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Abstract

This paper intro ducesa new approach to output feedback stabilization of SISO systemswhich, unlik e

other techniques found in the literature, does not use quasi-linear high-gain observers and control input

saturation to achieve separation between the state feedback and observer designs. Rather, we show that

by using nonlinear observers working in state coordinates, together with a dynamic projection algorithm,

the same kind of separation principle is achieved for the larger class of non-UCO systems, i.e., systems

which are not uniformly completely observable. By working in state coordinates, this new approach avoids

using knowledge of the inverseof the observabilit y mapping to estimate the state of the plant, which is

otherwise neededwhen using high-gain observers to estimate the output time derivativ es.
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1 In tro duction

The area of nonlinear output feedback control has received much attention after the publication of the work

[1], in which the authors developed a systematic strategy for the output feedback control of input-output

linearizable systems with full relative degree, which employed two basic tools: an high-gain observer to

estimate the derivativesof the outputs (and hencethe systemstates in transformed coordinates), and control

input saturation to isolate the peaking phenomenonof the observer from the system states. Essentially the

sameapproach haslater beenapplied in a number of papersby various researchers(see,e.g., [2, 3, 4, 5, 6, 7])

to solve di�eren t problems in output feedback control. In most of the papers found in the literature, (see,

e.g., [1, 2, 3, 5, 4, 6]) the authors considerinput-output feedback linearizable systemswith either full relative

degreeor minimum phasezero dynamics. The work in [8] showed that for nonminimum phasesystemsthe

problem can be solved by extending the system dynamics with a chain of integrators at the input side.

However, the results contained there are local. In [9], by putting together this idea with the approach found

in [1], the authors were able to show how to solve the output feedback stabilization problem for smoothly

stabilizable and uniformly completely observable (UCO) systems. The work in [7] uni�es theseapproaches

to prove a separation principle for a rather general class of nonlinear systems. The recent work in [10]

relaxesthe uniformit y requirement of the UCO assumption by assumingthe existenceof one control input

for which the system is observable. On the other hand, however, [10] requires the observabilit y property

to be complete, i.e., to hold on the entire state space. Another feature of that work is the relaxation of

the smooth stabilizabilit y assumption, replacedby the notion of asymptotic controllabilit y (which allows for

possibly non-smooth stabilizers).

A common feature of the papers mentioned above is their input-output variable approach, which entails

using the vector [y; _y; : : : ; y(n y ) ; u; _u; : : : ; u(n u ) ]> as feedback, for someintegersny , nu , where y and u denote

the systemoutput and input, respectively. This in particular implies that, when dealing with systemswhich

are not input-output feedback linearizable, such approach requires the explicit knowledge of the inverseof

the observabilit y mapping, which in somecasesmay not be available.

This paper developsa di�eren t methodology for output feedback stabilization which achievesa separation

principle for systems which are not UCO, i.e., systems that are observable on some regions of the state

spaceand input space, rather than everywhere. For the implementation of our controller, the inverse of

the observabilit y mapping is not needed.Thesefeatures are achieved by meansof a state-variable approach

employing two new tools: a nonlinear observer working in state coordinates (which is proved to be equivalent

to the standard high-gain observer in output coordinates), and a dynamic projection operating on the

observer dynamics which eliminates the peaking phenomenonin the observer states, thus avoiding the need

to usecontrol input saturation.

It is proved that, provided the observable region satis�es suitable topological properties, the proposed

methodology yields closed-loop stabilit y. In the particular casewhen the plant is globally stabilizable and

UCO, this approach yields semiglobalstabilit y, as in [9], provided a convexity requirement is satis�ed.
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2 Problem Form ulation and Assumptions

Consider the following dynamical system,
_x = f (x; u)

y = h(x; u)
(1)

where x 2 Rn ; u; y 2 R, f and h are known smooth functions, and f (0; 0) = 0. Our control objective is to

construct a stabilizing controller for (1) without the availabilit y of the system states x. In order to do so,

we needan observabilit y assumption. De�ne the observabilit y mapping

ye
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2

6
6
4

y
...

y(n � 1)

3

7
7
5 = H

�
x; u; : : : ; u(n u � 1)

�
4
=

2

6
6
6
6
6
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' 1(x; u; u(1) )
...
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7
7
7
5

(2)

(y(n � 1) is the n � 1-th derivative) where

' 1(x; u; u(1) ) =
@h
@x

f (x; u) +
@h
@u

u(1)

' 2(x; u; u(1) ; u(2) ) =
@' 1

@x
f (x; u) +

@' 1

@u
u(1) +

@' 1

@u(1)
u(2)

...

' n � 1

�
x; u; : : : ; u(n u � 1)

�
=

@' n � 2

@x
f (x; u) +

@' n � 2

@u
u(1) + : : : +

@' n � 2

@u(n u � 2)
u(n u � 1)

(3)

where 0 � nu � n (nu = 0 indicates that there is no dependenceon u). In the most general case,' i =

' i (x; u; : : : ; u( i ) ), i = 1; 2; : : : ; n � 1. In some cases,however, we may have that ' i = ' i (x; u) for all

i = 1; : : : ; r � 1 and some integer r > 1. This happens in particular when system (1) has a well-de�ned

relative degreer . Here, we do not require the system to be input-output feedback linearizable, and hence

to possessa well-de�ned relative degree. In the caseof systemswith well-de�ned relative degree,nu = 0

correspondsto having r � n, while nu = n correspondsto having r = 0. Next, augment the systemdynamics

with nu integrators on the input side, which corresponds to using a compensator of order nu . System (1)

can be rewritten as follows,

_x = f (x; z1); _z1 = z2; : : : ; _zn u = v (4)

De�ne the extendedstate variable X = [x> ; z> ]> 2 Rn + n u , and the associated extended system

_X = f e(X ) + gev

y = he(X )
(5)

where f e(X ) = [f > (x; z1); z2 ; : : : ; zn u ; 0]> , ge = [0; : : : ; 1]> , and he(X ) = h(x; z1). Now, we are ready to

state our �rst assumption.
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Assumption A1(Observ abilit y): System (1) is observable over an open set O � Rn � Rn u containing

the origin, i.e., the mapping F : O ! Y (where Y = F (O)) de�ned by

Y =

2

6
6
4

ye

: : :

z

3

7
7
5 = F (X ) =

"
H(x; z)

z

#

(6)

has a smooth inverseF � 1 : Y ! O,

F � 1(Y ) = F � 1(ye; z) =

"
H � 1(ye; z)

z

#

: (7)

Remark 1: In the existing literature, an assumption similar to A1 can be found in [8] and [9]. It is worth

stressing,however, that in both works the authors adopt a global observabilit y assumption, i.e., the set O

is taken to be Rn � Rn u . In many practical applications the system under consideration may be observable

in somesubset of Rn � Rn u only, thus preventing the useof most of the output feedback techniques found

in the literature, including the ones found in [8], [9], and [7]. On the other hand in A1 the mapping H,

viewed as a mapping acting on x parameterizedby z, is assumedto be square(i.e., it maps spacesof equal

dimension), thus implying that x can be expressedas a function of y, its n � 1 time derivativesand z, i.e.,

x = H � 1([y; _y; : : : ; y(n � 1) ]> ; z). In the works [9, 10], x is allowed to be a function depending on a possibly

higher number of derivativesof y, rather than just n � 1. In our setting, this is equivalent to assumingthat

F in A1, rather than being invertible, is just left-invertible. We are currently working on relaxing A1 and

replace it by the weaker left-invertibilit y of F .

Assumption A2(Stabilizabilit y): The origin of (1) is locally stabilizable (or stabilizable) by a static

function of x, i.e., there exists a smooth function �u(x) such that the origin is an asymptotically stable (or

globally asymptotically stable) equilibrium point of _x = f (x; �u(x)).

Remark 2: Assumption A2 implies that the origin of the extended system (5) is locally stabilizable (or

stabilizable) by a function of X as well. A proof of the local stabilizabilit y property for (5) may be found,

e.g., in [11], while its global counterpart is a well known consequenceof the integrator backstepping lemma

(see, e.g., Theorem 9.2.3 in [12] or Corollary 2.10 in [13]). Therefore we conclude that for the extended

system(5) there exists a smooth control �v(X ) such that its origin is asymptotically stable under closed-loop

control. Let D be the domain of attraction of the origin of (5), and notice that, when A2 holds globally,

D = Rn � Rn u .

Remark 3: In [8] the authors consider a�ne systemsand use a feedback linearizabilit y assumption in

placeof our A2. Here, we considerthe more generalclassof non-a�ne systemsfor which the origin is locally

stabilizable (stabilizable). In this respect, our assumption A2 relaxes also the stabilizabilit y assumption

found in [9], while it is equivalent to Assumption 2 in [7].
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3 Nonlinear Observ er: Its Need and Stabilit y Analysis

Assumption A2 allowsus to designa stabilizing state feedback control v = � (x; z). In order to perform output

feedback control x should be replacedby its estimate. Many researchersin the past adopted an input-output

feedback linearizabilit y assumption ([1], [2], [5], [4], [6]) and transformed the system into normal form

_� i = � i +1 ; 1 � i � r � 1

_� r = �f (� ; �) + �g(� ; �) u

_� = �( � ; �) ; � 2 Rn � r

y = � 1

(8)

In this framework the problem of output feedback control �nds a very natural formulation, as the �rst r

derivativesof y are equal to the states of the � -subsystem(i.e., the linear subsystem). The works [1, 2, 4]

solve the output feedback control problem for systemswith no zero dynamics (i.e., r = n), so that the �rst

n � 1 derivativesof y provide the entire state of the system. In the presenceof zerodynamics (�-subsystem),

the use of input-output feedback linearization to put the system into normal form (8) forces the use of a

minimum phase assumption (e.g, [5]) since the states of the �-subsystem cannot be estimated from the

derivativesof the output and, hence,cannot be controlled by output feedback. For this reasonthe output

feedback control of nonminimum phasesystemshas beenregardedin the past as a particularly challenging

problem. Researchers who have addressedthis problem (e.g., [8], [9]) rely on the explicit knowledgeof H � 1

in (7), x = H � 1 (ye; z1; : : : ; zn u ), so that estimation of the �rst n � 1 derivativesof y (the vector ye) provides

an estimate of x, x̂ = H � 1 (ŷe; z1; : : : ; zn u ), since the vector z, being the state of the controller, is known.

Next, to estimate the derivativesof y, they employ an high-gain observer. Both the works [8] and [9] (the

latter dealing with the larger classof stabilizable systems)rely on the knowledgeof H � 1 to prove closed-loop

stabilit y. In addition to this, the recent work [7] provesthat a separation principle holds for a quite general

classof nonlinear systemswhich includes (1) provided that H � 1 is explicitly known and that the system is

uniformly completely observable. Sometimeshowever, even if it exists, H � 1 cannot be explicitly calculated

(see, e.g., the example in Section 5) thus limiting the applicabilit y of existing approaches. Hence, rather

than designingan high-gain observer to estimate ye and using H � 1(�; �) to get x, the approach adopted here

is to estimate x directly using a nonlinear observer for system (1) and using the fact that the z-states are

known. The observer has the form1

_̂x = f̂ (x̂; z; y) = f (x̂; z1)+
�

@H(x̂; z)
@̂x

� � 1

E� 1L [y(t) � ŷ(t)]

ŷ(t) = h(x̂; z1)

(9)

where L is a n � 1 vector, E = diag
�
�; � 2; : : : ; � n

�
, and � 2 (0; 1] is a �xed designconstant.

1Throughout this section we assume A1 to hold globally , since we are interested in the ideal convergence prop erties of the
state estimates. In the next section we will show how to modify the observer equation in order to achieve the same convergence
prop erties when A1 holds over the set O �

� n �
� n u .
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Notice that (9) does not require any knowledge of H � 1 and has the advantage of operating in x-

coordinates. The observabilit y assumption A1 implies that the Jacobian of the mapping H with respect

to x is invertible, and hence the inverse of @H(x̂; z)=@̂x in (9) is well de�ned. In the work [14], the au-

thors used an observer structurally identical to (9) for the more restrictiv e classof input-output feedback

linearizable systemswith full relative degree. Here, by modifying the de�nition of the mapping H and by

intro ducing a dynamic projection, we considerably relax these conditions by just requiring the general ob-

servabilit y assumption A1 to hold. Furthermore, we proposea di�eren t proof than the one found in [14]

which clari�es the relationship among (9) and the high-gain observers commonly found in the literature.

Theorem 1 Consider system(4) and assumethat A1 is satis�ed for O = Rn + n u , the state X belongsto

a positively invariant, compact set 
 , and that the following time signal is bounded as follows

j� (ŷe(t); z(t)) + � (ŷe(t); z(t))v(t) � � (ye(t); z(t)) � � (ye(t); z(t))v(t)j � 
 kŷe(t) � ye(t)k; (10)

for some 
 > 0, for all t � 0, and for all ŷe(0) 2 
̂ (a compact set), ye(t) 2 
 , where � and � are

de�ned in (12), and ŷe(t) = H(x̂(t); z(t)) . Choose L such that Ac � LC c, where (Ac; Bc; Cc) is the control-

lable/observablecanonical realization, is Hurwitz and choose ŷe(0) 2 
̂ .

Under theseconditions and using observer(9), the following two properties hold

(i) Asymptotic stability of the estimation error: There exists �� , 0 < �� � 1, such that for all � 2 (0; �� ),

x̂ ! x as t ! + 1 .

(ii) Arbitr arily fast rate of convergence: For each positive T; � , there exists � � , 0 < � � � 1, such that for

all � 2 (0; � � ], kx̂ � xk � � 8t � T .

Before proving this theorem, let us clarify the role of requirement (10). It is asked that the function

� (ŷe; z) + � (ŷe; z)v � � (ye; z) � � (ye; z)v satis�es a Lipschitz inequality at any time instant with a �xed

Lipschitz constant 
 . Notice that the boundednessof the control input v(t) and the local Lipschitz continuit y

of the functions � and � are, in general,not su�cien t to ful�ll requirement (10) since,while X (t), and hence

ye(t) = H(X (t)), is assumedto be bounded for all t � 0, nothing can be said about the behavior of ŷe(t)

(this point is made clearer in the proof to follow). If � and � are globally Lipschitz functions and v(t) is a

bounded function of time, then requirement (10) is automatically satis�ed. We will seein Section 4 that,

without requiring � and � to be globally Lipschitz or any other additional assumption, (10) is always ful�lled

by applying to the observer a suitable dynamic projection onto a �xed compact set.

Pro of. Consider the �ltered transformation

ye = H(x; z) =

2

6
6
6
6
6
4

h(x; z1)

' 1(x; z1; z2)
...

' n � 1 (x; z1; : : : ; zn u )

3

7
7
7
7
7
5

: (11)

A1 guarantees that x = H � 1(ye; z) is well-de�ned, unique, and smooth. Let us expresssystem (4) in new
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coordinates. By de�nition, ye = [y; _y; : : : ; y(n � 1) ]> and, with ' n � 1 de�ned in (3),

y(n ) =

"
@' n � 1

@x
f

�
H � 1(ye; z); z

�
+

n u � 1X

k=1

@' n � 1

@zk

�
H � 1(ye; z); z

�
zk+1

#

+
�

@' n � 1

@zn u

�
H � 1(ye; z); z

�
�

v

4
= � (ye; z) + � (ye; z)v: (12)

Hence,in the new coordinates (4) becomes

_ye = Acye + Bc [� (ye; z) + � (ye; z)v] : (13)

Next, transform the observer (9) to new coordinates ŷe =
h
ŷ; _̂y; : : : ; ŷ(n � 1)

i >
= H(x̂; z) so that

_̂ye;1 =
@h
@̂x

f (x̂; z1) +
@h
@̂x

�
@H
@̂x

� � 1

E� 1L [y � h(x̂; z1)] +
@h
@z1

_z1

= ŷe;2 +
@h
@̂x

�
@H
@̂x

� � 1

E� 1L [y � h(x̂; z1)]: (14)

Similarly, for i = 2; : : : ; n � 1

_̂ye;i =
@' i � 1

@̂x
(x̂; z1; : : : ; zi )

(

f (x̂; z1) +
�

@H
@̂x

� � 1

E� 1L (y � h(x̂; z1))

)

+
iX

k=1

@' i � 1

@zk
zk+1 : (15)

By de�nition,

ŷe;i +1 = ' i (x̂; z1; : : : ; zi +1 ) =
@' i � 1

@̂x
f (x̂; z1) +

iX

k=1

@' i � 1

@zk
zk+1 :

Hence,we concludethat

_̂ye;i = ŷe;i +1 +
@' i � 1

@̂x

�
@H
@̂x

� � 1

E� 1L (y � h(x̂; z1)) ; i = 2; : : : ; n � 1 (16)

Finally,

_̂ye;n = � (ŷe; z) + � (ŷe; z)v +
@' n � 1

@̂x

�
@H
@̂x

� � 1

E� 1L [y � h(x̂; z1)]: (17)

By using (14), (16), and (17) we can write, in compact form,

_̂ye = Acŷe + Bc[� (ŷe; z) + � (ŷe; z)v] +
�

@H
@̂x

� �
@H
@̂x

� � 1

E� 1L [y � h(x̂; z1)]

= Acŷe + Bc[� (ŷe; z) + � (ŷe; z)v] + E� 1L [ye;1 � ŷe;1]: (18)

De�ne the observer error in the new coordinates, ~ye = ŷe � ye. Then, the observer error dynamics are given

by
_~ye = (Ac � E� 1L Cc)~ye + Bc [� (ŷe; z) + � (ŷe; z)v � � (ye; z) � � (ye; z)v] (19)
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Next, de�ne the coordinate transformation

~� = E0~ye; E0 4
= diag

�
1

� n � 1 ;
1

� n � 2 ; : : : ; 1
�

: (20)

In the new domain the observer error equation becomes

_~� =
1
�

(Ac � LC c)~� + Bc [� (ŷe; z) + � (ŷe; z)v � � (ye; z) � � (ye; z)v] (21)

where, by assumption, Ac � LC c is Hurwitz. Let P be the solution to the Lyapunov equation

P(Ac � LC c) + (Ac � LC c)> P = � I ; (22)

and considerthe Lyapunov function candidate Vo(~� ) = ~� > P ~� . Calculate the time derivative of Vo along the

~� tra jectories:

_Vo = �
~� > ~�

�
+ 2~� > PBc [� (ŷe; z) + � (ŷe; z)v � � (ye; z) � � (ye; z)v] : (23)

By virtue of (10), if ŷe(0) 2 
̂ and ye(t) 2 
, there exists a �xed scalar 
 > 0, independent of � , such that

the bracketed term in (23) can be bounded as follows

[� (ŷe; z) + � (ŷe; z)v � � (ye; z) � � (ye; z)v] � 
 kŷe � yek; (24)

and thus the time derivative of V0 can be bounded as

_Vo � �
k~� k2

�
+ 2kPk
 k~yekk~� k � �

k~� k2

�
+ 2kPk
 k~� k2: (25)

As we mentioned earlier, the local Lipschitz continuit y of � and � and the boundednessof v(t) for all t � 0

are not su�cien t to guarantee that a bound of the type (24) hold for the bracketed term in (23). This is

seenby noticing that the level setsof the Lyapunov function Vo, expressedin ~ye coordinates,

� c = f ~ye 2 Rn j Vo(E0~ye) � cg;

are parameterizedby � and becomelarger as� is decreased.Thus, letting ~ye rangeover � c, a straightforward

application of Lipschitz inequality would result in a bound like (24) where 
 , rather than being constant, is

a function of � . In the next section we show that by intro ducing a dynamic projection one guaranteesthat

(10) is automatically satis�ed.

De�ning �� = minf 1=(2kPk
 ); 1g, we conclude that for all � < �� the ~ye tra jectories starting in 
̂ will

convergeasymptotically to the origin, and hencepart (i) of the theorem is proved.

As for part (ii), note that � min (E0PE0) � � min (E0)2� min (P) = � min (P), since � min (E0) = 1. Next,

� max (E0PE0) � � max (E0)2� max (P) = 1=(� 2(n � 1) )� max (P), since� max (E0) = 1=� (n � 1) . Therefore

� min (P)k~yek2 � Vo = ~y>
e E0PE0~ye �

1
� 2(n � 1)

� max (P)k~yek2: (26)

De�ne �� so that k~yek � �� implies that kx̂ � xk � � (the smoothness of H � 1 guarantees that �� is well
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de�ned). By inequality (26) we have that Vo � �� 2� min (P) implies that k~yek � �� , and Vo(0)
4
= Vo(~� (0)) �

(1=� 2(n � 1) )� max (P)k~ye(0)k2. Moreover, from (25)

_Vo(t) � �
�

1
�

� 2kPk

�

k~� k2 � �
1

� max (P)

�
1
�

� 2kPk

�

Vo(t): (27)

Therefore, by the Comparison Lemma (see,e.g., [15]), Vo(t) satis�es the following inequality

Vo(t) � Vo(0) exp
�

�
1

� max (P)

�
1
�

� 2kPk

�

t
�

�
1

� 2(n � 1)
� max (P)k~ye(0)k2 exp

�
�

1
� max (P)

�
1
�

� 2kPk

�

t
� (28)

which, for su�cien tly small � , can be written as

Vo(t) �
a1

� 2n exp
�

�
a2

�
t
�

; a1; a2 > 0

An upper estimate of the time T such that kŷe(t) � ye(t)k � �� (and thus kx̂(t) � x(t)k � � ) for all t � T , is

calculated as follows

a1

� 2n exp
�

�
a2

�
t
�

� �� 2� min (P) for all t � T =
�
a2

ln
�

a1

�� 2� 2n � min (P)

�
:

Noticing that T ! 0 as � ! 0, we concludethat T can be made arbitrarily small by choosing a su�cien tly

small � � , thus concluding the proof of part (ii).

�

Remark 4: Part (ii) of Theorem 1 implies that the observer convergencerate can be madearbitrarily fast.

This property is essential for closed-loop stabilit y.

Remark 5: Using inequality (28), we �nd the upper bound for the estimation error in ye-coordinates

k~yek �

s
� max (P)
� min (P)

1
� n � 1 k~ye(0)k exp

�
�

1
2� max (P)

�
1
�

� 2kPk

�

t
�

: (29)

Hence, during the initial transient, ~ye(t) may exhibit peaking, and the size of the peak grows larger as �

decreasesand the convergencerate is madefaster. This phenomenonand its implications on output feedback

control has been studied in the seminal work [1]. The analysis in that paper shows that a way to isolate

the peaking of the observer estimates from the system states is to saturate the control input outside of the

compact set of interest. The sameidea has then beenadopted in several other works in the output feedback

control literature (see,e.g., [1, 2, 9, 3, 5, 4, 6, 7]). Rather than following this approach, in the next section

we will present a new technique to eliminate the peakingphenomenon(rather than just isolate) which allows

for the useof the weaker Assumption A1.

Remark 6: It is interesting to note that in ye-coordinates (see(18)) the nonlinear observer (9) is almost

identical to the high-gain observer found in [9]. The two observers would be identical (in ye-coordinates) if

9



the variable ŷe in � and � in (18) was saturated outside a suitable compact set. In [9] such a saturation,

together with a saturation of the control input v, guaranteesthat requirement (10) is always satis�ed. In this

paper the sameresult is obtained by replacing the saturation by a dynamic projection (seeSection 4). Our

observer has the advantage of avoiding the knowledgeof the inverseof the mapping H, as well as directly

working in x coordinates.

4 Output Feedback Stabilizing Con trol

Considersystem(5), by usingassumptionA2 and Remark 2 weconcludethat there existsa smooth stabilizing

control v = � (x; z) = � (X ) which makes the origin of (5) an asymptotically stable equilibrium point with

domain of attraction D. By the converse Lyapunov theorem found in [16], there exists a continuously

di�eren tiable function V de�ned on D satisfying, for all X 2 D,

� 1(kX k) � V (X ) � � 2(kX k) (30)

lim
X ! @D

� 1(kX k) = 1 (31)

@V
@X

(f e(X ) + ge v) � � � 3(kX k) (32)

where � i ; i = 1; 2; 3 are classK functions (see[17] for a de�nition), and @D stands for the boundary of the

set D. Given any scalar c > 0, de�ne


 c
4
= f X 2 Rn + n u j V � cg:

Clearly, 
 c � D for all c > 0 and, from (31), 
 c becomesarbitrarily closeto D asc ! 1 . Next, the following

assumption is needed.

Assumption A3(T op ology of O): Assumethat there exists a constant c2 > 0 and a set C such that

F (
 c2 ) � C � Y (= F (O)) ; (33)

where C has the following properties

(i) The boundary of C, @C, is classC1, i.e., there exists a C1 function g : C ! R such that @C = f Y 2

Cj g(Y) = 0g, and (@g=@Y)> 6= 0 on @C.

(ii) C�z = f ye 2 Rn j [ye
> ; �z> ]> 2 Cg is convex for all �z 2 Rn u .

(iii) 0 is a regular value of g(�; �z) for each �xed �z 2 Rn u .

(iv)
S

�z2 Rn u C�z is compact.

Remark 7: SeeFigure 1 for a pictorial representation of condition (33). This assumption requires in

primis that there exists a set C in Y coordinates which contains the image under F of a level set 
 c2 of the

Lyapunov function V and is contained in the image under F of the observable set O. This guarantees in

particular that 
 c2 � O, and thus the state feedback tra jectories starting in 
 c2 never exit the observable

10
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Figure 1: The mechanism behind the observer estimatesprojection.
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Figure 2: The domains C1, C2, C3 violate someof the requirements (i)-(iv) in A3, while C4 doesnot.

region O. Furthermore, it is required that C possessessomebasic topological properties: It is asked that the

boundary of C be continuously di�eren tiable (part (i)), every slice of C obtained by holding z constant at

�z, C�z , is convex (part (ii)), the normal vector to each slice C�z (which is given by [@g=@ye(ye; �z)]> ) doesnot

vanish anywhere on the slice (part (iii)) and, �nally , it is asked that the set C is compact in the ye direction

(part (iv)). Part (iv) can be replaced by the slightly weaker requirement that
S

�z2 
 z C�z is compact (
 z is

de�ned in the next section), without any changein the analysis to follow.

To further clarify the topology of the domainsunder consideration,considerthe setsC1 to C4 in Figure 2,

corresponding to the caseye 2 R2, z 2 R. While they all satisfy part (i), C1 doesnot satisfy part (ii) sinceits

slicesalong z are not convex. C2 satis�es part (ii) but violates requirement (iii) becausethe normal vector

to one of the sliceshas no components in the ye direction. C3 satis�es parts (i)-(iii) but violates (iv) since

the area of its slicesgrows unbounded as z ! 1 . C4 satis�es all the requirements above.

Note that, when the plant is UCO (and thus O = Rn � Rn u ) and F (Rn + n u ) = Rn + n u , A3 is always

satis�ed by a su�cien tly large set C and any c2 > 0. In order to seethat, pick any c2 and chooseC to be

any cylinder f Y 2 Rn + n u j kyek � M g, where M > 0, containing F (
 c2 ). The existenceof C is guaranteed

by the fact that the set F (
 c2 ) is bounded. More generally, the sameholds when F (Rn + n u ) is not all of

Rn + n u and Y �z 4
= f ye 2 Rn j F (x; �z)g is convex for all �z 2 Rn u .

Finally, notice that when the plant in not UCO but O = X � Rn u , where X is an open set which is not

11



all of Rn , and the origin is globally stabilizable (i.e., A2 holds globally), onecan chooseC= D � Rn u , where

D � Rn is any convex compact set with smooth boundary contained in X and containing the point H (0; 0)

(i.e., the origin in ye coordinates). The scalar c2 is then the largest scalar such that F (
 c2 ) � C (notice,

however, that c2 doesnot needto be known for designpurposes).Consequently , in the particular casewhen

nu = 0 (and hencethe control input doesnot a�ect the mapping H) and A2 holds globally, one can choose

C = D, where D is de�ned above.

4.1 Observ er Estimates Pro jection

As we already pointed out in Remark 4, in order to isolate the peaking phenomenonfrom the systemstates,

the approach generally adopted in several papers is to saturate the control input to prevent it from growing

above a given threshold. This technique, however, doesnot eliminate the peak in the observer estimate and,

hence,cannot be usedto control generalsystemslike the onessatisfying assumptionA1, sinceeven when the

systemstate lies in the observable region O � Rn � Rn u , the observer estimatesmay enter the unobservable

domain where (9) is not well de�ned. It appearsthat in order to deal with systemsthat are not completely

observable, one has to eliminate the peaking from the observer by guaranteeing its estimatesto be con�ned

in a prespeci�ed observable compact set.

A common procedure used in the adaptive control literature (see [18]) to con�ne vectors of parameter

estimates within a desired convex set is gradient projection. This idea cannot be directly applied to our

problem, mainly because_̂x is not proportional to the gradient of the observer Lyapunov function and, thus,

the projection cannot be guaranteed to preserve the convergenceproperties of the estimate. Inspired by this

idea, however, we proposea way to modify the _̂x equation which con�nes x̂ to within a prespeci�ed compact

set while preserving its convergenceproperties.

Recall the coordinate transformation de�ned in (6) and let

ŷP
e = H(x̂P ; z); ~yP

e = ŷP
e � ye; Ŷ P = [ŷP

e
> ; z> ]> ; (34)

where x̂P is the state of the projected observer de�ned as2

_̂xP =

8
>>>>>><

>>>>>>:

�
@H

@̂xP

� � 1
8
<

:
_̂yej x̂ P � �

Nye (Ŷ P )
�

Nye (Ŷ P )> _̂yej x̂ P + Nz (Ŷ P )> _z
�

Nye (Ŷ P )> � Nye (Ŷ P )
�

@H
@z

_z

9
=

;

if Nye (Ŷ P )> _̂yej x̂ P + Nz (Ŷ P )> _z � 0 and Ŷ P 2 @C

f̂ (x̂P ; z; y) otherwise

(35)

where _̂yej x̂ P denotesthe time derivativeof yP
e = H(x̂P ; z) whenx̂P evolvesaccordingto the observer dynamics

(9), i.e.,

_̂yej x̂ P =
@H

@̂xP f̂ (x̂P ; z; y) +
@H
@z

_z;

2The pro jection de�ned in (35) is discontin uous in the variable ŷe, therefore raising the issue of the existence and uniqueness
of its solutions. We refer the reader to Remark 8, were this issue is addressed and a solution is prop osed.
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� = (SE0)� 1(SE0)�> , S = S> denotesthe matrix squareroot of P (de�ned in (22)) and

Nye (Ŷ P ) =
�

@g

@̂yP
e

(ŷP
e ; z)

� >

; Nz (Ŷ P ) =
�

@g
@z

(ŷP
e ; z)

� >

are the ye and z components of the normal vector N (Ŷ P ) to the boundary of C at Ŷ P , i.e., N (Ŷ P ) =

[Nye (Ŷ P )> ; Nz (Ŷ P )> ]> (the function g is de�ned in A3). Notice that the dynamic projection (35) is well-

de�ned sinceA3, part (iii), guaranteesthat Nye doesnot vanish (seealso Remark 7). The following lemma

shows that (35) guaranteesboundednessand preservesconvergencefor x̂P .

Lemma 1 : If A3 holds and (35) is used:

(i) Boundedness: if x̂P (0) 2 H � 1(C), then x̂P (t) 2 H � 1(C) for all t.

If, in addition, [x(t)> ; z(t)> ]> 2 
 c2 for all t � 0 and the assumptionsof Theorem 1 are satis�ed, then the

following properties hold for the 
ow of the projected observerdynamics (35)

(ii) Requirement (10) in Theorem 1 is satis�ed provided supt � 0 v(t) < 1 .

(iii) Preservation of original convergence characteristics: properties (i) and (ii) established by Theorem 1

remain valid for x̂P .

Pro of. We start by intro ducing another coordinate transformation, � = SE0ye, (similarly , let �̂ P = SE0ŷP
e ,

~� P = SE0~yP
e ), letting G = diag [SE0; I n u � n u ], and letting C0 be the image of the set C under the linear map

G, i.e., C0 4
=

�
[� > ; z> ]> 2 Rn + n u j G� 1[� > ; z> ]> 2 C

	
. Let N 0

� (� ; z), N 0
z (� ; z) be the � and z components of

the normal vector to the boundary of C0. The reader may refer to Figure 1 for a pictorial representation

of the sets under consideration. In order to prove part (i) of the Lemma, it is su�cien t to show that the

projection (35) renders C a positively invariant set for the Ŷ P tra jectories which in turn guarantees that

x̂P (t) = H � 1(Ŷ P ) is contained in the observable set H � 1(C) for all t � 0. After coordinate transformation

(34) we have that

_̂ye
P =

d
dt

�
H (x̂P ; z)

	
=

�
@H

@̂xP
_̂xP +

@H
@z

_z
�

=

8
>>>>><

>>>>>:

_̂yej x̂ P � �
Nye (Ŷ P )

�
Nye (Ŷ P )> _̂yej x̂ P + Nz (Ŷ P )> _z

�

Nye (Ŷ P )> � Nye (Ŷ P )

if Nye (Ŷ P )> _̂yej x̂ P + Nz (Ŷ P )> _z � 0 and Ŷ P 2 @C

_̂yej x̂ P otherwise

(36)

In order to relate N 0
� (�̂ P ; z), N 0

z (�̂ P ; z) to Nye (ŷP
e ; z), N 0

z (�̂ P ; z), recall from A3 that the boundary of C

is expressedas the set @C = f Y 2 Rn + n u j g(Y ) = 0g and hence the boundary of C0 is the set @C0 =

f � 2 Rn j g((SE0)� 1� ; z) = 0g. From this de�nition we �nd the expressionof N 0
� and N 0

z as N 0
� (�̂ P ; z) =

(SE0)�> [@g(Ŷ P )=@yP
e ]> = (SE0)�> Nye (Ŷ P ), N 0

z (�̂ P ; z) = Nz (Ŷ P ). The expressionof the projection (35) in
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� coordinates is found by noting that

_̂� P = SE0_̂ye
P =

8
>><

>>:

SE0_̂yej x̂ P � (SE0)�>
Nye

�
N >

ye
_̂yej x̂ P + N >

z _z
�

N >
ye

� Nye

if N >
ye

_̂yej x̂ P + N >
z _z � 0 and Ŷ P 2 @C

SE0_̂yej x̂ P otherwise
(37)

and then substituting N 0
� = (SE0)�> Nye , N 0

z = Nz , and _̂yej x̂ P = (SE0)� 1 _̂� j x̂ P , with obvious de�nition of
_̂� j x̂ P , to �nd that

_̂� P =

8
>><

>>:

_̂� j x̂ P �
N 0

�

�
N 0

�
> _̂� j x̂ P + N 0

z
> _z

�

N 0
�

> N 0
�

if N 0
�

> _̂� j x̂ P + N 0
z

> _z � 0 and [�̂ P > ; z> ]> 2 @C0

_̂� j x̂ P otherwise

(38)

Next, we show that the boundary of the domain C0 is positively invariant with respect to (38). In order to do

that, considerthe continuously di�eren tiable function VC0 = g
�
(SE0)� 1� ; z

�
and calculate its time derivative

along the tra jectory of (38) when [�̂ P > ; z> ]> 2 @C0,

_VC0 = N 0
� (�̂ P ; z)> _̂� P + N 0

z (�̂ P ; z) _z (39)

= N 0
�

> _̂� j x̂ P �
N 0

�
> N 0

�

�
N 0

�
> _̂� j x̂ P + N 0

z
> _z

�

N 0
�

> N 0
�

+ N 0
z _z (40)

= 0 (41)

thus showing that the tra jectory [�̂ P > (t)> ; z> (t))]> cannot crossthe boundary of C0, which in turn implies

that [ŷP
e

> (t); z> (t)]> cannot cross@C and, thus, x̂P (t) 2 H � 1(C) for all t.

Next, to prove part (ii) of the theorem, we want to show that if X (t) = [x> (t); z> (t)]> is contained in a

positively invariant, compact set 
 for all t � 0, then inequality (10) holds for all t � 0 with ŷe(t) replaced

by ŷP
e (t), provided that v(t) is uniformly bounded. We start by noting that ye(t) = H(x(t); z(t)) is contained

in the compact set H(
) for all t � 0 and z(t) is contained in the compact set 
 z = f z 2 Rn u j X (t) 2 
 g

for all t � 0. Furthermore, using part (i) of this lemma and part (iv) in A3 we have that

[ŷP
e

> (t); z(t)> ]> 2 �C =
� [

z2 
 z
Cz

�
� 
 z ; for all t � 0;

where �C is a compact set. Now, part (ii) is proved by noticing that inequality (10) follows directly from the

facts above, the boundednessof v(t), and the local Lipschitz continuit y of � and � . As already mentioned

earlier, the local Lipschitz continuit y of � and � alone is not su�cien t to establish (10). Part (i) of this

lemma is the key missingfeature: it provesthat ŷP
e (t) is contained in a compact set whosesizeis independent

of � . This makesit possibleto establish (10), where the Lipschitz constant 
 is independent of � .

The proof of part (iii) is basedon the knowledgeof a Lyapunov function for the observer in ~� coordinates

(see(20)). Letting ~� = S~� , we have that, in new coordinates, Vo = ~� > P ~� = (~� > S)(S~� ) = ~� > ~� . Now let

V P
o = ~� P > ~� P be a Lyapunov function candidate for the projected observer error dynamics in transformed

coordinates and recall that, by assumption, F (
 c2 ) � C, and thus [x> ; z> ]> 2 
 c2 . The latter fact implies

that [ye
> ; z> ]> 2 C or, what is the same, [� > ; z> ]> 2 C0. From (38), when [�̂ P > ; z> ]> is in the interior
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of C0, or [�̂ P > ; z> ]> is on the boundary of C0 and N 0
�

> _̂� j x̂ P + N 0
z

> _z < 0 (i.e., the unprojected update is

pointed to the interior of C0), we have that _V P
o = _Vo < 0. Let us now considerall the remaining cases,i.e.,

[�̂ P > ; z> ]> 2 @C and N 0
�

> _̂� j x̂ P + N 0
z

> _z � 0,

_V P
o = 2~� P _~� P = 2~� P > _~� P = 2~� P >

h
_̂� j x̂ P � _� � p(�̂ P ; _̂� j x̂ P ; z; _z)N 0

� (�̂ P ; z)
i

= _Vo(~� P ) � 2p~� P > N 0
� (42)

wherep(�̂ P ; _̂� j x̂ P ; z; _z) =
N 0

�
> _̂� j x̂ P + N 0

z
> _z

N 0
�

> N 0
�

is nonnegative since,by assumption,N 0
�

> _̂� j x̂ P + N 0
z

> _z � 0. Using

the fact that [� > ; z> ]> 2 C0 and that [�̂ P > ; z> ]> lies on the boundary of C0, we have that the di�erence vector

[�̂ P � � ; 0> ]> points outside of C0 or, equivalently , �̂ P � � points outside of the sliceC0z = f � 2 Rn j [� > ; z> ]> 2

C0g. Using the de�nition of C0, we have that the set C0z is the image of the convex compact set Cz , de�ned

in A3, under the linear map SE0 and is therefore compact and convex aswell. Combining thesetwo facts we

have that ~� P > N 0
� � 0, thus proving that _V P

o � _Vo < 0, which concludesthe proof of part (iii).

�

Remark 8: In order to avoid the discontinuit y in the right hand side of (35) one can employ the smooth

projection idea intro duced in [19]. In this case,part (i) of Lemma 1 would have to be modi�ed to

x̂P (t) 2 H � 1( �C); (43)

and condition (33) in A3 would have to be replacedby the following

F (
 c2 ) � C � �C � F (O) (44)

where C is a set satisfying (i)-(iv) in A3 and �C � C is any neighborhood of C with the same topological

properties.

Remark 9: From the proof of Lemma 1 we conclude that (35) performs a projection for x̂ over the set

H � 1(C) which, in general,is unknown sincewe do not know H � 1, and is generally not convex (seeFigure 1).

It is interesting to note that applying a standard gradient projection for x̂ over an arbitrary convex domain

doesnot necessarilypreserve the convergenceresult (ii) in Theorem 1.

4.2 Closed-Lo op Stabilit y

To perform output feedback control we replacethe state feedback law v = � (x; z) with v̂ = � (x̂P ; z) which,

by the smoothnessof � and the fact that x̂P is guaranteed to belong to the compact set H � 1(C), is bounded

provided that z is con�ned to within a compact set. In the following we will show that v̂ makes the origin

of (5) asymptotically stable and that 
 c1 is contained in its region of attraction, for all 0 < c1 < c2
3. The

proof is divided in three steps:

3Recall that c2 is a positiv e constant satisfying A3 and hence its size is constrained by the top ology of the observable set O.
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1. (Lemma 2). Invariance of 
 c2 and uniform ultimate boundedness: Using the arbitrarily fast rate of

convergenceof the observer (seepart (ii) in Theorem 1), we show that any tra jectory originating in


 c1 cannot exit the set 
 c2 and convergesin �nite time to an arbitrarily small neighborhood of the

origin. Here, Lemma 1 plays an important role, in that it guaranteesthat the peaking phenomenonis

eliminated and thus it doesnot a�ect v̂, allowing us to usethe sameidea found in [1] to prove stabilit y.

2. (Lemma 3). Asymptotic stability of the origin: By using Lemma 2 and the exponential stabilit y of the

observer estimate, we prove that the origin of the closed-loop system is asymptotically stable.

3. (Theorem 2). Closed-loop stability: Finally, by putting together the results of Lemma 2 and 3, we

concludethe closed-loop stabilit y proof.

Let ~x
4
= x̂ � x, and ~xP 4

= x̂P � x, and note that part (ii) of Lemma 1 applies and ~xP ! 0 as t ! 1 with

arbitrarily fast rate, as long as X 2 
 c2 . Moreover, the smoothnessof the control law implies that

k� (x̂P ; z) � � (x; z)k � �
 k~xP k (45)

for all X 2 
 c2 , x̂P 2 H � 1(C), and some �
 > 0. Assume that x̂P (0) 2 H � 1(C), and let A be a positive

constant satisfying k@V=@X k � A for all X in 
 c2 (its existence is guaranteed by V being continuously

di�eren tiable). Now, we can state the following lemma.

Lemma 2 Suppose that X (0) 2 
 c1 , x̂P (0) 2 H � 1(C), consider the set 
 d� , where d� = � 2 � � � 1
3 (� A �
 � ),

and choose � > 0 and � > 1 such that d� < c1. Then, there exists a positive scalar � � ; 0 < � � � 1, such that,

for all � 2 (0; � � ], the closed-loop systemtrajectories remain con�ned in 
 c2 , the set 
 d� � 
 c1 is positively

invariant, and is reached in �nite time.

Pro of. Since V (X (0)) � c1 < c2, there exists a time T1 > 0 such that V (X (t)) � c2, for all t 2 [0; T1).

Choose T0 such that 0 < T0 < T1. Then, using this fact and recalling that, from part (i) in Lemma 1,

x̂P 2 H � 1(C) for all t � 0, we concludethat, for all t 2 [0; T1),

[x̂P > ; z> ]> 2 F � 1
� [

z2 
 z
c 2

Cz ; 
 z
c2

�

which, from part (iv) in A3, is a compact set. Thus, from the smoothnessof � , jvj is bounded by a constant

independent of � , and hencewe can apply part (ii) in Theorem 1 and parts (ii), (iii) in Lemma 1 and conclude

that for any positive � there exists a positive � � ; 0 < � � � 1 such that, for all � � � � , k~xP k � �; 8t 2 [T0; T1).

Hence,for all t 2 [T0; T1), we have that V (X (t)) � c2 and k~xP (t)k � � . In order for part (ii) in Theorem 1

to hold for all t � T0, X must belong to 
 c2 for all t � 0. So far we can only guarantee that X 2 
 c2 for

all t 2 [0; T1) and hencethe result of Theorem 1 applies in this time interval, only. Next, we will show that

T1 = 1 , i.e., 
 c2 is an invariant set, so that the result of Theorem 1 will be guaranteed to hold for all t � 0.
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Consider the Lyapunov function candidate V de�ned in (30)-(32). Taking its derivative with respect to

time and using (45),

_V =
@V
@X

�
f e(x; z) + ge� (x̂P ; z)

�
=

@V
@X

[f e(x; z) + ge� (x; z)] +
@V
@X

ge
�
� (x̂P ; z) � � (x; z)

�

� � � 3(kX k) +










@V
@X








 k� (x̂P ; z) � � (x; z)k

� � � 3(kX k) + A�
 k~xP k

� � � 3(kX k) + A�
 �

� � � 3 � � � 1
2 (V ) + A�
 �

for all t 2 [T0; T1). When V � d� we have that

_V � � (� � 1)A�
 �

henceV decays linearly, which in turn implies that X (t) 2 
 c2 for all t � 0 and that 
 d� is reached in �nite

time.

�

Remark 10: The useof the projection for the observer estimate plays a crucial role in the proof of Lemma

2. As � is made smaller, the observer peak may grow larger, thus generating a large control input, which in

turn might drive the system states X outside of 
 c1 in shorter time. The boundednessof the control input

makessure that the exit time T1 is independent of � , since the upper bound on the magnitude of v̂ will not

depend on � , thus allowing one to choose� independently of T1.

Lemma 2 provesthat all the tra jectories starting in 
 c1 will remain con�ned within 
 c2 and convergeto an

arbitrarily small neighborhood of the origin in �nite time. Now, in order to complete the stabilit y analysis,

it remains to show that the origin of the output feedback closed-loop systemis asymptotically stable, so that

if 
 � is small enoughall the closed-loop system tra jectories convergeto it.

Lemma 3 There exists a positive scalar � � such that for all � 2 (0; � � ] all the trajectories starting inside the

compact set � �
4
= f [X > ; ~x> ]> j V � d� and k~xk � � g converge asymptotically to the origin.

Pro of. Without loss of generality, assume� is small enough so that x̂ 2 H � 1(C) and, hence, ~xP = ~x.

From the proof of Theorem 1 recall that ~x = H � 1(ŷe; z) � H � 1(ye; z). Using A1 we have that the mapping

H � 1 is locally Lipschitz. Hence, there exists a neighborhood N ~ye of the origin such that k~xk � k0k~yek, for

all ~ye 2 N ~ye , and for somepositive constant k0, which, by (29), implies that the origin of the ~x system is

exponentially stable. By the converseLyapunov theorem we concludethat there exists a Lyapunov function

V 0
o (~x) and positive constants �c1; �c2; �c3 such that

�c1k~xk2 � V 0
o � �c2k~xk2

_V 0
o � � �c3k~xk2
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De�ne the positive scalar � � such that k~xk � � � implies ~ye 2 N ~ye (the existenceof � � is a direct consequence

of the fact that H is locally Lipschitz). Next, de�ne the following composite Lyapunov function candidate

Vc(X ; ~x) = V (X ) + �
p

V 0
o (~x); � >

2
p

�c2 �
 A
�c3

then,

_Vc � � � 3(kX k) + A�
 k~xk �
�

2
p

V 0
o (~x)

�c3k~xk2

� � � 3(kX k) �
�

�c3�
2
p

�c2
� A �


�
k~xk < 0

where we have used the fact that [X > ; ~x> ]> 2 � � implies that X 2 
 c2 (provided � is small enough), and

hence





 @V

@X






 � A. Since _Vc is negative de�nite, all the [X > ; ~x> ]> tra jectories starting in � � will converge

asymptotically to the origin.

�

We are now ready to state the following closed-loop stabilit y theorem.

Theorem 2 For the closed-loop system(5), (9), (35), satisfying assumptionsA1, A2, and A3, the control

law v̂ = � (x̂P ; z), guarantees that there exists a scalar � � ; 0 < � � � 1, such that, for all � 2 (0; � � ], the set


 c1 � H � 1(C) is contained in the region of attraction of the origin (x = 0; z = 0; x̂ = 0).

Pro of. By Lemma 3, there exists � � > 0 such that, for all � 2 (0; � � ], � � is a region of attraction for the

origin. UseLemma 2 and the fact that X (0) 2 
 c1 to �nd � � ; 0 < � � � 1, so that for all � 2 (0; � � ] the state

tra jectories enter � � in �nite time. This concludesthe proof of the theorem.

�

Remark 11: Theorem 2 proves regional stabilit y of the closed-loop system, since given an observabilit y

domain O, and provided A3 is satis�ed, the control law v̂, together with (9) and (35), make the compact

set 
 c1 � H � 1(C) a domain of attraction for the origin of the closed-loop system. The di�erence between

Theorem 2 and a local stabilit y result lies in the fact that here the domain of attraction for x is at least

as large as 
 c1 and not restricted to be a small unknown neighborhood of the origin. Further, the size of


 c1 is independent of � and thus the domain of attraction does not shrink as the rate of convergenceof the

observer is made faster (that is, when � ! 0). This is made possible, in our approach, by the employment

of the nonlinear projection (35) which eliminates the peaking phenomenonfrom the observer states. Recall

from Remark 7 that the size of 
 c2 (and hencethat of 
 c1 ) depends on the sizeof the set O (see(33)). If

A1 is satis�ed globally (as in [8, 9, 7]) and Y �z is a convex set for all �z 2 Rn u (seeRemark 7), then Theorem

2 guaranteesthat the domain of attraction D of the closed-loop systemunder state feedback is recoveredby

the output feedback controller, in that c2 can be chosenarbitrarily large (seeRemark 7) and thus 
 c2 can

be made arbitrarily closeto D (this then implies that 
 c1 can be made arbitrarily closeto D). Note that

the sameargument holds even when (1) is not UCO but O is su�cien tly large. If the system is UCO and
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the origin x = 0 is globally stabilizable, then the result of Theorem 2 becomessemi-global,as in [9], provided

the set Y �z is convex for all �z 2 Rn u .

Remark 12: Analogousto the result in [1, 7], Theorem2 provesa separationprinciple for nonlinear systems:

given a stabilizing state feedback controller, the output feedback controller recoversits performanceprovided

that the parameter � is chosensmall enough. Furthermore, by slight modi�cation of Theorem 3 in [7], it is

easyto show that the closed-loop systemtra jectories under output feedback approach the tra jectoriesunder

state feedback as � ! 0. In conclusion, the output feedback controller presented here achieves the same

recovery properties of the one in [7] for the more general classof SISO non UCO systems. We must point

out, however, that we assumeto have perfect knowledgeof the system dynamics, whereasthe results in [7]

admit model uncertainties. We opted not to include model uncertainties to better illustrate the underlying

principles of our approach; it is an easyexerciseto show that analogousresults to the onesin [7] hold when

the sameassumptionson the model uncertainty are made.

Remark 13: As mentioned in Remark 7, if the plant is UCO (and henceO = Rn � Rn u ) and Y �z is a

convex set for all �z 2 Rn u , assumption A3 is automatically satis�ed by a su�cien tly large cylindrical set C.

Even in this case,if H � 1 is not explicitly known and one wants to directly estimate the state of the plant,

oneshould employ the dynamic projection (35) sincethe standard saturation used,e.g., in [1, 9] can only be

applied to a high-gain observer in ye coordinates. Clearly, the only instance when dynamic projection can

be replacedby saturation of the observer estimates is when the observabilit y mapping is the identit y.

5 Example

Consider the following input-output linearizable dynamical system:

_x1 = x2

_x2 = (1 + x1) exp(x2
1) + u � 1

y = (x2 � 1)2

(46)

The control input appears in the �rst derivative of the output:

_y = 2(x2 � 1)(1 + x1) exp(x2
1) + 2(x2 � 1)(u � 1)

Notice, however, that the coe�cien t multiplying u vanisheswhen x2 = 1, and hencesystem (46) does not

have a well-de�ned relative degreeeverywhere. Sinceu appearsin _y, we have that nu = 1, therefore we add

one integrator at the input side,

_z1 = v; u = z1: (47)

19



The mapping F is given by

Y =

2

6
6
4

y

_y

z1

3

7
7
5 = F (x; z1) =

"
H(x; z1)

z1

#

=

2

6
6
4

(x2 � 1)2

2(x2 � 1)[(1 + x1) exp(x2
1) + (z1 � 1)]

z1

3

7
7
5 (48)

The �rst equation in (48) is invertible for all x2 < 1, and its inverseis given by x2 = 1 �
p

y. Substituting

x2 into the secondequation in (48) and isolating the term in x1, we get

(1 + x1) exp(x2
1) =

_y + 2
p

y(z1 � 1)
� 2

p
y

(49)

Since(1+ x1) exp(x2
1) is a strictly increasingfunction, it follows that (49) is invertible for all x1 2 R, however,

an analytical solution to this equation cannot be found. In conclusion, Assumption A1 is satis�ed on the

domain O = f x 2 R2 j x2 < 1g � R, but an explicit inverse[x> ; z1
> ]> = F � 1(ye; z1) is not known. The fact

that system (46) is not UCO, together with the non-existenceof an explicit inverse to (48), prevents the

application of the output feedback control approachesin [1, 8, 2, 9, 3, 5, 4, 6, 7].

To �nd a stabilizing state feedback controller, note that the extendedsystem (46), (47) can be feedback

linearized by letting x3 = (1 + x1) exp(x2
1) + z1 � 1 and rewriting the system in new coordinates xe

4
=

[x1; x2; x3]> :

_x1 = x2

_x2 = x3

_x3 = x2 exp(x2
1)(2x2

1 + 2x1 + 1) + v

(50)

Choosev = � x2 exp(x2
1)(2x2

1 + 2x1 + 1) � K xe, where K = [1; 3; 3], so that the closed-loop system becomes

_xe = (Ac � BcK ) xe with polesplacedat � 1. Then, the origin xe = 0 is a globally asymptotically equilibrium

point of (50), and Assumption A2 is satis�ed with D = R3. Let �P be the solution of the Lyapunov

equation associated to Ac � BcK , so that a Lyapunov function for system (50) is V = x>
e

�Pxe, and any set


 c
4
=

�
xe 2 R3 j V (xe) � c

	
, with c > 0, is contained in the region of attraction for the origin.

Next, we will seekto �nd a set C satisfying Assumption A3. To this end, notice that

Y = F (O) = F
�
f x 2 R2; z1 2 R j x2 < 1g

�
= f R+ � 0g � R � R:

Next recall from Remark 7 that, sinceA2 holds globally, C can be chosento be the cylinder D � R, where

D is any compact convex set in the upper half plane f R+ � 0g � R containing the point H (0; 0) = (1; 0).

For the sake of simplicit y chooseD to be the disk of radius ! < 1 centered at (1; 0), so that C = f Y 2

R3 j (Y1 � 1)2 + Y 2
2 < ! 2g, and C � Y, asdepicted in Figure 3. We stressthat our choiceis quite conservative

and is made exclusively for the sake of illustration. Once C has beenchosen,the control design is complete

and the output feedback controller is given by

_z1 = � x̂P
2 exp

�
(x̂P

1 )2	
[2(x̂P

1 )2 + 2x̂P
1 + 1] � x̂P

1 � 3x̂P
2 � 3

�
(1 + x̂P

1 ) exp
�

(x̂P
1 )2	

+ z1 � 1
�

; (51)
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Figure 3: The projection domain C.

where x̂P (t) is the solution of (35) with

f̂ (x̂; z; y) =

"
x̂2

(1 + x̂1) exp
�

(x̂1)2
	

+ z1 � 1

#

+

"
0 2(x̂2 � 1)

2(x̂2 � 1) exp
�

(x̂1)2
	 �

2(x̂1)2 + 2x̂1 + 1
�

2
�
(1 + x̂1) exp

�
(x̂1)2

	
+ z1 � 1

�

#

| {z }
�

@H
@̂x �

� 1

� 1

E� 1L [y � (x̂2 � 1)2]

(52)

and
@H
@z

=

"
0

2(x̂P
2 � 1)

#

; Nye (ŷP
e ; z) = ŷP

e �

"
1

0

#

; Nz (ŷP
e ; z) = 0;

ŷP
e =

"
(x̂P

2 � 1)2

2(x̂P
2 � 1)[(1 + x̂P

1 ) exp((x̂P
1 )2) + (z1 � 1)]

#

; _̂yej x̂ P =
@H

@̂xP f̂ (x̂P ; z; y) +
@H
@z

_z:

(53)

Using controller (51), Theorem2 guaranteesthat the origin xe = 0 of the closed-loop systemis asymptotically

stable and it provides an estimate of its domain of attraction. Speci�cally , given any positive scalar c1 < c2,

there exists� � > 0 such that 
 c1 is contained in the domain of attraction for all 0 < � < � � . In what followswe

will �nd the set 
 c2 satisfying A3. Recalling that, in xe-coordinates, 
 c2 is expressedas f xe 2 R2 j xe
> �Pxeg,
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we have that xe 2 
 c2 implies jx i j � (c2=� min ( �P)), i = 1; 2; 3, and hence 
 c2 � �
4
= f xe 2 R3 j jx i j �

(c2=� min ( �P)) ; i = 1; 2; 3g. Now let c2 < � min ( �P) and note that, for all xe 2 ye,

�
1 �

c2

� min ( �P)

� 2

� jx2 � 1j2 �
�

1 +
c2

� min ( �P)

� 2

j2(x2 � 1)x3j � 2
�

1 +
c2

� min ( �P)

�
c2

� min ( �P)
:

Next, we seekto �nd c2 satisfying A3, i.e., such that F (
 c2 ) � C. Using the inequalities above we have that

if c2 = minf �c2; � min ( �P)g, where �c2 is the largest scalar satisfying

" �
1 +

�c2

� min ( �P)

� 2

� 1

#2

+ 4
�

1 +
�c2

� min ( �P )

� 2 �
�c2

� min ( �P)

� 2

< ! 2 (54)

(note that �c2 > 0 satisfying the inequality above always exists) then F (
 c2 ) � F (�) � C, and hence c2

satis�es A3.
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Figure 4: Closed-loop tra jectories under output feedback.

For our simulations we choose! = 0:9 and, from (54), we get c2 = 0:06. The initial condition of the

extended system is set to x1(0) = 0:05; x2(0) = 0:07; x3(0) = 0:1 (or z1(0) = 0:0474), which is contained

inside 
 c2 so that Theorem 2 can be applied. Finally, we choosethe observer gain L to be [4; 4]> , so that

its associated polynomial is Hurwitz with both poles placed at � 2. We present four di�eren t situations to

illustrate four features of our output feedback controller:

1. Arbitrary fast rate of convergence of the observ er . Figure 4 shows the evolution of the X -

tra jectory, as well as the control input v, for � = 0:2 and � = 0:05. The convergencein the latter case

is faster, as predicted by Theorem 1 (seeRemark 4).

2. Observ er estimate pro jection . Figure 5 shows the evolution of x̂ and v for � = 10� 3 with and

without projection. The dynamic projection successfullyeliminates the peak in the observer states,

thus yielding a bounded control input, as predicted by the result of Lemma 1. Figure 6 shows that
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Figure 5: Observer states during the initial peaking phasewith and without projection, � = 10� 3.
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Figure 6: Systemtra jectories in the transformed domain Y = F (X ).

the orbits Y (t) = F (X (t)) are contained within the set C for all t � 0, thus con�rming the result of

Lemma 1. In particular, Figure 6 shows the operation of the projection when the observer tra jectory

(in Y coordinates) hits the boundary of C: it forcesthe Ŷ P tra jectory to \slide" along the boundary

of C and preserves its convergencecharacteristics. This is equivalent, in the x domain, to saying that

the x̂P tra jectory slidesalong the boundary of H � 1(C) and convergesto x.

3. Observ er estimate pro jection and closed-lo op stabilit y . In Figure 7 a phase plane plot for

x is shown with and without observer projection when � = 10� 4. The small value of � generatesa

signi�can t peak which, if projection is not employed, drivesthe output feedback tra jectoriesaway form

the state feedback onesand, in general,may drive the system to instabilit y (seeRemark 10). On the

other hand, using the observer projection, output feedback and state feedback tra jectories are almost

indistinguishable.

4. Tra jectory recovery . The evolution of the X -tra jectories for decreasingvalues of � , in Figure 8,

shows that the output feedback tra jectories approach the state feedback onesas � ! 0 (seeRemark
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