—@

We assume the pressure rise (and hence 1) to be the only measurable state variable.

System (3.8) including disturbances can be represented as following

1 = fi(x)+6:(t)  61(t) >0

@1 = fa(z) + 61(1)

(3.9)
i’g = ]{ISL’Q — ku + 53(t)
Yy =23
where [x1, 2o, 23] = [R, ¢, ], u=Ppr — 1, k = _6_12’ and 9; is disturbance.

It is clear that the system is in the form of system (2.1).

3.2.1 Observability Mappings

First we have to check the observability mapping in Assumption Al of Chapter 2 to
see if F' has the desired form. The observability mapping for system (3.9) including

disturbances is
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Ye1 =Y = T3
Yeo = Y = B3 = kwy — ku + 03(t) (3.10)

Yes = § = kio — kit + 0(t) = kfo(z) — kit + ko (t) + d5(t),
so letting z = [u,%]T and § = [6,0]", H; and H, in Assumption Al have the expression

H(z,2,0) = H(z,2) + Hy(d)

[ T3 ] | 0 |

= | kxyg—ku |+ 93(t)
kfole) —ki| | koa(t) + Sg(t)_ (3.11)
_ h(z) 0

= |o1(x,2) | T | 6:(9)

_¢2(I, Z) 92(5)

Notice that %% = %}% Therefore F' in Al can be written as

(G 0
1/8% (¢ — 21)) d5(t)
F(R, 9,9, 21,2) = |1/8% (=t — 3/2¢2 — 1/2¢% — 3Rd — 3R — z) | + |kds(t) + 05(t)
2 0
2 0

= Fi(z, z) + F5(0).
(3.12)

It is clear that F' has the desired form. Notice that when ¢ = —1, which corresponds to
® = 0, F; does not depend on R and is not invertible. Therefore when there is no mass

flow through the compressor (¢ = 0), a condition that we want to avoid during normal
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operation, R cannot be determined. In all other cases F} is a deffeomorphism. We thus

conclude that assumption Al is satisfied on the set

O={[R,¢,0]" eER’ z€eR*|p>—1}.

3.2.2 State Feedback Control

Here we design a state feedback control law for system (3.8) and later we show that
this control law input-to-state stabilizes system (3.8). By viewing system (3.8) as an
interconnection of two subsystems, namely the R-subsystem and the (¢, )-subsystem,
we design a full-state feedback controller which makes the origin of (3.8) an asymptotically
stable equilibrium point with domain of attraction {(R, ¢,v) € R*|R > 0}. We begin by

assuming that 6(t) = 0.

The following theorem and its proof are taken from [23] and will be used in the following

to prove the ISS property in assumption A2 from Chapter 2.
Theorem 4 For system (3.8), with the choice of the control law
i = (1 — 3*kiky)p + ko) + 35%k R (3.13)

where ki and ko are positive scalars satisfying the inequalities,

17 (2C0o + 3)?

> =+ (3.14)
<Ca — 16%) k2 + 2 <—%Ca + %) ki — (Co+3)*>0 (3.15)
ko > ki + %k% + 4k191€19/2 (ky ; Dk (3.16)
C > % (3.17)

the origin is an asymptotically stable equilibrium point with domain of attraction A =

{(R,0,¢) € R*|R > 0}.
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Proof. Without loss of generality and for simplicity let

1
’U/ = ?(u - ¢)7
be the control input. Therefore the last equation in (3.8) becomes ) = —u/. In the next

step, we consider system (3.8) the interconnection of two subsystems [S;] and [Ss] as

follows

b= - 20— ¢
(1] R=—0R?, [S5] 22
b=
A Lyapunov function for [S], defined on the domain {R € R| R > 0}, is V; = R, and its
time derivative is V; = —oR? thus showing that the origin of [S1] is an asymptotically
stable equilibrium point of [S;], and its domain of attraction is {R € R| R > 0}. As for
subsystem [Ss] we use V, = %¢2+%¢4+%(¢—k1¢)z, where kq is a positive design constant.
Furthermore, in [12], a stabilizing control law for [Ss] is found to be u = —c1¢ + 20,
where ¢; and ¢, are two appropriate positive constants. In the following we will show
that, in order to stabilize the interconnection of systems [S;] and [Ss], one needs to add

to u = —c1¢ + co0 a term which is proportional to the product R¢. Based on these

considerations, consider the following candidate Lyapunov function for system (3.8),
1, ki, 1 9

where C' > 0 is a scalar. Notice that V is positive definite on the domain A. Letting

¥ =1 — ki1, we calculate the time derivative of V as follows,

) k 1
V =—CoR*— CoR(2¢ + ¢*) + <¢ + 51¢3) <—¢ — gqs? — §¢3 —3R¢ — 31%) +
~ 3 1
+ (—u’ + kp + 5qu52 + §k1¢3 + 3k Ro + 3k:1R)
(3.19)
We use the identity —3¢? —1¢® = —1 (¢ + %)2 ¢+ 26 to climinate the potentially desta-

bilizing term — (¢ + k;/2¢%) 3/2¢. Next, substituting (3.13) into (3.19) (after taking
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into account the definition of '), letting k; = k; — 9/8, we get

’ 2 2 kl 3 ~ - 1 3 2
V=—CoR*—CoR(2¢+ ¢°) + ¢+5¢ —¢—k1¢—§ ¢+§ ¢ —3Rp—3R | +

~ ~ 3 1
+ 9 <_(7f2 — k1) + ko + §k1¢2 + §k1¢3 + 374713)
(3.20)
Notice that the expression —% (gb + %qﬁ?’) (gb + %)2 can be discarded since it is negative

definite, and that the term %gb?’@ cancels out. After rearranging the remaining terms,

we get
V< —CoR — (200 + 3)Ro — (Co + 3)R* — Fa” - (% & R) 6 — 2 Rgt
y " 3
+v (—(k‘z — k)Y + (ki = 1)¢ + Shid” + 3k1R)
(3.21)
By using Young’s inequality? we obtain the following inequalities
1 2 2 k
—(200+3)R¢g_32+w¢2’ —Qqu?’g R¢? | et
2 2 2 2 4
; R —1)? - e ky -
(kf—1)¢¢§¢2+%w2, 3k, R < R+ k 22, _k < 1¢ +i_];w2.
1
(3.22)

Applying the above inequalities to (3.21) we get

Ve (co-2)m (k- B g (k- G- - B

2 4 4k, 4
<Co—+3—§k1) R¢? —@qb
T
R Co—3 1 (Co+3- 3k R _ 2
<_ 773 3 (Co ' ) _(kl_(20<72+3) _1)¢2+
¢2 % (CO’ +3 - %k’l) iklkl ¢2
9 9k k2 —1)%\ -
~ (kb= - 2D e (3.23)

If the above quadratic form is positive definite, and the coefficients multiplying ¢? and

% are positive, then V is negative definite on the domain A. For the quadratic form to

*For any real numbers a and b, and any positive real k, one has that ab < 4 ° kb2,
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be positive definite we should have

3 31, - 1 3 \°
CU—§>0, (CU_§)Z]€1]€1_Z<CU+3_§]€1) > 0.
For positivity of the coefficients of ¢? and ¥? we need that
A Ol ) N AR P S B il O
' 2 PO T g 4

By using the definition of ki, inequalities (3.25), (3.26), (3.27), and (3.28) follow. In con-
clusion, if ki, ko, and C' are chosen so that (3.25)-(3.28) hold, V will be negative definite
on A which contains the origin. Moreover, the boundary of A, 0A = {(R, ¢,v) | R = 0},
is an invariant manifold (when R = 0, R = 0). Therefore the origin of the closed-loop
system in an asymptotically stable equilibrium point and the set {(R, ¢, %) |V < K} NA
is its region of attraction for any positive real number K. This in turn shows that A is

the domain of attraction of the origin of the closed-loop system.

3.2.3 Input-to-State Stability

Now we have to check assumption A2 for system the (3.9) using the feedback controller

@ in (3.13).

Consider

R = fi(z)+0.(t)

¢ = fo(x) + B2(t) (3.24)
¢=—;w—@+%@

where f; and f, are defined in (3.8), §;’s are disturbances, and = = [R, ¢, ] .
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Theorem 5 The closed-loop system given by (5.2/) and (3.13) where ki and ks satisfy

mequalities

17 (2C0o + 3)?

105 o, 3 1 21 9
<Cg — 6—4) ki + 1 <—§CO' + Z) ki —(Co+3)">0 (3.26)
9 5 9k1 (kf — 1)
cs 5 (3.28)
20

is input-to-state stable with respect to the disturbance input [01(t), 02(t), d3(t)] .

Proof. Substituting u = u from (3.13) in the last equation of (3.24) we have the following

u= (1~ Fhiks)d + 52hot) + 36°k1 R = (1 — a) + bip + dR¢

¢=—%pmwm¢+ﬂwnm@

f3
b= f3(x) + 05(t).

We have the following closed loop system

R=f+0
b= fo+ 0, (3.29)
b= fs+ 03

where we assume that J;’s are bounded.

Using the same Lyapunov function V- = CV; + V4 (C' > 0), as in the state feedback

controller design section, we have the following

1 k 1
i=R Vo= g8+ 20"+ 5 (0 ko)
N——
¥
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Vs . a%
0

= Cf; + C6, +

01/2 Vs
0¢ 02T 0¢

=Cfi+ %—‘;2]02 —HZ(f?) — k1f23+f'51 + %—‘;2

M N

=0 + (¢ — k19)

0 + 1;53 — kﬂ%z .

-

Using Young’s inequality for N we will have

k - -
N =C6 + (¢ + —1¢3>52 S R

262 e k

< R £ 6 _2 A _1
C(Sl+2+2+¢ 5+2+2+ ) 4
2 52 k 52 -

<16 (b 1 ¢2 12
<39 +C61+—2+2+—5 +—2+2+ ¢+—

M/

In the controller design section we discarded the negative definite term —% (¢ + %qﬁg ) (¢ + %)2,

which is used here as follows

¢ ky 3 312 _ _¢_2 ﬁ 4 § 2

5@+ ) o+5) =5 (e + ) 19 (@+3)
negative definite

ky 6 9 5 9 4

S—g e - Elﬁsﬁ

then for V we have

V<M——¢6—§k1¢5——k1¢ + Mg
3
< __6__ 5__ !
<M 4¢ 4]€1¢ 16]€1¢ + M
k1 4¢2 3 9 ,
2¢(4+2k1¢+8)+M
Bl 3. 9. .,
AL PRt R Y
hot (G435 +
<m-fr ¢4(¢ Nl

Vo
negative definite
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Hence V satisfies the following inequality,

Vg—(Ca—g)R2—<El—w—1>¢2

2

3.9, ki (k=172 1\ o
_<k2_§k1_1k1 L 1 2)Y

3 2 kiki 9k 4

1 o, 03
+C(51+ §+k1 52"’5

T
__ | Co—3 3(Co+3—2k)| |R
|| |LCo+3—2k) R _%u ¢?

— 2 _12
_<kl_w_1>¢2_<k2_§k1_§k%_9%_(kl ) 4

2

1 >, 03
FCs A+ (k)BT

Note that

1 52 1
Cé, + (5 + k:l) 55 + 53 < C|6y| + (5 + kl) (654 63)

1 A
< ol + (5 N k) 1812 2 X151

If the parameters of the inequality (3.30) satisfy the following inequalities,

17 (2Co + 3)?

oy > —
=g 2
105\ , 3/ 5 51 )
- (== = — >
(Co— 64)k1+4< 4Ca+8)k1 (Co+3)*>0
3.9 iy (k;—1)2 1
> 2 — k2 — - — -
ho 2 gk =gk 94k1—9\2 4 2
105
Co>—

o6

(3.30)

(3.31)

(3.32)
(3.33)

(3.34)
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then the quadratic form in equation (3.30) is positive definite and the coefficients of ¢

and 1 are positive and we have

T
v R Co—3 WCo+3-2k)| |R
¢?| |3(Co+3—2k) e P?
200+3) ) 3 9, ki (B—-12% 1Y\
< 1>¢ (kz §k1 Zkl 92—1 — 1 3 (0
+ x(/[d]])

||l>

—a([l]l) + x([l]])

which implies that the system (3.29) is input-to-state stable. Also notice that the set of
triples (kq, ko, o) satisfying (3.31)-(3.34) is non-empty and they also satisfy inequalities
(3.25)-(3.28)

3.2.4 Stabilizing Control Law for Augmented System

Referring to equations (3.10), since H; depends on u and 4 (i.e. n, = 2), following the
procedure outlined in Section 2.1 we augment the system dynamics with two integrators

at the input side, i.e.,

p

R=—0R?— 0R(2¢ + ¢?) + 0,(t)
[Pl & =—¢ —3/2¢% —1/2¢ — 3R — 3R + 6y(1)

| V=3 (60— 21) +83(1) (3.35)
Py 1= 2
Z"g =V

\

Defining z = [R, ¢,%]", we can write system [P] as @ = f(x) + g(x)z; + d(t). The
following theorem shows that having the stabilizing controller (3.13), we can find a v

such that the extended system is input-to-state-stable.



CHAPTER 3. APPLICATION TO AXIAL FLow COMPRESSORS 58

Theorem 6 Consider system
= f(z) + g(x)u+(t) (3.36)

Suppose there exists a smooth function u = ug(x) such that system (3.36) is 1SS with 6(t)

as an input. Then there exists a smooth function v such that system
&= f(x) + g(z)s1 +6(t)

S"l = S9 (337)
S"Q =

is 1SS with 0(t) as the input.

Proof. Consider the following change of variables

21 = 81 — up(x) (3.38)

Z9 = S9 — ul(x, 81) (339)

Then we have

0 0
21 29 +Up — ﬂ[f—l—g(zleuo)]—ﬂé
ox ox
~ o (3.40)
A
s 8U1 8U1 8U1
Zo =0 _ﬂ—x Lf +g(z1 + UO)],_%é - 8—81(22 + uy)
B

From ISS property for the system (3.36) we know that there exists a Lyapunov function
V(z) for that system such that for the disturbance §(-) and some positive definite, class

K, functions «;(+) and some K function x(:) the following inequalities hold

ay([lz]]) < V(z) < as(||z]]) (3.41)

V() < —as([lz]) + xlo@)]) (3.42)
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1% H < aullll) (3.3
Let X = [z, 21, 29]" and consider W (X) = V(x) + %z% + %z% as a Lyapunov candidate
for system (3.40). Then we have
. IV
W =—=1 + 2’121 + ZQZ"Q
ox
8V 0
[f+9(21 +ug) + 6] + 21 (22+U1 A— %5>
ou ou
+ 2 U—B—a—;é—a—si(@jtul)}

Choose u; and v as follows

ov
Uy = —C121 — EQ—FA_'_KI

Ouy
v = —CQZQ—Zl—FB—FaT(ZQ—'—Ul)—FKQ —7T(SL’ Z) (344)
1

where ¢1,c9 > 0, and K; and K, will be defined later. Then we have

W < —as(llall) + x5

— clzl + 7 Ky — 21%5
— 0222 + 29 Ky — 22%5
< —as(llzll) + x (o @)1
— 28 + 5Ky + 2} % 2 + iHéH2
— o275 + 20 Ko + 25 % 2 + %||5||2.
Choosing K| = —2; H Oug H and Ky = —2 H Ouy )2, we have

: 1
W < —ag([lll) = erzt = e2z5 + X6 + 11911

: x
which implies that W < —7 +x1(]|9]|) for some K, function 7 and K function

X1-
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[ |
3.2.5 Observability Set
We have that Y = F1(0) = {y, e R, z e R?* |y}, > %(—1 — z1)}. Define set C as

ag — 21 by — 2z
C= {[y;TazT]T € R5|y271 € [alﬁbl]’yiz € { 262 1’ 2/62 1} ’
1 1
y;g € [@(—22 + a3), @(—22 + bs)] , 21 € [ag, by), 25 € las, bs]} )

where a;’s and b;’s are scalars such that a;,b; € R, a; < b;,i = 1,...,5. It can be verified

that the for all a3 > —1, C C ). For requirement (ii) in assumption A3 to be satisfied,
each slice C* should be convex. Here the slices are parallelpipeds in R3. The union of all

slices is the set

} — by by —
CZ - {ye c R3 ‘ ye,l S [CLl’bl]vye,Q S [aZ 2 47 2 2a4:| 9
zZeR? s s
1 1
Ye,3 € {@(—bs + as), @(—as + 53)] } ;
(3.45)
which is compact and satisfying requirement (iv).
The vectors N,, and N, are given by
(
[1707O]T Qe,l = bl
[~1,0,0]" Je1=a
0,1,0]T oo = (b — 2
Ny, (Je, 2) = 010 2=plh =) (3.46)

[O> _l’o]T 'ge,2 = %

(
(

00,7 fes = A2 +by)
(

[O>0a _1]T 'ge,i’) = %
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[07 O]T Z)e,l = by or Qe,l =m
> Z)e2 = ;=\ — 21

[1/p%,0] " (b )
- ; Ye2 = (a2 — 21
~1/5%,0] 7 L(ay — =)

; Ue,3 = 55 (b3 — 22
0,1/3%] T (b )

Ne(Je;2) = 4 [0,=1/8% 7 fes = gz(as — 2) (3.47)

[LO]T 21 = b4
[_170]T 21 = Qq
[Oa l]T Z9 = b5
[07 _1]T Z9 = A5

Notice that N, never vanishes on any slice C*, which is the condition of the requirement
(iii). Now we have to use the Lyapunov function V' to find the largest value of ¢y such
that 2., C O and then pick some values for a; and b;, i = 1,...,5 such that a; > —1 and
Fi(Q.,) C C. A more practical way to design C is running a number of simulations for
closed loop system under state feedback for some initial conditions (z(0), 2(0)) and finding
upper and lower bounds of ¥(t), ¢(t), —(t) — 3/2¢*(t) — 1/2¢3(t) — 3R(t)p(t) — 3R(t),
21(t), 22(t), which in turn will give us the values of a;,b;, i = 1,...,5, respectively. By

doing that, we found that whenever

2(0)7,2(0)7]T € Q 2 {[2(0)7,2(0)T]” € R*| R € [0,0.1], ¢ € [<0.1,0.1],
(3.48)

¥ € [<0.5,0.5], 21 € [0.1,0.1], 2 € [-0.1,0.1]},

we have that a; = —1.15, by = 0.5, ao = —0.3, by = —0.1, a3 = —0.75, b3 = 0.4, ay = —2,
b4 = 7, a5 = —70, b5 = 250.
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3.2.6 Observer Design

Now we are ready to design observer (2.49) for MG3. Letting 27 = [}?P,QEP,@EP]T,

A~

f = f([fj'P’z’y) - [flaf%f?)]—r 1s giVGIl by

fr=—0o(R")? = aR" (20" + (¢")?)

 h/p+ BP/pP(367 4 3RY 4 3/2(97)?) + 8%/ p?
3(1+ ¢F)

(v — ")

fo= =1 =3/2(¢7)* = 1/2(6")* = 3R"G" = 3R" + 3L/ p* (v — 4"

2 (ﬁp P

fs——7+ll/P(¢—¢ )
f together with N, and N, in (3.46) and (3.47) respectively, and H; in (3.11), concludes
the observer and the dynamic projection. The output feedback controller is given by

b =7(27,v) in (3.44).

3.2.7 Simulation Results

Here we represent the simulation results for the designed projected observer in the previ-
ous sections when applied to MG3 in the presence of disturbances. We choose k1 = 20.43
and kg = 4.43 x 10* to fulfill ISS inequalities, and L = [6, 12, 18] so that the associated

polynomial s3 + [;5? + lys + I3 = 0 is Hurwitz. Notice that in all simulations #(0) = 0.

As for the disturbances §(t) = [0;(), d2(t), 65(t)] T we choose several cases. Figure 3.8 is
the case when d(¢) = [0.001,0.01sin(t),0.002cos(t)] " affects the system. The simulation
shows that the output feedback response follows the state feedback one. In Figure 3.9
the system is subjected to constant disturbances 6(t) = [0.003,0.001,0.002]" and the
results are shown for two different values of p. It can be seen that by decreasing p,
the convergence rate of the output feedback increases and the error between the output
feedback and state feedback responses decreases. Figure 3.10 shows the system responses

when 6(t) = [0.03¢7%,0.05e7%5,0.02¢~!] T, which is the case where ||§(¢)|| — 0 as t — oc.
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It shows that both output feedback and state feedback responses approach to the origin

as t — oo. In all three cases output feedback adds mild degradation of performance.

In Figure 3.11 phase curves of the system states and their estimates are represented
when §(t) = [0.001,0.01,0.002] " and p = 0.1. In this figure one can observe the effect
of projection on the peaking phenomenon in the observer states, and it can be seen that

the trajectories approach a neighborhood of the origin.

In the simulation for this example we encountered large peaks in z; = u. This problem
along with the difficulty of finding an appropriate projection set are the reasons that our

initial condition set (3.48) is very conservative.

3.3 Concluding Remarks

In this chapter we applied the techniques we developed in Chapter 2 to the MG3 model
and our simulation results confirmed our theoretical predictions in the previous chapter.
The major difficulty of this technique is finding an appropriate projection set C in (ye, z)
coordinates when its dimension n is greater than 3, as we can see in the MG3 example.
It appears that this particular problem needs further investigation which may lead to a

systematic numerical technique in finding projection sets.
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0.02

-0.02

-0.04

-0.06

-0.08

-0.2 | — - Output feedback b
/ —— State feedback
-03r ™/ h
-
_04 | | | | |
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Figure 3.8: Sinusoidal disturbances (p = 1/50 in output feedback).
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20 30

I
— state feedback
— p=.2
p=.01 H

25 30

Figure 3.9: Constant disturbances with different values of p.
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-0.15 O Output feedback
—— State feedback
-0.2 J
_025 | | | | |
5 10 15 20 25 30

1

Figure 3.10: Decaying exponential disturbances (p = g5

in output feedback).
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— output feedback
+ estimates
* initial condition
O origin

04

0.2

Figure 3.11: Peaking phenomenon.
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Chapter 4

Observability of Systems with

Uncertainty

In this chapter we apply the observer we developed in Chapter 2 to the MG3 model with
one uncertain parameter and explain the theoretical problem that is encountered when
uncertainties appear in systems in such a way that the affect the observability map. Then
we produce a simple example to show that our observer generates desirable results when

uncertainties do not affect the observability map.

4.1 MG3 with Uncertainty

In Chapter 3 we used an MG3 model without any uncertain parameters. Here we use

the following model,
d =T+ Uy(d,0) —3PR
1
NG

R=0R(1—-®*—R), R(0)>0

0 (® — r) (4.1)

where the difference from the model (3.7) is the presence of the uncertain parameter 6,

which can be considered as an uncertainty in the compressor model W (®) = & + 1 +

68
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HP% — %(I)?’ . Notice that the technique used in Chapter 3 copes with small uncertainties
in the constant term ®co + 1. A more general case of uncertainties will be discussed in

Remark 7. Note that here we do not consider time-varying disturbances.

4.2 Controller Design

Following the procedure we outlined in Chapter 3 we first find a controller for the extended
system (system with two integrators at the input side). Shifting the origin to the desired
equilibrium R = 0,9¢ = 1,V = Vo (P¢) = Uy, + 2 with the change of variables

p=0—-1,9 =V — Vg — 2, we have

R=—0R*—oR(2¢+¢*) £ fi(z)

b=~ 06— L¢° ~ 3o~ 3R = fo(x.6) (4.2)
b= —glu—1-9)

where x = (R, ¢,1), and ®r is considered as the control input u. Augmenting the system

with two integrators we have

R=f (4.3)
¢=—1p+uf+B (4.4)
b=+ 0-6) (45)
&1=6 (4.6)
&=v (4.7)

where B = $¢* — 3R¢ — 3R, w; = ¢*. We design the controller in the following steps

using the tuning function approach outlined in [12].
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Step 1. First we consider 4.3-4.4. Using the change of variables

2 =0¢ (4.8)

29 = w — (49)

where a1 = ¢1¢ + w10, ¢; > 0, and 0 is an estimate of €, we have

21 = —29 —C121 + wl(ﬁ) + B

where 6 = 6 — 6. Using

1 1 1~

as a Lyapunov candidate, letting 7 = zyw;, and noticing that 6 = —é, we have that

Vi=—C(cR* - 0R(2¢ + ¢*)) — c1¢* — ¢* /4 — 3R¢* — 3R

— 2129 + é(Tl - é/”}/)
Using Young’s inequality we have

Vi < — CoR? — ¢, + 200 (R*/4 + ¢?) + 3R?/4 + 3¢*
~ 1
— Z1%2 + 9(’7’1 — ;9/’7)

g—(%—Z)R2—(Cl—QCU—3)¢2

— 2122 + é(ﬁ - 9/7)

< —xX(R,¢) — 2120 + 9(7'1 - é/V)

where x(R, ¢) = (<2 — 2) R* + (¢; — 2Co — 3)¢*. Choosing ¢; > 2Co + 3 and Co > 2

we have that y > 0. We eliminate z;z5 in the next step. Since 1 is not the control input,

we postpone the choosing of the update law for 0 to the last step.

Step 2. Next we consider 4.3-4.5 and the change of variable

23 = 51 — Q. (410)
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Then we have that

1
52(1+¢—z3—a2)—a1
Choosing ag = 1+ ¢ — b /3* we have

Zg =

Z"g = —Zg/ﬁ2 + Oé/2 — dl.
After calculating & we have

by = — 23)B% + oy — L (—tp + B) + wy — wf

¢
0
:—Zg/ﬁ2+ Oy — 06;1( w—l—B)+w29+w29 'LU19
where wy = 8 ¢ wy. Using Vo = V) + %zg as a Lyapunov candidate and letting , =

ZoWy + To we have that

a¢( ¢+B)+w29 w19)

Va<—x— 212+ 2 (—2’3/524‘0/2

+ (15— 0/7)0.

Choosing o as follows

Oa 0oy
a2—z1+a—¢1( ¥+ B) — wf +

= 77'2 — Ca22
0

where ¢, > 0, we have that

Oa i A

Vo < —X — c2z§ él (yr2 —0) 4+ 0(m5 — 0)

52
and

o
0
89 (77'2 )

Step 3. In this step we choose

24:§Q—CY2. (411)
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Therefore we have

23 =2Z4 + a3 — dg
80&2

- F 4 wsf + w3l — =20
Z4+043—|- +w3 +w3 8‘9

_ O« O Jole} _ O« .
where F' = 2f1 ¢2( Y+ B) — _8?2(1 +¢—&)/p% and ws = —Bﬁwl. Choosing

Vs=Vo+ 23 as Lyapunov candidate and a3 = —c323 — + 3

we have

. ~ A 80&1 0a2 A
Va < —X — 922 — 322 + 2324 +0(m5 — 0 (z A> 73— 0
3 —X — G225 — C3%23 T 2324 (3 ) 2 Y BY; (7 3 )

where 73 = 7 + 23w3, and we set v3 =

88051 Here we used that fact that

0 — YTy = 0 — v73 + vz3ws. The time derivative of z3 has the following form

. Ox A
zZ3 = é2(’}/7'3—‘9)+22/62+1/3.

Step 4. In the last step of this recursive procedure we determine a control law for v.

From (4.11) we have that

24 =U — dg
8043
=y —
where &= G0 — G (0 + B) — G0 +6 —~ &)/5° — G and wy = G,

Using V, = V3 + §z4 as the Lyapunov candidate and choosing
Oasg
= —G —w,f+ % 77‘4 — 23— Cazq + Iy (4.12)

where 7, = 13 + 24wy, we have

’ 2 2 2
Vi< —xa— 0225 — 325 — a7z
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Figure 4.1: MG3 with adaptive controller.

where we use the fact that v(r3 — 74) = —yz4w, and the following
vy = H’)/’UJ4
II = z9 aoil + Zga;.i2
06
0 = . (4.13)

We use (4.13) as the update law for the uncertain parameter 6.

Figure 4.1 represents (R, ¢,1) when controller (4.12) is applied which shows that the

system state tend to zero as t — oo.

One drawback of tuning function method is that as the number of integrators increases,
the complexity of the controller grows. Figure 4.1 shows R and 1) vary more slowly com-

paring with ¢. This is due to the function «; in the first step of the controller design.
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We can improve this problem by choosing a more complicated function a; at the first
step, but at the expense of a more complicated final controller v. Due to this complexity,

as it can be seen in the simulation results, we were forced to use small initial conditions.

Remark 7: When there is more than one uncertain parameter in equation (4.4), a more
general controller can be designed using the same step-by-step procedure. Suppose (4.4)
is written as

d=fo+w'H (4.14)
where @ is a vector of unknown parameters. To solve this problem we can start with

V=122 + %éTF ~19 where T is the adaptation gain matrix and is positive definite. At

1
2
the end the update law would be 6 = I'r(x, 6).

As another case which is more general, the authors in [24] introduce structured parametric

uncertainty to the system (3.7) of the form A; as follows
R = fi+Ai(R,¢)

¢ = fa+ Aa(R, )

¢=§a®—%m

but their controller is full state feedback. In other words they assume that all the states

can be measured.

4.3 Observability Map

Consider system (4.2) as follows
R = fi(x)
b = folz,0) (4.15)

J=ku—1-¢).
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where z = (R, ¢,), and k = _5_12‘ Having y =1 = x3 as the output, the observability

map for this system is

Yy T3

= kf(l +ZL’2) — ku

[I>

Ye H(zx,z0). (4.16)

|
.
|

y kfa(x,0) — ku

Here we have a major theoretical problem which is the dependence of H on 6, an un-

known parameter. This problem makes the inverse H~! unknown, which in our observer
-1

(2.12) in Chapter 2 translates to an undefined [%—g} . Our attempt to apply the pro-

jected observer to this example has failed so far, and it seems that this problem needs a

substantial investigation which is beyond the scope of this thesis.

But the projected observer in Chapter 2 can be applied to a class of systems with uncer-

tainty which will be discussed in the next section.

4.4 Uncertainty and Observability Map

Consider the following system

= f(x,u,od
i 6) (4.17)

y = h(z,u)
where x € R", § € RP is a vector of unknown parameters, u,y € R, f and h are known

smooth functions and f(0,0) = 0. Applying the map (2.2) and using the notation in

Chapter 2 we have
y h(z, u)

) 0
Yo = y _ ¢1(ZL',.Z, ) (418)

y(n—l) _¢n—1(x7 2 9)
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where z = (u, 0, i, ...,u™ V), § = (9,9,...,9("9)), 0<n,<mnand 0 <ny<n-1
are integers. The appearance of the unknown term 6 in H prevents us from applying
the observer that we developed in Chapter 2. Therefore we need some assumption to

overcome this problem.

Assumption A4(Observability and Uncertainty): Assume that the plant has the

following property

99
00

=0, fori=0,...,n—1. (4.19)

Therefore (4.18) can be written as y. = H(x, z).

One class of systems that has this property is

&y = fi(wy, x2)

Ty = fo(x1, 29, 23)

l"i = fi(l'l, ce ,ZL’H_l) (420)
En = folx,u, )

For a further discussion on this problem one can refer to [25].

The next two examples are systems that have the structure of the form (4.20). The first
example is a system that is observable everywhere while the second one does not have

this property.
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_02 1 1 1 1 1 J
0 05 1 15 2 25 3
t
4r
— system trajectory
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2F

XN O | -
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_4 1 1 1 1 1 J
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Figure 4.2: x and its estimate, Example 4.4.1.

Example 4.4.1 Consider the system & = f(z,0) as follows

Zii'l = 21’1 + X9

Y=
where w = 2% + .5z5 and 6 is an unknown parameter. This system has two interesting
features. First, 6 dose not appear in the observability map as we will show shortly.

Second, the control input u does not appear in the observability map and we do not need

to use integrators at the input side.

Using adaptive backstepping as in Section 4.2 we find the following state feedback con-
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4r * initial condition
O origin
— system trajectory
3k estimates
2 |-
1 |-
><N O | -
_1 =
_2 |
_3 =
-4 1 1 1 1 1 1 1 |
-4 -3 -2 -1 0 1 2 3 4

Figure 4.3: Projection effect, Example 4.4.1.
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troller

U= —z — Cozo 4+ — wh (4.22)
Zo = T9 — (1

21 = T

] = —C121

where ¢; > 2, ¢o > 0 and

~

0 =vzw (4.23)

where v > 0 is the update law for the unknown parameter. Following the procedure to

design an observer we have (notice that, due to the absence of disturbance, H = H})

X
== "=t (4.24)
?J )
OH 1 0
N

p 0
E =
0 p?
. Al
f(:i'>u>y) = +€_1L(y_:i'l)

u(z) + w(z) + Oy

where 6y is the nominal value of 6. As for the projection surface C we use the surface of
a circle of radius v/14 which is 27 + 23 — 14 = 0. Next we have to define the projection

elements as follows

Ny, = [&7 251", N.=0
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The simulation results are depicted in Figures 4.2-4.3. In this simulation we have chosen
p=0.02, 0 =1and 0 = 3. In Figure 4.3 one can see the effect of projection on circle

surface for Z. Notice that the £(0) = 0.

AN
Example 4.4.2 Consider the system & = f(z,0) as follows
Zifl = ZL’% + 2!13'2
Ty = u+ wh (4.26)

y = (z;—1)

where w = z2e™ and 6 is an unknown parameter.

First we design a state feedback controller. Using adaptive backstepping and considering
V =312+ 34+ % as a Lyapunov candidate, we find the following state feedback

controller

U= —2z — oz + by —wh (4.27)
Z9 = T9 — (1
21 =1

a1 = —C121 — LE‘%

where ¢; > 0, ¢; > 0 and

0 = 2w (4.28)

with v > 0 is the update law for the unknown parameter. Using this controller we have
V S —012% - CQZ;.

Following the procedure to design an observer we have (notice that, due to the absence
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of disturbance, H = H;)

=" = (1 =1 — H(z) (4.29)
OH 2(x1 — 1) 0

0T | 4(a2 — 1) + 2022 + 22) 4(z1 — 1)

(4.30)

Notice that n, = 0 and H is invertible for 2y < 1. Therefore we have to choose the set C
in y. coordinates such that it contains H(0,0) and y.; > 1. For that purpose we choose

C to be the following set
C = {(ye € R?|(ye;1 — 1)?/.9025 + y2,/4 < 1}

which is an ellipse. Next we have to define the observer and the projection elements as

follows

0
£_ p
0 p?
. z -1
oy = 1 ] e @)
u(Z) +w(Z) + o t

N, =y +[-1/.90251/4]" , N, =0
OH
— =0.
0z
The simulation results are depicted in Figures 4.4, 4.5 and 4.6. In this simulation we
have chosen p = 0.02, §y = 1 and 6 = 3. Notice that the £(0) = 0. Figure 4.5 shows the
effect of the projection on 2 in x coordinates, while Figure 4.6 shows the effect of the

projection on the estimates when the hit the ellipse surface (ye1 —1)?/.9025 +yZ2,/4 =1

in y. coordinates.
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— state feedback
0.6 output feedback
— estimats

Figure 4.4: x and its estimate, Example 4.4.2.

Figures 4.7 and 4.8 represent the simulation results when disturbance

§(t) = [0.4sin(t) 0.3cos(t)]" is added to the system in the form of & = f(x,0)+4(¢). This
is an example when there are disturbances and uncertainty in system, in other words a
combination of the results of Chapter 2 and this chapter. Figure 4.8 shows that, because
of the existence of disturbance, the trajectories enter a neighborhood of the origin, which

is an example of the ultimate boundedness result in Chapter 2.

JAVAN
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T
— state feedback
output feedback
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* initial condition
0.4 O origin I
02 RN i
X,
N
N
\\
0 X 1
~ I
X 2
_0 2 L. ‘l ! -
N ‘, /
| !
| /
l /
041 i / 1
: /
I
/
| ;
- !
0.6 1
| | | | | | |
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

Figure

4.5: Projection effect in x coordinates, Example 4.4.2.
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* initial condition
O origin

— output feedback
— estimats

_1.57

0.2 0.4 0.6 0.8 1 12 14 16 18 2

Figure 4.6: Projection effect in y. coordinates, Example 4.4.2.
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Figure 4.7: Disturbance and uncertainty, Example 4.4.2.
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Figure 4.8: Disturbance and uncertainty, projection effect, Example 4.4.2.
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Chapter 5

Conclusion

Our approach to the output feedback control of systems affected by disturbances in
Chapter 2 allows us to use available state feedback control design techniques. However,
in practice, during the design step one may encounter some limitations and difficulties

as we did in Chapters 3 and 4.

First, our method requires adding integrators at the input side. This complicates the
state feedback design and generally leads to a complex expression for the state feedback
function in the last integrator. Second, it appears that finding an appropriate set C for
the projection may be a difficult task and sometimes it may yields a very conservative
set which limits our control effort and/or our ability to use the current simulation tools
such as MATLAB. For example, due to our choice of set C in Chapter 3 for MG3, our
choice of initial conditions for simulation is limited to small values. Third, in Chapter 3,
our technique relies on the perfect knowledge of the compressor characteristic which is
not a realistic assumption. Our attempts to add some limited kind of uncertainties in the
compressor characteristic hasve failed as we discussed in Chapter 4. Additionally, we just

solved the problem for a limited kind of disturbances with a conservative assumption.

Some points that we mentioned throughout this thesis and the limitations that we just

mentioned set some possible directions for future research such as, finding a Lyapunov
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or non-Lyapunov based proof for the Conjecture in Chapter 2, a possible proof for the
combination of the results in Chapters 2 and 4, modifying the observer to work with
systems with a broader range of uncertainties and disturbances, developing numerical
methods to automate the design of C, and developing some estimation methods other
than backstepping for the control input. Additionally, it would be interesting to find
a possibly modified version of this method for systems that are unobservable at some

individual points or even at the origin.
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