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Abstract

We study the tracking problem in the presence of smooth, bounded uncertainty and
find sufficient conditions so that, if the uncertainty satisfies a suitable matching condi-
tion, one can design a partial information controller (i.e., an output feedback controller)

achieving arbitrarily small steady-state tracking error.
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1 Introduction

In [1] and [2] the notion of a practical internal model was introduced as a paradigm to solve
the output feedback (or partial information) tracking problem for nonlinear systems. The
word practical internal model was chosen to indicate the fact that this paradigm allows to
solve the tracking problem practically (i.e., to an arbitrary degree of accuracy), rather than
asymptotically, and that its solution relies on the existence of a compensator (the practical
internal model) which has a conceptually similar role to a nonlinear internal model in output
regulation theory (see, e.g., [3] for an introduction to the output regulation problem and the
definition of nonlinear internal model). In [2] it was also showed that, when the tracking
problem is posed within an output regulation framework with appropriate restrictions, the
practical internal model can be replaced by an internal model and the paradigm can still be
employed. As pointed out in [1] and [2], this theory is still far from being self-contained and
leaves several open questions. One of them is the extension of the results in [1, 2] to the case
when the system is affected by disturbances. The present paper represents a first step in this
direction.

Assuming that the disturbances satisfy a matching condition, we derive a set of sufficient
conditions on the existence of a dynamic extension leading to the solution of the practical
tracking problem using certainty equivalence. We show that, under suitable conditions, two
classes of compensators represent feasible dynamic extensions, namely chains of integrators and
linearizing compensators, and for these we provide a constructive procedure to design feedback
control laws.

Throughout this paper we use col(a, b) to indicate the vector [a",b"]". If v is a n-dimensional
vector, v;, 1 = 1,...,n, are its components. Given real numbers a, b, ¢, diag[a, b, ¢| denotes the
matrix with a, b, ¢ on the diagonal and zeros elsewhere. Given matrices A, B, C, we denote by
block-diag[A, B, C| the matrix formed by placing A, B, C' on the diagonal and zeros elsewhere.

To illustrate the main ideas of this paper, we will resort to a simple example.

Example 1 Consider the nonlinear system

T1 = T9

Bo = a7 4+ up + Ay (t)

B3 = x4 — 20 —up — Ag(t) (1)
Ty = ug + As(t)

y = col(zq, x3),

where A(t) = col(Aq(t), As(t)) is an unknown smooth function of time which is bounded with



bounded time derivatives, u is the control input, and y is the measurable output (x is not
available for feedback). Given a smooth reference trajectory r(t) = col(ryi(t),r2(t)), we seek
to find a partial information controller (i.e., an output feedback controller) using only the
information given by y and r to make y(t) track r(¢). We begin by noticing that A satisfies a
matching condition in that letting
u=u+A,

the plant can be rewritten as

Ty = T2

iy =] +

5&3:%4—%%—@1 (2)

Tq = Uy

y = col(zy, x3),
which is a system free of disturbance where, however, % can not be freely assigned because A

is not known. Given a smooth reference trajectory r(t), the smooth functions of time
a"(t) = col (ry(t), 71(t), r2(2), F1(t) + 72(2)),  w'(t) = col (#1(t) — ri(t), Fa(t) + 71(1))

are feasible state and input trajectories for (2) since

Further, it is readily seen that the output of (3) is precisely r. Thus the problem of tracking
can be converted to one of stabilization by setting £ = x — 2" and computing the associated

error dynamics. By doing so, one finds that the controller
@ =tu(z,2",u") = col (u}’l’ + (ZE;)2 — ZE% + KlT(:)s —a"), uy + KQT(:L" — :)3’")) (4)

globally uniformly asymptotically stabilizes the equilibrium & = 0 of the error dynamics and
hence solves the tracking problem globally. This solution, however, presents some problems.
Firstly, the feedback controller @ is not implementable because A is unknown. Secondly, the pair
(2", u"), called the stable inverse of (2) (see [4]), may in general be difficult or even impossible
to exactly compute and therefore it would be desirable to develop a solution that does not rely

on its knowledge. Finally, & depends on x which is not available for feedback.



View (3) as a copy of the disturbance-free plant (2) with unknown state ", unknown input

u”, known output r, and augment it with the following compensator

G =G +G
G =y
(3 = Uy

u” = col((y, ¢3).
Define X, 2 col(z", (") and form the observability mapping of the augmented system

A L. e ..
Yx, = col(ry, 7,71, Ty, 1, T2, T2)

'S 'S T s T_Tr T T 'S 'S T T T ”T_Tr A
= (‘Tlv Lo, (%)2 + (1, 2wy + Gy + (3, w3, Ty — G — (%)27 —(3 — 2551372) = Hx(X1).

Since Hx(X1) is everywhere smooth and bijective (a diffeomorphism), from yx, one can calcu-
late X, = col(z", (") = Hy' (yx,) from which one gets the stable inverse (z",u") = (2", (¢I, (5)).
In conclusion, through the compensator (5), which we call a practical internal model, one can
formulate the problem of calculating the stable inverse (z",u") as that of estimating some time
derivatives of r (the vector yx,) and then inverting the mapping Hx(X;). Notice that the
practical internal model is not directly implemented, as it is only used for estimation purposes.

We now turn our attention to the disturbance-free plant (2) and augment it with a com-

pensator with identical structure to (5)

é1 = G2+ (3
= (6)
L

Define X, 2 col(z, () and note that since the augmented system (2), (6) has the same structure

as (3), (5), its observability mapping is given by

A AT -
Yx, = col(yr, U1, Ths Y1, Y2, Yo, U2) = Hx (Xa).

Since Hx(X3) is a diffeomorphism, we conclude that from y and its time derivatives one gets
X, = col(z, ¢) = Hy' (yx,) and hence also @& = col((y, (»). Recalling that @ = u -+ A, estimating

U is equivalent to estimating A as

A = col((q, () — u.



Summarizing our observations so far, using two practical internal models and estimating the
time derivatives of r (the vector yx,) and y (the vector yy,), one can estimate the stable
inverse of the system, the state of the plant, and the disturbance. Unfortunately, however,
such estimates cannot be employed in the feedback controller (4) because the vector relative
degree of the disturbance-free system (2) is {2, 1} while the number of time derivatives of its
output that need to be estimated is {3, 2}, and thus the resulting closed-loop system would not
be proper. To address this problem we employ an input dynamic extension with the property

1

that the relative degree of the extended system' is equal to the relative degree of the system

augmented with a practical internal model (in this example, {3,2}). Such an input dynamic
extension cannot always be found, however we show that under suitable conditions it can take

the form of chains of integrators or linearizing compensators.

2 Problem Statement and Assumptions
Given the nonlinear system

T = f(xv u, A(t))

y = h(x),

where © € R" denotes the state of the system, u € R™ is the control input, y € RP is the

(7)

measurable output, and A(t) : Rt — R™ is an unknown smooth function of its arguments
which is bounded with bounded derivatives, we seek to find a tracking controller solving the

following problem

Problem 1 (Output Feedback Practical Tracking): Given the dynamical system (7) and
a sufficiently smooth reference trajectory r(t) = col(r(t), ..., rm(t)), design a dynamic output
feedback controller

e = fe(ze,y,7)

(8)

U= hc(zca y)
where f. and h, are sufficiently smooth, such that the closed-loop system (7)-(8) has the property
that there exists a T > 0 such that |le(t)| < eg for allt > T, and such that the internal states
x and z. are bounded for all t > 0, and for all initial conditions (x(0),x.(0)) € A, for some
closed set A.

In [1], we have showed that, when no uncertainty affects the system, if there exists a practical

internal model then Problem 1 has a solution. We start by assuming that the uncertainty A(¢)

!Note that in the sequel we do not need the relative degree to be well-defined.



satisfies a matching condition.
Assumption A1l (Matching Condition): There exists a smooth function m(z,u, A(t)) :
R™ x R™ x R™ — R™ such that m(z,u,0) = u and, setting @ = m(x,u,A(t)), (7) can be

rewritten as

i = f(z,q,0)
y = h(z),

and the function m(x, u, A) is a diffeomorphism with respect to its second and third argument,

(9)

i.e., there exist smooth functions m;'(z,u, @) and m;*(x, @, A) such that

A =mi (v, u,d), u=m," (z,4,A). (10)

u

This assumption is rather restrictive and is not strictly necessary in our framework (this point

is made clear in Example 4).

Example 2 In Example 1, m(z,u, A) = u+A, my ' (z, 4, A) = 4—A, and mi' (z,u, @) = G—u.

More in general, if the system vector field in (7) is given by
i = f(2) + g@)[u+ D)A] (11)

where ®(x) : R" — R is bounded away from zero, then

i=m(r,u,A) =u+ ®(x)A, u=m, (z,4,A) =0—d(x)A, A=mi(r,ui)=

The new plant (9) obtained using Al and letting @ be the new control input is free of dis-
turbance (however, since A(t) is not known, @ cannot be freely assigned). In what follows we
make additional assumptions allowing us to define a controller 4 to solve Problem 1 for the
disturbance-free plant (9). This, together with the estimation of A(t), will allow us to derive a
controller for the original plant (7).
The following is a basic requirement for the solution of the tracking problem (see [4]).

Assumption A2 (Stable Inverse): Given r(t), there exist sufficiently smooth and bounded
functions z"(¢) and u"(¢) such that

#"(t) = f(2"(t),u"(t),0)

(12)
r(t) = h(z"(t))



for some initial condition x"(0),«"(0), and all ¢ > 0.

Consider the change of coordinates & = x — 2" (t), rewrite (9) in new coordinates as

and notice that the asymptotic stability of the origin of (13) is equivalent to the stability of
the trajectory z"(t). We now introduce a condition to estimate the functions z"(¢) and u"(t)
on-line. It is useful to think of (12) as a copy of the plant with unknown state x”, unknown
input «”, but a known output which is the reference trajectory r(t). Consider a compensator
of the type
¢"=a(", ") (1)
u" = b(¢",x"),

where (" € R? (¢ > m), v" € R™, a and b are sufficiently smooth, and v" is the new input of
the composite system (12),(14). Let X; = col(z", (") and rewrite (12), (14) as

Xl = F(Xl,vT)

r=H(X) "

(with obvious definition of ' and H). Define the observability mapping associated with X in
(15) as

Yx, 2 col (7’1, e ,rgﬁ_l), e Ty e ,r,(fm_l))
A T 7\ (M0 —
:Hx(Xl,U,...,(’U)( 1)>,

where P ki =n+q, 0 <n, <max{ky,...,kn}— 1.

Assumption A3 (Practical Internal Model [1]): There exists a compensator of the form
(14), which we call a practical internal model, which is regular (i.e., for each x(0) and wu(t) there
exist ¢(0) and v(t) such that b({(t), x(t)) = u(t), for all ¢ > 0) and such that the following two
properties hold for the composite system (12), (14).

(i) Hx does not depend on v" and its derivatives, i.e., Hx = Hx(X3).

(i) There exists a set of indices {ki,...,k,} and a set X C R"? such that the mapping
Hx : X — Hx(X) defined by
yx, = Hx(X1)

is a diffeomorphism.

Notice that, by replacing ", (", u", and v" in (12), (14) by z, (, & = m(z,u, A(t)), and v, we

get an observability assumption for (9) augmented with a practical internal model with state

7



¢ and input v. Thus, letting X5 = col(z, (), the dynamics of the two augmented systems can
be written as ‘ '
Xi = F(XZ, ’UZ)

| (16)
y'=H(X;), i=1,2,

where v = o™, v? = v, y! = r = H(X,), y> = y = H(X;). A3 guarantees that from ', i =

1,2, and its time derivatives (i.e., the vectors yx, = col (rl, e ,7{"“‘1’, U ,T%’L_l)),

yx, = col (yl,...,ygl_l),..., Yy« - yﬁf"“”)) one can get X; = (27,(") and Xy = (z,(),
respectively, and thus also v = b(¢",z") and a4 = b((, x). We will use this fact, together with
A1, to estimate z and A(t). We stress that the two practical internal models with state (" and
¢ are not directly implemented. Rather, they are used to define estimators for x and «".

Assumption A4 (Input Dynamic Extension): There exists a compensator

c(§, z, w)

, £€RY ¢ >q (17)
=d(¢,v)

3
u
where w € R™ is the new control input, such that

(i) (Compensator Relative Degree). The augmented system

T = f(x,d(£,$),A)

£ =c(§, z,w) (18)
y = h(z)

has the property that yy,, calculated along the vector field (18), does not depend on w.

(ii) (Information Vector). For any ¥ € (0, 1) there exist a smooth function w(z", (", z,(, &) =
w(X1, Xo, ), a positive integer na, a smooth function (X1, A, ..., Aa)) a C! function
V(%,6): D — Rt with € =& — (X1, A, ...,A")) and a real number ¢* > 1 such that
{(7,6) e R" x RY | V(&,£) < ¢*} is a compact subset of D and the time derivative of V

along the trajectories of

r= f(t,&,m(z,d(& x), A))
: (19)

§=c(§z,w(X1, Xy,8)) — 7.
satisfies

v < —(I)(i’,é),

where ®(Z, ) is continuous on D and positive definite on the set {(z,£) € R” x R? |9 <
V(7,6) <}



Part (ii) of this assumption, derived from Assumption ULP in [5], implies that the smooth
feedback w(z", (", x, (,€) practically stabilizes the origin of (19) and the set {(Z,€) € R™ x
RY |V (%,€) < ¢*} is included in its domain of attraction. Moreover, it requires that the
information needed to do so is contained in the vector (z",(",x,(, &) = (X1, Xo,€&). This
is useful because from A3 one can estimate X; and X5 from r and y, respectively, while &
being the state of the controller is available for feedback. Thus, A3 and A4 allow to use a
separation principle to solve Problem 1. The existence of v(X1, 4, ..., A®)) ensures that the
boundedness of X; and é implies the boundedness of £. In the next section we specify two
classes of compensators satisfying A4.

Next, we need to guarantee that the reference trajectory is contained in within an observable
region.
Assumption A5 (Reference Trajectory): The reference trajectory r(t) is such that, for all
t >0,
yx, € C1 C Hx(X),

for some convex compact set C; with boundary 9C; = {X; € R""?|g¢'(X;) = 0}, where
gt : R" — R is a C! function for which 0 is a regular value, i.e., VX, € 9Cy, 9g/0X, # 0.

Notice that A3 and A5 imply A2 which, therefore, is redundant and is introduced solely for
the sake of illustration.

We now use V' to characterize a set which is positively invariant and is contained in within
the observable set X of X5. This puts a constraint on the topology of the set X. First recall
that, from A2 and A3, z"(t) and (" (¢), and thus X/ (¢), are bounded functions of time. For any

positive real number ¢ < ¢*, let
Qe = {(z,€) e R™ |V(%,€) < c}.

Since A(t) and its time derivatives are uniformly bounded, v(X,(t), A(t),..., A™2)(1)) is also
uniformly bounded, and thus, by the definition of £ in A4, Q. is a compact set. From the

definition of nq,...,n,,, we have that
(,€) bounded =% yy, bounded <% (z,¢) = X, bounded

that is, there exists a compact set ¥, C R""? such that

(2, ) €. = Xy€X.



Assumption A6 (Topology of X): There exists a positive scalar ¢ < ¢* such that
Hx(X:) C Cy C Hx(X),

for some convex compact Cy with boundary 9C; = { X, € R"™| g?(X,) = 0}, where ¢g* : R"™ —

R is a C* function for which 0 is a regular value.

3 Compensator Choice

In this section we focus our attention on two classes of compensators, namely chains of inte-
grators and linearizing compensators. In both cases we provide sufficient conditions for A4 to

be satisfied and a constructive procedure to find the feedback controller w (X7, Xs, §).

3.1 Chains of Integrators

The main idea in this section is illustrated in the following example.

Example 3 Go back to Example 1 and recall that, setting @ = a(x, 2", u") (with a(z, 2", u")
defined in (4)), we have that the origin Z = 0 of the error dynamics is globally uniformly asymp-
totically stable. Recall further that if we express the stable inverse (z",u"), the disturbance
A(t), and the state x by means of yx, and yy,, such expressions cannot be used to control (1)
because the vector relative degree of (1) is {2, 1}, while the number of time derivatives of its
output that need to be estimated is {3,2}. As we argued in Example 1, this would result in a
non-proper closed-loop system. To address this problem the most obvious choice for dynamic

extension is two chains of integrators of length {2, 1}, yielding the extended system

Lt‘l = T2
iy = o7 + & + Ag(t)

iy = x4 — x] — & — Ag(t)

iy =& + Do) (20)
511 = 557 55 = w
512 = W2

y = col(xy, x3),

where £ = col(&1,£2,€2) is the state of the dynamic extension and w is the new control input.

Indeed, notice that yx, calculated along the vector field (20) is independent of the control input

10



Yx, = COl(yh?ﬁ,yh .9.17927927?92)
= col (l’l,l’g,l'% + S% + Ay, 2120 + 521 + Al,l“s,ﬂ - 55% - f% — Ay,

£%+A2 — 22[‘15(72 —521 —A1> .

We can now seek a controller for the extended system that employs yx,, yx,, and £ as feedback
variables, resulting in a proper closed-loop system. This is desirable in our framework because
yx, and yx, can be easily estimated from r and y, respectively, while £ being the state of
the dynamic extension is available for feedback. Since X; = Hy'(yx,) and Xy = Hy' (yx,)
(Xy = col(z",(") and X5 = col(z,()), where Hy is a diffecomorphism, we equivalently seek a
controller that is a function of (X, Xs,&). Later, in Theorem 1 we show how to estimate X;

and X, from r and y without using the inverse H_}l. Let

t(x, 2" u", A) = a(z, 2", u") — A(t)
=col (u] + (2])° — i + K1 "(x — 2"),uy + K (x —2")) — A

so that, if u = @ in (1), Z = 0 is globally uniformly asymptotically stable. Use the fact that

u" = col((7, ), A =col((r, () — u = col((y, (o) — col(éf, £7),

u = col (Cf + ($§)2 - xf + KlT(SC —2") =G+ 5%7 G+ KzT(I —2") =G+ 5%) . (21)

Clearly, if uy, w1, g, calculated along the vector fields (3), (5), (2), (6), and (20), could
also be expressed as functions of (X7, X3, &), then by using integrator backstepping one could
derive a feedback controller w(X7, X5, ) that globally uniformly asymptotically stabilizes the
equilibrium (z,&) = (a", 4y, Uy, uz) of the extended dynamics (20). However, this is not the
case, as it is easily seen that 1, s depend on the inputs v”, v, and w. Integrator backstepping
can thus be applied only to the first integrator of the first chain, £}, since %1 can be expressed as
a function of (X7, Xy, &). For the remaining two integrators at the end of each chain, £ and &2,
one can resort to high-gain feedback to get a controller w(X;, X, &) at the expense of loosing
asymptotic stability of the equilibrium (z, &) = (2", @y, U1, Us) and achieving instead practical
stability, i.e., regulation to an arbitrarily small residual set around (x,£) = (2", @y, Uy, Uz). This
idea, which is the basis of the design developed in this section, is formalized in the proof of

Lemma 1.

11



In formalizing the idea described in Example 3, we begin by assuming that, at least in the
ideal case when z, 2", and u" are available for feedback, there exists a smooth controller that
uniformly asymptotically stabilizes the origin of (13).

Assumption A7 (Stabilizability of the Trajectory z"(¢)): There exist a smooth func-
tion a(z, 2", u"), a C' function V'(#), V' : D' — R*, and a real number ¢ > 1 such that
a(x", 2", u") = u", {& € R*| V(&) < ¢} is a compact subset of ', and the time derivative of

V' along the trajectories of

satisfies
V< —d(7),

where ®'(%) is continuous on D’ and positive definite on the set {# € R"|V'(z) < ¢}.

Next, consider (7) and let nq,...,n,, be the number of time derivatives of uy, ..., u,,, respec-
tively, appearing in yx, = y" 7V, yam Y (if u; does not appear in yFml ) e

set n; = 0). Consider the following choice for the compensator (17)

£=AL+Baw, €€RY ¢ =ni+... 0,
u=C:

(22)

where the triple (A, B., C,.) is in controllable/observable canonical form with eigenvalues at
zero. The compensator (22), depicted in Figure 1, is given by m chains of integrators - one

chain for every input channel u; - of order nq, ..., n,,, respectively.

1 1
w1 f ny f &
— B R EE R PPPRR —

m -
Wm f N, f &

Figure 1: The system augmented with compensator (22).

Y

I = f(t,a?,m(x,u,A))

Y

12



Lemma 1 Assume that A7 holds and that, for the system with outputs z', 2> € R™

Xl = F(Xl,’U)
X, = F(Xy, 0"
e 23)
§= AL+ Baw
Zl :Oél(Xl,Xg,g), 22 :Oég(Xl,A),
where ~
al(Xlu X27 5) = m;:l (.flf, ﬂ(x x” b( gr))j mgl(xu chv b(gv I)))
a2(X17 ) _1(']: ’b(gr’xr)jA%
the output derivatives [z, ..., ()™M= . 20 ... ()], j = 1,2 calculated along the

vector field of (23), do not depend on v, v", and w. Then (22) satisfies A4.

Proof. We begin by noting that by the definition of ny, ..., n,, the compensator (17) satisfies
part (i) of A4.
From Al, letting @(x, 2", u", A) = m;*(z, u(z, 2", u"), A) we have m(z, @, A) = @, and thus
by A7 the origin of
i = f(t,zm(z, aA)) (24)

is uniformly asymptotically stable. Consider (24) augmented with (22)

¥ = f(t,&,m(x,C A(L)))

) (25)
5 = Acg + Bcw>
and noticing that
a(z", 2" u" A) = m;l(zr,ﬂ(zr,zr, u"),A) = m;l(:vr,u’", A),
let
—r —r —r A -1/ 7 r
u" =col(ay,...,u)=m, (", u", A).
Next, for
f(t T, m(:v col(fl,ug, ceTUm), A))
5 €2+17 ) = - —2 (26)

1 1
gnl—l = £n17

which is (24) extended with n; — 1 integrators at the input channel u; (see Figure 2), using

13



1 1
ny f ni—1 f §11
— B R — >
Us

I= f(t,f,m(ac,u, A))

Figure 2: The augmented system (26).

integrator backstepping (see, e.g., Theorem 9.2.3 in [3]), one finds a smooth function

ni?

L (z, €l & an(t),ur (1), w (L), ..., @ I(1)
that uniformly asymptotically stabilizes the equilibrium
(@& 6nn) = (0.0), - (@)™ 2(1)

ny—1

of (26). Further, for
";i' = f(t7 j? m(x7 CO]‘(S%’ 5%7 A 761”1)7 A))

g=¢ ,i=1...,nm—1,j=1,...,m (27)
o R
n; n;’

which is (24) extended with n; — 1 integrators at the input channel u;, j = 1,...,m (see

Y

1 1
ny f ni—1 f 5%
— e —

m m m

TN, f N —1 f 1
— - >

Figure 3: The augmented system (27).

:1;: = f(t,i’,m(x,u,A))

Figure 3), applying the argument above sequentially to each of the m chains of integrators (see

[6]) one finds m smooth functions

_,{j(:c,gi,...,gl ] Joal (), u (), us(t), ... t),7=1,...,m

n17...717...7 TLj’

14



that uniformly asymptotically stabilize the equilibrium

(2,60, &b &7 ) = (00aT (1), (@)D ™D, Ll (), . () M (2))

of (27). Augmenting (27) with one additional integrator for each channel we obtain (25) (i.e.,

the system in Figure 1). For j =1,...,m, let e,, =), — zj and rewrite (25) as

&= [t & m(z, col(é), &, ... "), A))

o i

=& ,,i1=1,...,n,—2

7 +1 ) s 199

S (28)
i g

n;—1 7 nj_'_enj

. . ;j .

enj—wj—gnj,j—l,...,m.

If the signals Hg-"j )(t) (and hence E,J% (t)) are not available, one cannot find a feedback controller
uniformly stabilizing the equilibrium of (28). However, by applying Lemma 2.2 in [5] m times,
we have that the controller

wj=—Kje,,, j=1,...,m

achieves practical stabilization of the equilibrium of (28) for sufficiently large positive scalars

K;. In conclusion if

AN —(n1—1 _ — (o, —
U= ul,...,ugm ),...,um,... g(mm=1

»'m

is available then A7 implies that there exists a smooth function
w(z" v, x,& U) (29)

achieving practical stabilization of the origin of

i = f(tajvm($7 CCS>A(t)))> (30)
£ = £+ Bulw — ol ((@)) ..., (@,)(1)),
where £ = E—col(@}, ..., (@)™=Y, ... @, ... (@)™ "). Correspondingly, from the applica-

tion of integrator backstepping and Lemma 2.2 in [5] we obtain a C'! function V(&,€) : D — R*
and a real number ¢* > 1 such that {(&,&) € R"™ |V (&,£) < ¢*} is a compact subset of D and
for any 0 < ¥ < 1 there exist sufficiently large K;, j = 1,...,m such that the time derivative
of V' along the trajectories of (30) satisfies

v < —(I)(i’,é),
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where ®(Z, ) is positive definite on the set {(Z, &) € R" |9 < V(&,€) < ¢*}. We now show
that, under the assumptions of the lemma, U can be expressed as a function of X;, X5, and &.
To this end, using the matching condition A1 we have that

u=m, (z,a(z, 2", u"), A) = m; (x, a(x, 2", b(C", 2"), mi (x, C£,b(¢, 7))

is exactly the output z!' in (23). Since, by assumption,

(215, (=D (z}n)("m_l))

m?

does not depend on v,v", and w, we have that U is a function of X7, X5, and £&. We thus
conclude that w in (29) is a function of X;, X5, and £. In order to complete the proof we need
to show that € can be expressed as € = & — y(X1, A, ..., A®)) where v is smooth. Noticing
that

a"=my (2" u" A) =m (2, b(C, "), A)

is exactly the output 22 in (23), by assumption the derivatives of u, calculated along the vector
field of (23) do not depend on v, v",w, i.e.,

col (af, ..., (a))™ =V o al, . (@) ) = (XL A, L A,

»'mo m

where na < max{ni,...,nn,}.

Remark 1: The feedback controller w(X;, X», £) described above utilizes a high-gain feedback
applied only to the last integrator of each of the m chains and, as such, does not yield peaking in
the state of the extended system (z,¢). See [7] for an investigation of the peaking phenomenon

and its effects on nonlinear stabilization.

Remark 2: The requirement, in Lemma 1, that the output derivatives [z, ..., (z])™m~=1

2. ()] 5 = 1,2, calculated along the vector field of (23), do not depend on v, v",
and w can be removed by stabilizing the cascade system (25) with high-gain feedback applied
to the entire chain of integrators. In this case, however, the state £ of the chains of integrators

would be subject to peaking.
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3.2 Linearizing Compensators

Assume that (9) is affine in the input, i.e., it reads as

& = fi(z) + fa(w)i = fi(x) + fo(x)m(z, u, A)

31
y = h(z). 31)

Assume further that (31), viewed as a system with input @, is dynamic feedback linearizable

(differentially flat), i.e., there exists a linearizing compensator

E=d& r,w), (eR” (32)

such that the plant augmented with such compensator yields the trivial system in output
coordinates:

As shown in [2], a practical internal model satisfying A3 is given by (32) augmented with m
integrators at the input side® (one for each input channel). Viewing (31) as a system with input

u, consider the following dynamic extension

&= fi(z) + folz)m(z,d(§, ), A)
£ =clé z,w), £eR (33)
y = h(x),

where ¢ = r +m and (c¢(-,-,),d(-,-)) denote the vector field and output function of the aug-
mented compensator above (clearly here, referring to A3, (a(-,-,-),b(-,-)) = (c(-,-,-),d(-,-))).
From the dynamic feedback linearizability property and the fact that m(x,u,0) = w, when
A = 0 we have a well-defined vector relative degree {k; + 1,..., k,, + 1}. Additionally, when
A = 0, A3 ensures that (r,¢) = Hy'(yx,), and thus in particular ¢ can be expressed as a
function of yx,. In Lemma 2 we show that if the two properties above are preserved when A
and its derivatives are not zero, then besides providing a practical internal model satisfying A3,
the pair (c(-.-,-),d(-,-)) is a valid input dynamic extension fulfilling the requirements in A4.

Before stating the lemma, we illustrate the main idea in the following example.

Example 4 We return to Example 1 and this time employ a linearizing compensator as dy-

namic extension. Notice that the disturbance-free system (2) is dynamic feedback linearizable

2The integrators are not needed when d’ is independent of w, i.e., when d’ = d'(¢, x).
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since the system augmented with a practical internal model has a well-defined full vector relative
degree {4, 3},

n =223+ 2@+ Q) F ot va, By = =203 — 2m (2l + 1) — .

Choose, as dynamic extension, a copy of the practical internal model (6) with a feedback

transformation,
G=&6+8
& = wy + Wy
& = —2a3 — 21 (2] + &) — w
u = col(&y, &),

(34)

so that, when A =0, y§4) and yé?’), calculated along the vector fields (1), (34) are given by
n =wi, gy =wy
On the other hand, when A # 0, one has
y§4) = wy + 2114, yé?’) = wy — 251 + Ay,

and thus the vector relative degree is unchanged. Recalling that

Yx, = COI(Tlu 7;17 Ii;la ./r".lv T2, 7;27 %2)7 Yx, = COl(ylv yl? ylv 'y'lv Y2, ?)27 y2)7

and letting e = col(e}, ... ek, €2, ... €2) = yx, — Yx,, we have
éi =e;q,i=1,...,3
.1 (4)
€4 =T —w1—2x1A1
Lo (35)
6% = 7”53) — wg + 2$1A1 - AQ.

It is immediately clear that a standard high-gain controller can be employed to practically
stabilize the origin e = 0 of (35), thus yielding practical tracking since r — y = col(e}, €?). Fur-
thermore, if the reference trajectory r(t) and its time derivatives (the vector yx,) are bounded
functions of time, then the boundedness of e implies the boundedness of yx, and thus the
boundedness of Xy = Hy'(yx,). Since X, = col(z,(), we have that z is bounded as well.

Finally, by computing the time derivatives of y along the vector fields (1), (34), it is easy to
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show that
=i — 2 — A1, =1+ — Do, Es = —(ia + 2pin + A1 — Ay),

and thus the boundedness of yx, and that of A and its derivatives imply that ¢ is bounded as
well.
This idea may still be applied, in some cases, when the matching condition A1 does not

hold. It is not difficult to see, for instance, that if in our example we replace (1) by

T1 = To

By = 23 +up + Ag(t)

T3 = T4 — SL’% — U (36)
Ty = ug + A1)

y = col(xq, z3),

then the matching condition A1 is not satisfied and yet the same high-gain controller will solve
the practical tracking problem. On the other hand, the approach illustrated in Section 3.1
cannot be applied to control (36). This difference between the two approaches originates from
the fact that the idea outlined in this example does not rely on the estimation of A, while
the idea used in Section 3.1 does. Despite this, when applicable the approach in Section 3.1
is preferable because it relies on a high-gain controller of degree one which does not induce
peaking in the state (z, &) of the extended system, while the approach described in this section
relies on a high-gain controller of order max;{k;} + 1 which induces peaking in the state of the

extended system.

The simple idea illustrated in Example 4 is generalized in the following lemma.

Lemma 2 Assume that (31) is dynamic feedback linearizable. If there exist a smooth function

@ and a positive integer na such that
§= 90(wa A, AmA)) (37>

and
yz(kz—i_l) :Uh“'gz(xagaA,aA(kl))a t=1,...,m, (38)

with smooth g; vanishing when (A, ..., A¥®)) =(0,...,0), then the pair (c(-,-,-),d(-,-)) satisfies
A4
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Proof. From [2], the pair (¢(-,-,),d(-,-)) is a practical internal model satisfying A3 and thus
ki=k;+1,i=1,...,m. Condition (38) readily implies that

k
yXQ = <y17"'7y§ 1)7"'7ym7"‘7y7(711€m))7

calculated along the vector field (33), does not depend on w, proving that part (i) of A4 is
satisfied. As for part (ii), recall that

yx, = col (7"1,...,ryﬂ),...,rm,...,rfffm)) ,
let e = yx, — Yx,, g = col(g1, ..., gm), and consider the e dynamics
¢ = A.e+ B, [col (riklﬂ), e rgf’”ﬂ)) —w—g(z, A, ... A(ki))} : (39)

where (A, B.) is in Brunovsky normal form. The high-gain controller

k;+1
W; = E hid}\ki_]—i_zei, 1= 1, o, M,
j=1

where A\ > 1 is the high-gain parameter and the scalars h; ; are chosen so that the polynomials
ghitl 4 thiHski +...+h1,i=1,...,m, are Hurwitz, achieves practical stabilization of the
origin e = 0. Recall that yx, = Hx(X;) and yyx, = Hx(Xs3), where X; = col(2",(") and
Xy = col(z,() and Hy is a diffeomorphism. The feedback controller w is then expressed as
w(X1, Xo) = K(Hx(X1) — Hx(X2)), where

hia AL A
K= : : :
B a Nt B A

By the fact that Hy is a diffeomorphism, the practical stability of e = 0 implies that the
origin of the & dynamics is practically stable. Further, by smoothness of ¢, it also implies that
O(yxy, A, ..., AT —(yx,, A, ..., A2)) is practically stable which, by (37), is equivalent to
saying that & — p(yx,, A, ..., A®)) is practically stable. Defining v in A4 as

VX1, A, LAY = G(Hx (X)), A, .., A2

we conclude the proof of the lemma.
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4 Solution to the Practical Output Tracking Problem

In this section we solve Problem 1 using the separation principle in [8]. Consider the dynamic

output feedback controller

(40)
u=d(z"),
where X = col((27)F, (¢")F), X2 = col(2F,CT) are given by
OHx | . Ni(ix)Le: g if Lagi >0
. f;] {<LFHX)Z_FZN2‘ j (yfr)z\(f;g } ‘
XiP _ aXZ (sz> (sz) and @Xi e 0C* (41)

fq—1
F(X;,y) = F(X;,0) + [m{aXi)éXl)} (EH7IL <yi — H(X,)) otherwise

%

for i = 1,2, where the various parameters are defined in Table 1. The estimator (41) incor-

(L Hx)' = S (XL )
GX/, ) = (Ly Hx)'

(1 T i — ' i i i : i i

Ni(gx,) = (agl(yxi)) &' = block-diag[€}, ..., E] | L' = block-diag[L}, ..., L]

Jx, = Hx(XP)

dyx, &l = diaglp;, . .. ,pfj] L} Hurwitz (k; x 1)
, L o E" = block-diag[El, . .., E] St = (P12
T 11\ —1 1o\ — 1 L V4
I'" = (5°€") 7 (5°E") (cjjzj _ 1/pr g;j P satisfies:

AP+ PIA" = —Iinig)x(nta)
Ai :|i0(n+q—1)><l I(n+q—1)><(n+q—1):| _ Lz

1,0y se
O1x(n+q) 1, Otxng1]

Table 1: Definitions of various parameters in observer (41).

porates a high-gain component to guarantee convergence, and a dynamic projection to avoid
peaking and confine the estimator state to within the observable region X (see [8] for more

details). We are now in the position to state the main result of this paper.

Theorem 1 Suppose that A1-A6 hold. Then, for any smooth bounded A(t) with bounded
derivatives, (40), (41) solve Problem 1 on a compact set A whose size depends on ¢* and
the sets C1 and Cy. If A4 holds for arbitrarily large ¢* and a radially unbounded V', and A3
holds globally (i.e., X = R"9) with Hx(R"*9) a convex set, then the solution of Problem 1 is

semiglobal in that A can be chosen to be an arbitrarily large compact set.

Sketch of the Proof. The idea used to solve Problem 1 in the presence of uncertainties is

illustrated in Figure 4. If X; and X, are available for feedback, the dynamic controller (17)
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r PIM-based T éP ) Stabi]iger . U y
— e E =& 2 w(XT, XY €)) - System -
observer
u=d(¢, :EP)
A
Xy
P P
T, PIM-based
observer =

Figure 4: Robust tracking scheme.

yields the closed-loop system

x) r=h(z").

By A2, 2"(t) is uniformly bounded for all ¢ > 0 and, by the regularity property of the compen-
sator (a(-,-,-),b(-,-)) (see A3), ¢" is uniformly bounded as well. Recall that ¢ is related to £

and z by
b(¢, ) = u=m(z,u,A) = m(z,d(§ x), A),

which expresses the constraint that the output of the practical internal model, b(¢, z), be equal
to the input to the disturbance-free plant, @, induced by the dynamic extension (17). By this
constraint and the regularity of (a(-,-,-),b(-,-)), ¢(t) is uniformly bounded as long as z(t) and
£(t) are uniformly bounded. Since, by A4, (z,€) = (0,0) is practically stable, we conclude
that all states in (42) are uniformly bounded. Thus, if X; and X, are available for feedback,
practical tracking is achieved for all (#(0),£(0)) € {(&,€) € R" x RY | V(i,€) < ¢*}. Next,
we show that by virtue of the estimators (41) and the separation principle in [8] the dynamic
output feedback controller (40), obtained from (17) by replacing X; and X, by their estimates,
solves Problem 1. Consider the X;, X5 dynamics in (16), obtained by augmenting (12) and (9)
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with two practical internal models. By A3, we have

Yx, = HX(X1)> Yx, = HX(X2),

where Hy is a diffeomorphism of X onto its image. Thus the observability assumption Al in [8]
is satisfied for (16). Assumptions A5 and A6 imply that the sets C; and Cy satisfy assumption
A3 in [8]. The following result is a straightforward consequence of Theorem 1 and Lemma 1 in

[8] and so its proof is omitted.

Lemma 3 Consider (16) and (41), and assume that A3 and A5 (i = 1) or A6 (i = 2) hold.

Then the estimates Xf enjoy the following properties
(i) Positive Invariance of H3(C'): if XF(0) € H3'(CY), then XP(t) € HZH(CY) for allt > 0.

(#7) Uniform Ultimate Boundedness of the Estimation Error: For all § > 0, there ezist p; €
(0,1) and T(p;) > 0 such that XF(t) — Xi(t) < & for all t > T(p;), whenever p; € (0, p;).

(7i) Arbitrarily fast rate of convergence: T'(p;) in part (ii) has the property that T'(p;) — 0 as

For the estimator obtained setting i = 2, parts (ii) and (iii) hold provided that X,(t) € Xz (€ is
defined in A6), for all t > 0.

This result, together with a relatively standard Lyapunov analysis similar to the one used in
the proof of Lemma 2 in [8] allows us to conclude that, for any ¢ € (0, ¢), there exist sufficient
small values of p; and p, such that for all (£(0),£(0), XF(0), XF(0)) € A,

A= {26 XFXD) € R V(,6) < e X € M C). XE € H(C) )

(#(t), £(t), XP(t), XP(t)) € A for all t > 0 and (Z,€) = (0,0) is practically stable. Since A is
compact, we have that (Z(t),&(t)) are uniformly bounded which, from the boundedness of X,
and the definition of € in A4, implies that = and & are bounded as well.

If ¢* in A4 can be chosen arbitrarily large and V' is radially unbounded, then for any compact
set D C R" x RY, there exists ¢ > 0 such that D C {(z,€) | V(%,€) < ¢}. Further, if X = R4
and Hy (R™"7) is convex A6 is satisfied by any ¢ > 0 and a sufficiently large convex compact
set Cy (see [8]). Choose ¢ > c. Finally, we have that for any bounded reference trajectory with
bounded derivatives (i.e., yx, is bounded), there exists a sufficiently large set C; satisfying A5.
By the first part of this theorem we conclude that there exist sufficiently small values of p; and

p2 such that (40), (41) solve Problem 1 on A which, now, can be chosen arbitrarily large.
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