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Abstract

Necessary and sufficient conditions for global transverse feedback linearization are presented,

together with easy-to-check sufficient conditions.



1 Problem Formulation

Consider the smooth dynamical system

defined on R”, with f and g smooth vector fields, h : R* — R? (p > 2)! smooth, and u € R.

Given a smooth parameterized curve o : D — RP, where D is either R or S!, the maneuver
regulation problem entails finding a smooth control u(z) making the output of the system approach
the set o(ID) and making sure that the curve is traversed in one direction. The feedback u(x) should
also be such that (D) is invariant under the output dynamics, meaning that

h(xz(0 oD
(2(0)) € o(D) — (Vt > 0) h(z(t)) € o(D).

Lph(a(0) + Loh(a(0))u(x(0)) € Ty (o(0)(D)

When D = S1, o(D) is a periodic curve. Banaszuk and Hauser in [1] provide a solution to this
problem in the special case when D = S' and h(x) = x. Notice that one particular instance of
maneuver regulation is the case when a controller is designed to make y(t) asymptotically track a
specific time parameterization of the curve o(t). Thus asymptotic tracking and maneuver regulation
are closely related problems. In some cases, however, it may be undesirable to pose a maneuver
regulation problem as one of tracking because tracking controllers don’t make o (ID) invariant under
the output dynamics. Moreover, even if a maneuver regulation problem admits a solution, its
time parameterized version may not (consider, for instance, the problem of maneuvering a wheeled

vehicle with bounded translational speed by means of steering).

We do not allow single output systems (p = 1) because in such case the problem investigated in this paper
degenerates to asking that y follows the entire real line.



We impose geometric restrictions on the class of curves o(-).

Assumption 1: The curve o : D — RP enjoys the following properties
(i) oisC", (r > 1)
(ii) o is regular, i.e., ||o]| # 0
(iii) o : D — o(D) is injective (when D = S! we instead require o to be a Jordan curve)

(iv) o is proper, i.e. for any compact K C RP, 071 (K) is compact (automatically satisfied when

D= S!)
Assumption 1 guarantees that o(D) is a submanifold of R? of dimension 1.

Assumption 2: There exists a C' map v : RP — RP~! such that 0 is a regular value of v and
o(D) = v~1(0). Moreover, the lift of y~1(0) to R™, I" := (y o h)~1(0), is a submanifold of R™.

A sufficient condition for

I'={z:n(h@) = ... = 1(h(x)) = 0} (2)

to be a submanifold of R" is that h be transversal to yv~1(0), i.e., [2, 3]

(Vo € T) Im (dh), + Thyy ' (0) = R”. (3)

The codimension of T' is equal to the codimension of y~!(0) which implies dimT' =n —p+1 [4]. A

weaker sufficient condition is

(on a neighborhood of I') dim(Im (dh), + Th(x)’y_l(O)) = constant. (4)

The problem of maneuvering y to v~ 1(0) is thus equivalent to maneuvering = to I' and can be cast



as an output stabilization problem for the system

&= f(z) +g(x)u

y = (yoh)().

In general one may be able to maneuver x to the subset of I' which can be made invariant by
a suitable choice of the control input. Accordingly, let I'* be the largest controlled invariant
submanifold of I' under (1) and let n* = dimI™ (n* < dimI’ = n — p + 1). Further, let u* be a

friend of T*, i.e., a smooth feedback rendering I'* invariant, and define f* := (f + gu*)|r=.

Assumption 3: T is a closed connected submanifold (with n* > 1) and the following conditions

hold
(i) Gex>0)(Vael*) ||Lh(x)] > e
(ii) f*: I — TT* is complete

In [1], T* =T = o(S!), and it is assumed that f(z) # 0 on I'*. Thus in that work Assumption
3 is automatically satisfied (the completeness of f* follows from the periodicity of o(S1)).

We first focus on the well-definiteness part of the assumption. In order to derive conditions
guaranteeing that I'* is a closed submanifold, associate with each constraint in (2) the single input,
single output system {f,g,7v; o h} where i € {1,...,p — 1} and a corresponding zero dynamics

manifold I';.

Lemma 1.1 If(, I’} is a non-empty, closed, controlled invariant submanifold, then I'* exists and

it 1is given by I'* = ﬂfz
k

Proof : (C) Choose any point x € I'*. Since I'* C T,

(VEe{l,...,p—1}) y(h(z)) =0.



This, together with the fact that, by definition, I'* is locally invariant around x, implies that
(Vke{l,...,p—1}) zeTy,

or z € (), I}

(D) Since (), I'; is controlled invariant and output zeroing, and since I'* C (1), I';, one has that, by
the maximality of I'*, I =, T'}.

Let r; be the relative degree of system {f,g,7; o h} and define H; : « — col(vy; o h(x), L¢(v; o
h(z)),... ,L’]}"_l(fyi oh)(z)). If each r; is well-defined and uniform over I', one has that each I'f is a
closed submanifold and I'} = H;” 1(0). This is not enough to guarantee that i L} is a submanifold,

as the intersection of two submanifolds need not be a submanifold. A sufficient condition for the

intersection I'; NI}, i # j, to be a submanifold is that [3]
(Ve e;NI;) T,I7 +T,I =R"

or, equivalently, ker (dH;), + ker (dH;), = R". Using the fact that T,,(I'; N I'}) = T,I'; N T;I'; one

easily arrives at the following result.

Corollary 1.2 T is a closed submanifold if each system {f,g,v; oh}, i € {1...p — 1} has a

uniform relative degree r; over I' and, if p > 2, the following conditions are satisfied.

(i) Fork=1,...,p—2,

k+1
(\m N r;) HE + ker(dHpi1)s = R,
j=1



where HY is defined inductively as

H} = ker(dH1)s, k=1

HE .= HF'Nker(dHy)s, k> 1.

L' (yxoh)
T —1

——r——, 1 <k<p-1,
LoL}* " (.0h)

(it) Letting uj, := —

(u1)

oy == (W)

. -1
In this case, n* =n— Y b r;.

Remark 1.1 Rather than using transversality to derive the sufficient conditions of Corollary 1.2,
one can employ a slight modification of the zero dynamics algorithm of [5] (see also [6]) or the
constrained dynamics algorithm presented in [7]. In both cases a feasible initial condition for the
algorithm should be defined to be any point xy € I'* such that f(xo) + g(zo)up € Ty, I'™* for some
real number ug. If the sufficient conditions of Corollary 1.2 are not satisfied, the zero dynamics

algorithm may still find a locally maximal controlled invariant submanifold of T'.

Remark 1.2 Condition (i) in the Corollary above can be weakened by assuming, instead that, for

k+1
<0n a neighborhood of ﬂ F;) dim(HY + ker(dHy4 1)) = constant.
j=1

The condition, in Assumption 3, that ||Ls«h(z)|| > € on I'* implies that there are no equilibria on
I'* and that, whenever x € I'*, ||y|| = ||L¢<h(x)|| > €. This condition ensures that the output of (1)
traverses the curve o(ID). The next example illustrates that this condition is not strictly necessary

for the feasibility of the maneuver regulation problem.



Example 1.1 Consider the dynamical system and path

& = col(za,u, x3)

y = col(z1,x2), 0: A€ R col(AN)

Here D = R and o(D) = {y : y1 —y2 = 0}. The lift T is given by I’ = {z : 1 — x9 = 0} and
it is readily seen that I'* =T and a friend of T'* is u* = x1. Assumption 3 is not satisfied since
there exists a single point on I'* where Ly«h(x) = col(xa,x1) = 0. Yet, almost all initial conditions
on I'* result in path traversal. Specifically, the only case where the path is not traversed is when

:El(O) = l‘Q(O) =0. YA

Example 1.1 shows that even if Assumption 3 is violated, it may still be possible to traverse
the path. However, if ||Ls«h(z)| fails to be bounded away from zero, then the situation becomes

problematic.

Example 1.2 Consider the dynamical system and path

— 92
i = col (azlazg, x1x32,x3> + col(0, u, 0)

(234 1)
— col(z1, 22), 0:AER > col [ A~
y = col(x1,22), 0: col { A 57

HereD=R, T'=T"={z: 29— % =0}, and u* = 0. Assumption 3 is not satisfied since

2
i+

— 22
Lyh(z) = col <$1l‘3, #)

(23 + 1)2

is zero on the set {x : x1x3 = 0}. Let u = —x9 + x%ﬂ The result is a closed-loop system where
1

any tnitial condition

29 = col (6, %, )



where € = 0 will not result in path traversal. However, initial conditions with €§ # 0 will result in
path traversal. This example illustrates the fact that Assumption 3(i) avoids pathological situations
whereby some phase curves originating outside of I'* may approach points of I'* where Ly<h = 0,

thus not traversing the path o(D). A

We are now ready to formulate the main problems investigated in this paper. The following are

a direct generalization of analogous statements found in [1].

Problem 1: Find, if possible, a single coordinate transformation T : x — (2,§) € T* x R

valid in a neighborhood N of T* such that in (z,£) coordinates
(i) T* = {(2,6) € T* x R*™™ . £ = 0}
(i) The dynamics of system (1) take the form

zZ= fO(Zaf)

&1=6

Sn—n*—l = Sn—n*

én—n* = b(Z,f) + a(z,f)u
where a(z,&) #0 in N.

It is clear that if one can solve Problem 1, then the smooth feedback

1
U:—m(b(zaf)JrKf)- (7)

achieves local output stabilization of (5) and hence local stabilization of (1) to T'* (resp., [*NUY). In

turn, stabilization of (1) to I'* implies, by Assumption 3(i), traversal of ¢ (D) in output coordinates.



It is also not difficult to see that (7) makes o(ID) invariant under the output dynamics (see Section 1).

In light of this, the main focus of Problem 1 is the output stabilization of (5).

Remark 1.3 The autonomous feedback control (7) achieves exponential stabilization to I'*, how-
ever, (7) does not prevent the closed-loop system from exhibiting finite escape time (i.e., the entire
o(D) is traversed in finite time), even though the vector field of the closed-loop system is complete
on I'*. A similar problem is encountered in feedback linearization when stabilizing a minimum
phase system in normal form. There are various ways to modify (7) to avoid finite escape time.

Discussing them is beyond the scope of this paper.

2 Solution to Problem 1

Theorem 2.1 Problem 1 is solvable if and only if there exists a function o : R™ — R such that
1. T* C {z e R": a(z) = 0}

2. « yields a uniform relative degree n — n* over I'*.

Proof : (=) Consider system (6) and let a = &;. Conditions (i) and (ii) follow immediately.

(<) From a slight modification? of the proof of [6, Proposition 9.1.1] one obtains a coordinate
transformation 7' : R® — Z* x R"™™" | valid in a neighborhood of Z*, yielding the normal form (6),
where Z* := {(2,¢) : £ = 0} is the zero dynamics manifold associated with the output function a.
We are left to show that Z* = I'*. First notice that I'* C Z* for if z € I'* then «(Z) = 0. Since
through Z there passes a controlled invariant submanifold, I'*, and Z is output zeroing, it follows
that £ € Z* as well. Finally, since I'* and Z* are two connected, closed submanifolds of the same

dimension and I'* C Z*, one has that ['* = Z*.

2Here the main difference is that we do not require that the vector fields {Ti}ie{lmn,n*} in [6, Proposition 9.1.1]
be complete. This implies that the normal form (6) is valid over a neighborhood A of T'*, rather than R™. If the
vector fields 7; ¢ € {1...n —n"} are complete, then the transformation is globally valid on R™.



The function « is used to generate the feedback (7) by setting

a(T(2)) = Lyl "a(x)

The conditions in Theorem 2.1, although rather intuitive, are difficult to check in practice. In what
follows we present sufficient conditions for the existence of a solution to Problem 1 which are easier

to check.

Corollary 2.2 If one of the path constraints in (2), vz o h, yields a uniform relative degree n —n*

over I'*, then Problem 1 is solved by setting o = 7z o h.

Thus, it may be possible to solve Problem 1 by performing input-output linearization choosing as
output one of the path constraints. However, Problem 1 may be solvable even when none of the path

constraints yields a well-defined relative degree. We postpone this discussion until Example 2.1.

Lemma 2.3 If there exists a function o« : R™ — R which satisfies the conditions of Theorem 2.1,
then for all x € T'*

T,I' + span{g, . . . ,ad?_”*_lg}(m) =R". (8)

Proof : By its definition, f* is such that, for all x € I'*, f*(x) € T,I'"*. Also, by Assumption 3(i),
span{ f*} is a one dimensional, hence involutive, distribution on I'*. Fixing x € I'*, the facts above

imply that, in a neighborhood of = in I'*, there exist n* — 1 one-forms d¢s, ..., d¢,~ such that

(span{f*})* = (T,I")" @ span {dgs ... dpn-}.

10



Define the map t — @{ ) (x), which, for some positive ¢, is a diffeomorphism of (—d,d) C R onto
its image and denote by ¢y its inverse. By construction, (L«¢q)(x) = 1, implying that d¢;(z) ¢

(span{f*(x)})* and thus that

(R")" = (span{f*}(2))" @ span {d¢1 }(«)

or, equivalently,

R" = T,I'* @ span{d¢; des . ..ddn-}*(z). (9)

Consider a set of linearly independent vectors {v1,...,v,~} spanning T,I'*. Let V = [vl vn*]

and define a matrix S as follows [1]

do1
doo
S = Ay, Vg - ad?_”*_lg
dL;ﬁ_"*_loz
a
Lyo
0 A
(all vectors and one-forms are evaluated at x) where {Ly¢}i; = (d¢s,v;), i,j = 1,...,n*, and

A € R"™™Xn=1" is upper triangular with non-zero diagonal (this follows from condition (2) in
Theorem 2.1). It is clear that if the matrix Ly ¢ is nonsingular then S is nonsingular as well,

implying that Im([V g(z) --- ad?_"*_lg(aj)]) = T,I'* + span{g, . .. ,ad?_"*_lg}(x) = R" and the

11



proof is complete. To prove that Ly ¢ is nonsingular, we use the fact that if A and B are two

matrices such that the product AB makes sense then
rank(AB) = rank(B) — dim(ker(A4) N Im(B)).
Applying this to Ly ¢, all we have to show is that
Im V Nker (col(dor(z),...,doy=(x))) =0
or, equivalently,
T,I* Nker (col(dpy(z), ..., don(x))) =0,

and this follows directly from (9).

Remark 2.1 Condition (8) is a generalization of the notion of transverse linear controllability
to the case of controlled invariant submanifolds of any dimension. It is useful in deriving check-
able sufficient conditions for the existence of a solution to Problem 1. The notion of transverse
linear controllability was originally introduced in [8] and later used in [1] for transverse feedback

linearization. In both papers, n* =1, D = S!, and T,I'* = span {f*(x)}.
Theorem 2.4 Problem 1 is solvable if

1. T* is parallelizable (TT* = T* x R™")

2. T,I'* +span{g... ad}‘_"*_lg}(a:) =R" on T*

3. (n—n*>2)3 = (span{g... ad}‘_"*_2g} is involutive).

3 Notice that since p > 2, one has that n —n* > 1.

12



Proof : We will show that if the above conditions hold, then a function « can be constructed
satisfying the conditions of Theorem 2.1. Let {v1,...,v,+} be a set of independent vector fields
defined on I'* such that T,I"™ = span {v1,...,v,+}(z). Global existence of these vector fields is

guaranteed by the hypothesis that I'* is parallelizable. Condition (1) can be rewritten as

span{vi, ..., Up*, g, ... ,ad?_”*_lg}(x) =R".

We use the flows of these vector fields to generate s-coordinates. Choose any point 2° € I'* and

consider the mapping F defined as

*
ad®™ " 1

9 o5... I
S (I)sn ° © (I)Sn*+1

9 V,, * v1 (.0
O(I)sz* O”'O(I)sl(x )

The map F : F~Y(N) — N, where N is a neighborhood of I'*, is a diffeomorphism. Let Ty =

col(s1,...,8p++1), To = col(Sp*42,...,Sn), and define
Ty (.0 ad} " g 0
1 P Uy, * U1
Hl (.Z' ) = (I)Sn*+1 O(I)SZ* O~-'O<I)Sl(x )
adnfn*72

% o010, Y@') ifn—n*>2
HT2 1y . $
2 (z7)

z ifn—n*=1.

With these definitions, rewrite F'(s) as
F(s) = HI* o H{'(2°).

Choose a(x) = sp=y1(x). By construction, any point z € I'* can be reached by flowing along

13



v1,...Unx. Therefore, in s-coordinates, any point x € I'* is represented as

F_l(a;):col( R VR 0).

n* elements

Thus, on I'*, a(x) = 0, which proves that condition (1) of Theorem 2.1 is satisfied. Further, notice
that, by construction

Lad’;77l*71ga - 1

on N. If n — n* = 1, this shows that « yields a uniform relative degree 1 over I'*, as required. If

n—n*2>2 let D =span {ad? g}iE o By assumption, D is a non-singular and involutive

—n*—2}"
distribution. Let S denote the integral manifold of D passing through the point HlT1 (20). In

s-coordinates

S:{SEVCR”:.S’l:Cl,...,Sn*_H:Cn*+1}

where ¢;, i = 1,...,n* + 1 are constants and V is an open set containing the point H;‘Fl (x0). Thus,
for any s € S,
0
T,5 =Im
In—n*—l

Since S is an integral manifold of D it follows that, in s-coordinates, D(s) = TS, implying that in

s-coordinates the vector fields adécg, i €{0,...,n—n"*— 2}, have the form:

adjcg:col(o e 0 % e % )

n—n*—1 elements
It readily follows that, on N, Lad;ga(x) =0,1=0,...,n—n*—2. Thus, « yields a uniform relative

degree n — n* over I'*.

Corollary 2.5 If n —n* € {1,2} and T'* is parallelizable, then Problem 1 is solvable if and only if

14



(1) is transversely linearly controllable.

Proof : This follows directly from Lemma 2.3 and Theorem 2.4.

Corollary 2.2 shows that a sufficient condition to solve Problem 1 is that one of the path constraints
yields a uniform relative degree n — n* over I'*. In the next example we use Theorem 2.4 to show
that this condition is not necessary and, in particular, Problem 1 may be solvable even when none

of the path constraints yields a well-defined relative degree.

Example 2.1 Consider the system

T, = T3+ T1U
To =1 Yy = COl(l‘l,l‘Q),

igzu

and the path o : R — R? defined by X — col(0, ). Then o(R) = {y € R? : y; = 0}. Let v(y) := y1.

Then, the lift of the path to the state space is

I'=(yoh) ' (0)={z € R®: z; = 0}.

The SISO system

does not have a well-defined relative degree anywhere on the set {x1 = 0} because Lqy(vy o h) = x1
changes sign in any neighborhood of {x1 = 0}.

Application of the zero dynamics algorithm gives that the largest controlled invariant submanifold

15



contained in I is

' ={xz:2y=23=0}
Thus n* = 1 and the friend of I'* is u* = 0, yielding f* = 8%2. We now check the sufficient
conditions of Theorem 2.4. We have

0 0
g x18x1«+ 90y’ adrg = (3 )ax1

Thus, for all z € T'*,

a0 a}:w

Txr* , d = {—7—7_—
+ span{g, adsg}(x) = span Oxy’ Ox3’  Ox;

showing that the system is transversely linearly controllable and condition (1) in Theorem 2.4 is
satisfied. Condition (2) is automatically satisfied by Corollary 2.5. We conclude that, despite the
fact that (10) does not have a well-defined relative degree, by Theorem 2.4 there exists a solution to
Problem 1. By following the semi-constructive procedure outlined in the proof of Theorem 2.4 we
can actually compute an output function o solving the problem. To this end, we choose z° = 0 and
construct the map

s x:=®J o @f;jfg o CIJf:(O)

We have
51 > (I>£1 (0) = col(0, s1,0)

d
(32,]9) = q)ngg(p) = COI((p3 - 1)52 +p17p27p3)

(s3,9) — Y. (q) = col(e*q1, g2, $3 + g3).

16



The composition of the maps above gives

I o P19 ®17(0) = col(—s2e3, 51, 53).

We next find the inverse x — s,

s1(x) = x2, s2(z) = —me™™, s3(x) = 23,
Finally, we pick a(x) = sa(x) = —x1e~"3. We indeed verify that this output meets the two necessary
and sufficient conditions to solve Problem 1: (i) T* C {z : a(x) = 0} (when x1 = x3 = 0 one has
a = 0) and, (i), the system with output o has a well-defined relative degree n — n* = 2 in a
neighborhood of I'*. This example satisfies Assumption 8 since f* is complete and Ly<h = 1.
This indicates that stabilizing the auziliary output y = 7 o h(x), makes the original system output

y = h(x) approach and follow the desired path. A
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