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Abstract

In this paper we consider the study of the servomechanism problem for multi-input
multi-output (MIMO) linear time-invariant (LTI) positive systems. In particular, we
present results on the tracking problem of nonnegative constant reference signals for
unknown stable MIMO positive LTI systems with nonnegative constant disturbances.
Our results exploit the structure of tuning regulators and show that any unknown
stable MIMO positive LTI system can track any nonnegative constant reference signal
while maintaining almost state nonnegativity.

1 Introduction

In this paper we study the tracking problem for MIMO positive LTI systems. In particular, we

consider the tracking problem of nonnegative constant reference signals for unknown stable MIMO

positive LTI systems with nonnegative constant disturbances.

A positive linear system can be regarded as a linear system where the state variables are

nonnegative for all time [1]. Positive systems are of great practical importance, as the nonnegative

property occurs quite frequently in numerous applications and in nature. A special class of positive

systems that appears quite frequently in the literature is the class of compartmental systems.

Compartmental systems are composed of a finite number of storage devices or reservoirs. These

type of systems frequently occur in hydrology where they are used to model natural and artificial

networks of reservoirs [2]. Positive systems and their counterparts, compartmental systems, are

visible in biology where they are used to describe the transportation, accumulation, and drainage

processes of elements and compounds like hormones, glucose, insulin, metals, etc. Stocking and

industrial systems which involve chemical reactions, heat exchangers, and distillation columns are

also examples of positive systems [2]. It should be of no surprise that positive systems are so widely

visible in applications and in nature, and as was pointed out in [1] ”it is for positive systems that

dynamic systems theory assumes one of its most potent forms”.

Positive systems have been of great interest to numerous researchers over several decades. Some

interesting results on positive systems are as follows: on reachability and controllability, see [3], [4],
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[5], [6], [7], [8], on results re realization of positive systems, see [9], [10], [11], [12], and for results on

2D positive linear systems, see [13], [14]. Some other results on stability control, pole-assignment

and some general stability feedback control can be found in [15], [16], [17], [18], [19], [20].

From the above references, we can deduce that interest in positive systems spans several decades

and numerous disciplines. In this paper, we will present results that will add to positive system the-

ory by introducing the concept of tracking reference signals under disturbances while maintaining

almost nonnegativity of the states and outputs. Our interest will be to show that any unknown sta-

ble MIMO positive LTI system under nonnegative constant disturbances can attain both tracking

and almost nonnegativity of states and outputs for all nonnegative constant references.

The paper is organized as follows. Preliminaries are given first, where the terminology, positive

systems and compartmental systems, almost state positive systems, and tuning regulators are

discussed. All assumptions on the system plant treated in the paper and the Problem Statement

are described in Section 3. We then follow a discussion on Singular Perturbation modeling in

Section 4. Section 5 provides the main result of the paper. A few examples illustrating the theory

are given in Section 6, while all concluding remarks and discussion of future work complete the

paper.

2 Background and Preliminaries

2.1 Terminology

Let the set R+ := {x ∈ R | x ≥ 0}, the set R
n
+ := {x = (x1, x2, ..., xn) ∈ R

n | xi ∈ R+, ∀i = 1, ..., n}.

Similarly, let R− := {x ∈ R | x ≤ 0}, and the set Rn
− := {x = (x1, x2, ..., xn) ∈ Rn | xi ∈ R−, ∀i =

1, ..., n}. If exclusion of 0 from the sets will be necessary, then we’ll denote the sets in the standard

way R+ \ {0} (Rn
+ \ {0}). The set of eigenvalues of a matrix A will be denoted as σ(A). The

ijth entry of a matrix A will be denoted as aij . A matrix A ∈ Rn×n is Hurwitz or stable when

all the eigenvalues (λ) of A are in the open left half plane of the complex plane C, i.e. the real

part of all eigenvalues is negative. A nonnegative matrix A has all of its entries greater or equal

to 0, i.e. aij ∈ R+. A Metzler matrix A is a matrix for which all off-diagonal elements of A are
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nonnegative, i.e. aij ∈ R+ for all i 6= j. A compartmental matrix A is a matrix that is Metzler,

where the sum of the components within a column is less than or equal to zero, i.e.
n

∑

i=1

aij ≤ 0

for all j = 1, 2, ..., n. A matrix A that is compartmental, but also satisfies

n
∑

i=1

aij < 0 for all

j = 1, 2, ..., n will be referred to as a strictly compartmental matrix.

2.2 Positive Linear Systems and Compartmental Systems

In this section we give an overview of both positive linear systems [1], [2], and a very important

subset of positive linear systems known as compartmental systems [2], [21]. The inclusion of

compartmental systems within this subsection will be made because in general compartmental

systems are stable, a property of great significance throughout the paper.

We first define a positive linear system [2] in the traditional sense.

Definition 2.1. A linear system

ẋ = Ax + Bu

y = Cx + Du
(1)

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rr×n, and D ∈ Rr×m is considered to be a positive linear system

if for every nonnegative initial state and for every nonnegative input the state of the system and

the output remain nonnegative.

The above definition states that any trajectory starting at an initial condition x0 ∈ Rn
+ will

not leave the positive orthant, and moreover, that the output also remains nonnegative. For

convenience, if for all time a state x satisfies x ∈ Rn
+, or the output y satisfies y ∈ Rr

+, or the

input u satisfies u ∈ R
m
+ , then we’ll say that the state, output, or input maintains nonnegativity.

Notice that Definition 2.1 states that the input to the system must be positive, a restriction that

in applications is not always feasible; we’ll return to this in the sequel.

It turns out that Definition 2.1 has a very nice interpretation in terms of the matrix quadruple

(A, B, C, D).
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Theorem 2.1 ([2]). A linear system (1) is positive if and only if the matrix A is a Metzler matrix,

and B, C, and D are nonnegative matrices.

Next we introduce compartmental systems.

A compartmental system consists of n interconnected compartments or reservoirs, see Figure

1 for a model of one reservoir.

Ui

Foi

Fji

Fij

xi

ẋi =
∑

j 6=i

(−Fji + Fij) − Foi + Ui

Figure 1: Model of one compartment.

In this figure, xi represents the current state of reservoir i, Ui is the external inflow coming into

reservoir i; Foi is the flow exiting reservoir i, hence the notation to the outside (o) from reservoir

(i) is used; Fji is the outflow into reservoir j from reservoir i; Fij is the inflow into reservoir i from

reservoir j. The assumptions made for linear compartmental systems are that the variables just

described satisfy:

Ui = bi1u1 + bi2u2 + · · · + bimum

Foi = βoixi

Fji = βjixi

Fij = βijxj .

(2)

where ui ∈ R, i = 1, ..., m denote the inputs that compose Ui.
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Note that in a true compartmental system, by definition, all variables are nonnegative, i.e.

xi, U, Foi, Fij, Fji ∈ R+ or bi1, u1, bi2, u2, . . . , bim, um, βio, βij, βji ∈ R+.

See [21] for a more in depth treatment of (2).

With the above description of one compartment, we can easily come up with the entire state

space model for an overall system consisting of n interconnected compartments:

ẋi = −(βoi +
∑

j 6=i

βji)xi +
∑

j 6=i

βijxj

+bi1u1 + bi2u2 + · · · + bimum.

(3)

Setting

αi = (βoi +
∑

j 6=i

βji), (4)

results in

ẋi =



















−α1 β12 β13 β1n

β21 −α2 β23 . . . β2n

...
...

βn1 βn2 βn3 . . . −αn



















x

+



















b11 b12 . . . b1m

b21 b22 . . . b2m

...
...

bn1 bn2 . . . bnm



















u,

(5)

where x = [x1 x2 . . . xn]T and u = [u1 u2 . . . um]T . For convenience, a compartmental matrix

will be denoted by

Ac =



















−α1 β12 β13 β1n

β21 −α2 β23 . . . β2n

...
...

βn1 βn2 βn3 . . . −αn



















(6)
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and a compartmental B matrix will be denoted by

Bc =



















b11 b12 . . . b1m

b21 b22 . . . b2m

...
...

bn1 bn2 . . . bnm



















as was done for positive linear systems. Notice that, by definition, the summation of all elements

within a column of A is less than or equal to zero, i.e.

−αi +
∑

j 6=i

βji = −βoi ≤ 0,

where equality holds if there is no outflow lost to the outside environment. Note that any matrix

(6) that is strictly compartmental is stable due to its structure and Gerschgorin’s Theorem.

Before we proceed, let’s make a distinction, in the control systems sense, between inflow, outflow

and output. From control theory, we are used to the term output to signify a measurement that

can be obtained from our system in question, normally in the linear system sense, designated

as y = Cx + Du. When dealing with compartmental systems, the term inflow designates the

movement of material1 into the system, the term outflow designates the movement of material

out of the system, and the outputs of the system are measurements on some compartment or a

combination of compartments, and may have nothing to do with the material outflows from the

system. The above clarification has been nicely captured in [21].

With the above paragraph in mind, the output equation for compartmental systems

y = Cx + Du

can be arbitrarily specified; however, to satisfy our positive linear system definition we’ll assume

C ∈ R
r×n
+ and assume D ∈ R

r×m
+ .

Finally, the above description of a compartmental system is not unique; in fact there are other

1”material” here can designate anything; for example, liquid, voltage, current, hormones, glucose, etc.
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descriptions in the literature, see for example [2], [21]. One common addition made to the above

description, pointed out in [2], is that the summation of a column of the matrix Bc must equal

one, i.e.
n

∑

j=1

bji = 1, ∀i = 1, . . . , m,

where each 0 ≤ bji ≤ 1. This assumption is very natural to make due to the fact that one expects

the maximum inflow not to exceed ui, i.e.

n
∑

j=1

bjiui ≤ ui ∀i = 1, . . . , m,

2.3 ”Almost” Positive Systems

In this section, we introduce four definitions: state positive linear systems, output positive linear

systems, almost state positive linear systems, and almost output positive linear systems.

In real life systems, nonnegativity of states occurs quite often; however, the need for the input

u to be also nonnegative is not a necessity, as was also pointed out in [15]. For this reason we

introduce the following definitions.

Definition 2.2. An arbitrary linear system is considered to be a state positive linear system if for

a given nonnegative initial state x0 and for a given input u, the state of the system remains

nonnegative for all time.

An equivalent definition can be given for output positive linear systems.

Definition 2.3. An arbitrary linear system is considered to be an output positive linear system if

for a given nonnegative initial state x0 and for a given input u, the output of the system remains

nonnegative for all time.

Next, we state two definitions that will lead us to the concept of almost positivity.

Definition 2.4. An arbitrary linear system is considered to be a δ-state positive linear system with

respect to x0 and u if for a given δ = (δ1, δ2, ..., δn) ∈ R
n
+ \ {0}, the state x of the system satisfies

xi(t) ≥ −δi, ∀i = 1, 2, ..., n, ∀t ∈ [0,∞)
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An equivalent definition can be given for δ-output positive linear system.

Definition 2.5. An arbitrary linear system is considered to be a δ-output positive linear system with

respect to x0 and u if for a given δ = (δ1, δ2, ..., δr) ∈ R
r
+ \ {0}, the output y of the system satisfies

yi(t) ≥ −δi, ∀i = 1, 2, ..., r, ∀t ∈ [0,∞)

In both definitions 2.4 and 2.5 there is no restriction on how small or large the components of

δ should be. It will be of interest, however, to study the case when each component δi → 0, for all

i.

Definition 2.6. An arbitrary linear system is considered to be a almost-state positive linear system

with respect to x0 and u if for any given δ = (δ1, δ2, ..., δn) ∈ Rn
+ \ {0}, the state x of the system

satisfies

xi(t) ≥ −δi, ∀i = 1, 2, ..., n, ∀t ∈ [0,∞)

In similar fashion to Definition 2.5, we can define almost-output positive linear systems.

Definition 2.7. An arbitrary linear system is considered to be a almost-output positive linear system

with respect to x0 and u if for any given δ = (δ1, δ2, ..., δr) ∈ Rr
+ \ {0}, the output y of the system

satisfies

yi(t) ≥ −δi, ∀i = 1, 2, ..., r, ∀t ∈ [0,∞)

It is worth pointing out that in a practical setting, and even in the theoretical one, the notion

of the number zero has been often questioned, i.e. when is a number small enough to consider it

to be zero; with the above remark in mind it would appear that if δ can be made arbitrarily small,

then one could argue that any almost state (output) positive system is actually a state (output)

positive system.
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2.4 Tuning Regulators

In this section we describe a particular compensator, known as the tuning controller or tuning

regulator, which solves the tracking problem for unknown2 stable linear systems under constant

disturbances. The results of this section can be found in their entirety and in their general form in

[22, 23]. The tuning regulator described within this subsection is nothing more but a generalization

of the classical ”on-line tuning” controller [24].

Consider the plant

ẋ = Ax + Bu + Eω

y = Cx + Du + Fω (7)

e := yref − y

where x ∈ Rn, u ∈ Rm, y ∈ Rr, the disturbance vector ω ∈ Ω ⊂ RΩ̃, and yref ∈ Yref ⊂ Rr is a

desired tracking signal. Assume that the output y is measurable, that the matrix A is Hurwitz,

and that the disturbance vector and tracking signal satisfy:

ż1 = A1z1

ω = C1z1,

and

ż2 = A2z2

σ = C2z2

yref = Gσ,

respectively, where zi ∈ R
ni, (Ci,Ai) is observable for i = 1, 2, z1(0) may or may not be known, and

z2(0) is known. Then in the case of constant disturbances (ω) and constant tracking (yref) signals,

the tuning regulator that solves the ”robust control of a general servomechanism problem”, i.e.

2by unknown we mean that there is no knowledge of (A, B, C, D)
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such that

(i) the closed loop system is stable,

(ii) for all tracking signals and disturbances e → 0 as t → ∞, and

(iii) property (ii) occurs for all plant perturbations which maintain closed loop stability,

is given by:

η̇ = ǫe

u = (D − CA−1B)†η,
(8)

where (·)† represents the pseudo-inverse 3 of (·), ǫ ∈ (0, ǫ∗], ǫ∗ ∈ R+ \ {0}, and we assume that the

initial condition η0 = 0. The latter assumption of η0 is justified by the study of perfect control,

see [26]. The tuning regulator just presented serves the same purpose as the one given in [27];

however, its present form, as will be shown in the sequel, will allow us to encompass the problem

within a singular perturbation framework.

We summarize the above discussion by a Theorem for the case of MIMO linear systems.

Theorem 2.2 ([22]). Consider the system (7), under the assumption that yref ∈ Rr and ω ∈ RΩ̃ are

constants. Then there exists an ǫ∗ such that ∀ǫ ∈ (0, ǫ∗] the tuning regulator (8) achieves robust

control of a general servomechanism problem if and only if rank(D − CA−1B) = r.

Remark 2.1. It is worth noting that in order to obtain the gain matrix

(D − CA−1B)†

without the knowledge of (A, B, C, D) we only need the knowledge of the steady state values of the

outputs and the ability to excite the inputs. For a complete procedure of finding the gain matrix

we refer the interested reader to [22].

3for a discussion on the pseudo-inverse one can consult [25]
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3 Problem Statement

In this section, we provide the details of the problem of interest with all the accompanying as-

sumptions.

In this paper, we consider the following problem:

Problem 3.1. Consider the plant (7), where A is a stable Metzler matrix, and B, C, D are

nonnegative matrices. Assume that rank(D − CA−1B) = r and that the sets Ω and Yref are

chosen such that Eω ∈ Rn
+ and Fω ∈ Rr

+, and that the steady state values of the plant’s states

are nonnegative, i.e. for all tracking and disturbance signals in question, it’s assumed that the

steady-state of the system (7) is given by

−







A B

−C −D













xss

uss






=







E 0

−F I













ω

yref






(9)

and has the property that xss ∈ Rn
+, yss = Cxss + Duss + Fw = yref ∈ Rr

+. It is to be noted that

a solution to (9) exists if and only if rank(D − (CA−1B)) = r.

Then, find a controller u that

(a) guarantees closed loop stability,

(b) ensures tracking of the reference signals, i.e. e = y − yref → 0, as t → ∞, ∀yref ∈ Yref and

∀ω ∈ Ω, and

(c) ensures the plant (7) can be made an almost state and an almost output positive system.

(d) For all perturbations of the nominal plant model, which do not de-stabilize the open loop sys-

tem and do not change the positivity of the system (i.e. A is still Metzler and B, E, C, Fω, Eω

are still nonnegative matrices), it is desired that the controller can still achieve asymptotic

error regulation and almost state and almost output positivity, i.e. properties (a), (b) and

(c) should still be attainable if the system model is unknown.
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Remark 3.1. A remark is in order with respect to one of the assumptions; namely, the steady-state

equation (9) is both necessary and sufficient when m = r as we can solve it directly, i.e.







xss

uss






= −







A B

−C −D







−1 





E 0

−F I













ω

yref






;

however, if m > r equation (9) may only be sufficient. Thus, to also show necessity one can just

solve the linear feasibility programming problem

−A−1Buss ≤ A−1Eω

(D − CA−1B)uss = (CA−1E − F )ω + yref ,

for uss. The existence of uss is both necessary and sufficient for the existence of an xss ∈ Rn
+. The

above linear programming problem results from manipulating equation (9).

To show that equation (9) is indeed only sufficient, an example is provided.

Example 3.1. Consider the following system

ẋ = −x + [1 1]u

y = x + [1 3]u

with yref = 1. Notice that with uss = [−1 0.75] the steady state of xss = −0.25, which would not

satisfy the assumption of Problem 3.1, yet there exists a solution to the above linear feasibility

programming problem, and hence the assumptions of Problem 3.1 are met. That is, from above

we obtain

[1 1]uss ≤ 0

[2 4]uss = 1

which can be satisfied with uss = [−0.5 0.5]T , for example.
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In Section 5, we will solve the above problem with the tuning regulator that was introduced in

Section 2.4.

4 Singular Perturbation

This section has been added for completeness and covers singular perturbation results needed in

order to prove the main results of this paper. The following discussion has been taken from [29],

Chapter 11 and Chapter 4.

The standard singular perturbation model can be described as

q̇ = f(t, q, z, ǫ), q(t0) = q0

ǫż = g(t, q, z, ǫ), z(t0) = z0

(10)

where the functions f and g are continuously differentiable in their arguments (t, q, z, ǫ) ∈ [0,∞)×

Dq × Dz × [0, ǫ0], with Dq ⊂ Rn and Dz ⊂ Rs being open and connected sets. By setting ǫ = 0,

we obtain

0 = g(t, q, z, 0), (11)

where we designate the real root 4 of (11) as

z = h(t, q). (12)

To obtain a reduced model, we substitute (12) into (10) resulting in

q̇ = f(t, q, h(t, q), 0), q(t0) = q0. (13)

The reduced model is sometimes referred to as the slow model, while (11) is referred to as the

quasi-steady-state model, because z may rapidly converge to a root of (11).

4without loss of generality, we assume there is only one root
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Now denote the solution of (13) by q(t) and define

z(t) = h(t, q(t)),

which describes the quasi-steady-state behavior of z when q = q.

In order to present a very important result on singular perturbations, we need to perform a

change of variables first

p = z − h(t, q), (14)

which shifts the quasi-steady-state of z to the origin. In the new variables (q, p) the full problem

is

q̇ = f(t, q, p + h(t, q), ǫ), q(t0) = q0

ǫṗ = g(t, q, p + h(t, q), ǫ) − ǫ
∂h

∂t

−ǫ
∂h

∂q
f(t, q, p + h(t, q), ǫ),

p(t0) = z0 − h(t0, q0)

. (15)

Next, we set

ǫ
dp

dt
=

dp

dτ
; hence,

dτ

dt
=

1

ǫ

and use τ = 0 as the initial value at t = t0. In the new time scale, (15) becomes

q̇ = f(t, q, p + h(t, q), ǫ), q(t0) = q0

dp

dτ
= g(t, q, p + h(t, q), ǫ) − ǫ

∂h

∂t

−ǫ
∂h

∂q
f(t, q, p + h(t, q), ǫ),

p(t0) = z0 − h(t0, q0)

. (16)

By setting ǫ = 0, the latter equation reduces to

dp

dτ
= g(t, q, p + h(t, q), 0), p(t0) = z0 − h(t0, q0), (17)

15



which is commonly referred to as boundary-layer model.

We will also make use of the autonomous system

dp

dτ
= g(t0, q0, p + h(t0, q0), 0), p(t0) = z0 − h(t0, q0) (18)

which has an equilibrium at p = 0, and has been derived from (17) by setting t = t0 and q = q0.

Define the solution of (18) as p̂(τ).

Before we state the singular perturbation result on an infinite interval of time, we recall the

following theorem on Lyapunov stability:

Theorem 4.1 ([29] pg.152). Let x = 0 be an equilibrium point for

ẋ = f(t, x)

and D ⊂ Rn be a domain containing x = 0. Let V : [0,∞)×D → R be a continuously differentiable

function such that

W1(x) ≤ V (t, x) ≤ W2(x) (19)

∂V

∂t
+

∂V

∂x
f(t, x) ≤ −W3(x) (20)

∀t ≥ 0 and ∀x ∈ D, where W1(x), W2(x) and W3(x) are continuous positive definite functions on

D. Then, x = 0 is uniformly asymptotically stable. Moreover, if r and c are chosen such that Br =

{‖x‖ ≤ r} ⊂ D and c < min‖x‖=1W1(x), then every trajectory starting in {x ∈ Br | W2(x) ≤ c}

satisfies

‖x‖ ≤ β(‖x(t0)‖ , t − t0), t ≥ t0 ≥ 0

for some class KL function5 β.

The following theorem presents the singular perturbation result of interest in this paper.

5see [29] for an overview of class KL functions
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Theorem 4.2 ([29] pg.439). Consider the singular perturbation problem of (10). Assume that the

following conditions are satisfied for all

[t, q, z − h(t, q), ǫ] ∈ [0,∞) × Dq × Dp × [0, ǫ0]

for some domains Dx ⊂ R
n and Dy ⊂ R

s, which contain their respective origins:

1. On any compact subset of Dx × Dy, the functions f , g, their first partial derivatives with

respect to (q, z, ǫ), and the first partial derivative of g with respect to t are continuous and

bounded, h(t, q) and [∂g(t, q, z, 0)/∂z] have bounded first partial derivatives with respect to

their arguments, and [∂f(t, q, h(t, q), 0)/∂q] is Lipschitz in q, uniformly in t;

2. the origin is an exponentially stable equilibrium point of the reduced system (13); i.e. there

is a Lyapunov function V (t, x) that satisfies the conditions of Theorem 4.1 for (13) for

(t, q) ∈ [0,∞) × Dq and {W1(q) ≤ c} is a compact subset of Dq;

3. the origin is an exponentially stable equilibrium point of the boundary-layer model (17),

uniformly in (t, q). Let Rp ⊂ Dp be the region of attraction of (18) and Γy be a compact

subset of Ry.

Then, for each compact set Γq ⊂ {W2(x) ≤ ξc, 0 < ξ < 1} there is a positive constant ǫ1 such that

for all t0 ≥ 0, q0 ∈ Γq, z0 − h(t0, q0) ∈ Γp, and 0 < ǫ < ǫ1, the singular perturbation problem (15)

has a unique solution q(t, ǫ), z(t, ǫ) on [t0,∞), and

q(t, ǫ) − q(t, ǫ) = O(ǫ)

z(t, ǫ) − h(t, q(t)) − p̂(τ) = O(ǫ)

We will also make use of the standard theorem on the continuity of solutions in terms of

parameters, which we recall below.

Theorem 4.3 ([29] pg.97). Let f(t, x, λ) be continuous in (t, x, λ) and locally Lipshitz in x (uniformly

in t and λ) on [t0, t1] × D × {‖λ − λ0‖ ≤ c}, where D ⊂ Rn is an open connected set. Let y(t, λ0)

17



be a solution of ẋ = f(t, x, λ0) with y(t0, λ0) = y0 ∈ D. Suppose y(t, λ0) is defined and belongs to

D for all t ∈ [t0, t1]. Then, given ǫ2 > 0, there is a δ > 0 such that if

‖z0 − y0‖ < δ and ‖λ − λ0‖ < δ

then there is a unique solution z(t, λ) of ẋ = f(t, x, λ) defined on [t0, t1], with z(t0, λ) = z0, and

z(t, λ) satisfies

‖z(t, λ) − y(t, λ0)‖ < ǫ2, ∀t ∈ [t0, t1]

5 Main Result

In this section, we outline the solution to Problem 3.1. In particular, we show that the tuning

regulator presented in Section 2.4 will suffice. Thus, we encompass the main result of this paper

as a theorem, which is presented next.

Theorem 5.1. The tuning regulator (8) solves Problem 3.1.

Proof. In order to show that the tuning regulator (8) solves Problem 3.1, we must show that under

the given assumptions all four conditions of Problem 3.1 hold. We’ll show this in a sequential form.

(i) With the assumption that rank(D − CA−1B) = r, we can apply Theorem 2.2 which will

guarantee (a) closed loop stability and (b) ensure tracking of the reference signals, i.e. e =

y − yref → 0, as t → ∞.

(ii) To ensure (c), i.e. that the plant (7) can be made an almost state and an almost output

positive system, we must show that for any given δ > 0 Definition 2.4 and Definition 2.5

hold true. In order to prove the latter, we can break down the proof into three parts, i.e. we

will show that

(1) there exists an ǫ1 and a time tO(ǫ) such that for all t ≥ tO(ǫ)

‖x(t) − x(t)‖ = O(ǫ) ⇒ |xi(t) − xi(t)| ≤ δi,

18



‖y(t) − y(t)‖ = O(ǫ) ⇒
∣

∣yj(t) − yj(t)
∣

∣ ≤ δj ,

∀i = 1, ..., n, ∀j = 1, ..., r where x(y) monotonically approaches a nonnegative value

for ǫ ∈ (0, ǫ1]; and

(2) that there exists an ǫ2 such that for all time t ∈ [0, tO(ǫ)]

xi(t) ≥ −δi, ∀i = 1, ..., n

(3) finally by choosing ǫδ = min[ǫ1 ǫ2] the result follows.

Point (2) and (3) are clear, with (2) being a consequence of Theorem 4.3; thus, it only leaves

(1) to prove. In order to show (1), we will use the results of Theorem 4.2. The closed loop

system with the tuning regulator in place is of the form:







ẋ

η̇






=







A BK

−ǫC −ǫDK













x

η






+







E 0

−ǫF ǫI













ω

yref







where K = (D − CA−1B)†. First, let’s show that the equilibrium of the closed loop system

is independent of ǫ. This is easily seen by noticing

η̇ = 0 = ǫ(−Cx − DKη − Fω + yref)

= −Cx − DKη − Fω + yref

Now, since the equilibrium (xss, ηss) is independent of ǫ and invariant (note that this was

not the case in [27]), we can transform the system as needed:







z

q






=







x

η






−







xss

ηss






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resulting in the new system







ż

q̇






=







A BK

−ǫC −ǫDK













z

q






. (21)

For convenience, rewrite (21) as







q̇

ż






=







−ǫDK −ǫC

BK A













q

z






. (22)

Next, let’s scale the derivatives (i.e. scaling of time) by

ǫdt = dτ

resulting in the transformed system







⊙
q

ǫ
⊙
z






=







−DK −C

BK A













q

z






, (23)

with ǫ
⊙
q = q̇ and ǫ

⊙
z = ż. We have now transformed our model into that of the singular

perturbation model (10). In order to use Theorem 4.2, we must show that all assumptions

of Theorem 4.2 hold true. However, as (23) is linear and time invariant it suffices to show

that the reduced model and the boundary layer model indeed yield exponential stability; all

other assumptions clearly hold. Let’s begin with the reduced model. By setting ǫ = 0 we

obtain

z = h(q) = −A−1BKq,

as A is Hurwitz, h(q) exists and is unique. Next by substituting h(q) into
⊙
q we obtain the

20



reduced model:

⊙
q = −DKq + CA−1BKq

= −(D − CA−1B)Kq

= −(D − CA−1B)(D − CA−1B)†q

= −q,

clearly exponentially stable. Proceeding to the boundary layer model, we obtain:

p = z − h(q)

p = z + A−1BKq

ṗ = ż + A−1BKq̇

ṗ = Az + BKq + A−1BK(−ǫCz − ǫDKq)

ṗ|ǫ=0 = A(p − A−1BKq) + BKq

ṗ|ǫ=0 = Ap,

now since A is Hurwitz, the boundary layer model must be exponentially stable, as desired6.

Next, from the boundary layer model

ṗ|ǫ=0 = Ap

we can obtain

p̂ = eAtp0

= eAt(z0 + A−1BKq0).

6note that in our proof and Section 4, we have swapped the time variables t and τ
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Now, since we have met all the assumptions of Theorem 4.2 we can conclude that

z − z − p̂ = O(ǫ) ∀τ ≥ 0 ⇒ ∀t ≥ 0

which implies that there exists a time tO(ǫ) such that

z − z = O(ǫ) ∀t ≥ tO(ǫ)

i.e.

x − x = O(ǫ) ∀t ≥ tO(ǫ),

since p̂ decays exponentially independent of ǫ. Note that x is monotonic and since xss ∈ Rn
+,

the trajectory x will tend toward a nonnegative value monotonically. The result for y follows

the same argument. This completes the proof of (1).

(d) Finally, since we can assume that there is no knowledge of the system matrices in constructing

of the servo-compensator (see Section 2.4), the result for properties (a), (b) and (c) of Problem

3.1 clearly holds despite an unknown system model.

By setting ǫ∗ = ǫδ in Theorem 2.2 we have found our control u. Now since δ is arbitrary the result

follows.

6 Examples

In this section, we present several examples which illustrate the results of the paper.

Example 6.1. Consider the two-input two-output compartmental system:

ẋ =













−1 0.5 0.1

0.1 −1 0.2

0.3 0.1 −1













x +













0.2 0.5

0.7 0.3

0.1 0.2













u
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y =







1 0 0

0 1 0






x.

Let yref = [1 2]T and ω = 0. With the given reference and disturbance, the assumption of

nonnegative steady-state and stability indeed hold true:

xss = [1 2 0.541]T σ(A) = {−0.583 − 1.209 ± 0.175i}.

Using the servo compensator presented in Section 2.4 we obtain the closed loop system:

˙̃x =

























−1 0.5 0.1 −0.935 0.495

0.1 −1 0.2 0.229 −1.011

0.3 0.1 −1 −0.347 0.153

−ǫ 0 0 0 0

0 −ǫ 0 0 0

























x̃ +

























0

0

0

ǫ

2ǫ

























yref

with x̃ = [x η]T . The simulated result for the states, with ǫ = 0.1, is shown in Figure 2. For this

system, regardless of ǫ, x1 initially always dips below zero. However, as ǫ → 0 so does δ. This is

shown in Figure 3.
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1.5
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 x

y2=x2

y1=x1

x3

Figure 2: Total response of the states x for Example 6.1.

The systems under consideration in the next two examples have been taken from the literature.
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Figure 3: Depiction of ǫ → 0 for x1 in Example 6.1.

The first example is of an electrically heated oven and the second is of a fluid 6-compartmental

system.

Example 6.2. The system considered in this example has been taken from [30].

The interior temperature of an electrically heated oven is to be controlled by varying the heat

input u to the jacket. Let the heat capacities of the oven interior and of the jacket be c2 and c1,

respectively, let the interior and exterior jacket surface areas be a1 and a2, and let the radiation

coefficient of the interior and exterior jacket surfaces be r1 and r2. If the external temperature is

T0, the jacket temperature T1 and the oven interior temperature is T2, then the behaviour for the

jacket is described by:

c1Ṫ1 = −a2r2(T1 − T0) − a1r1(T1 − T2) + u

and for the oven interior:

c2Ṫ2 = a1r1(T1 − T2)

By setting the state variables to be the excess of temperature over the exterior

x1 := T1 − T0

x2 := T2 − T0
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results in the system:

ẋ =









−(a2r2 + a1r1)

c1

(

a1r1

c1

)

(

a1r1

c2

) (

−a1r1

c2

)









x +







1/c1

0






u.

Assume that the values of the constants above are chosen such that c1 = c2 = 1, a1 = a2 = 1 and

r1 = r2 = 1, and that the disturbance vectors are E = [1 1]T and F = 0 with ω = 1 then:

ẋ =







−2 1

1 −1






x +







1

0






u +







1

1






ω

and the output equation is

y = [1 0]x.

We will now show that if the temperature excess in the jacket is initially zero, then we can increase

arbitrarily x1 and maintain nonnegativity of the states in the process, using the tuning regulator.

In this example we’ll assume that we want to regulate y to yref = 5, i.e. the desired temperature

excess is 5◦C higher in the jacket than the outside.

First, it is easy to show that the A matrix is stable, i.e. σ(A) = {−2.618,−0.382}, and that

the assumptions of Problem 3.1 hold, xss ≥ 0. In this case, the application of controller (8) with

ǫ = 0.1 will suffice for any δ (even for δ = 0). Figure 4 and Figure 5 illustrate the states x and the

input u.

Example 6.3. The following system, which is compartmental, has been taken from [2] pg.105.

This example additionally possesses a random set of constant disturbances and an additional input

and output. Consider the reservoirs network of Figure 6; note that each reservoir is identified by

a number (1, 2, ...6) where the water storage level (x1, x2, ..., x6) is a state of the system. Also γ

and φ are the splitting coefficients of the flows at the branching points. The system is of order 6,

as we assume the pump dynamics can be neglected. As pointed out in [2], the dynamics of each
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Figure 4: State response for Example 6.2.
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Figure 5: Input response for Example 6.2.

reservoir can be captured by a single differential equation:

ẋi = −αixi + v

z = αixi

for all i = 1, ..., 6, with α > 0, and where xi is the water storage (assume in L) and α is the ratio

between outflow rate z and storage. The input into the reservoir is designated by v (L/s).

Consider the case where γ = 0.5, φ = 0.7, α1 = 0.8, α2 = 0.7, α3 = 0.5, α4 = 1, α5 = 2, and

α6 = 0.8. Also, the rates are measured in L/s. This results in the following system:
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u1

γ 1 − γ

φ

1 − φ

1 2

3

4 5

6

pump

u2

ω1 ω2

ω3

ω4 ω5

ω6

Figure 6: System set up for Example 6.3.

ẋ =

































−0.8 0 0 0 2 0

0 −0.7 0 0 0 0

0.8 0.7 −0.5 0 0 0

0 0 0.15 −1 0 0

0 0 0 1 −2 0

0 0 0.35 0 0 −0.8

































x

+

































0.5 0

0.5 0

0 0

0 0

0 0

0 1

































u + [0.25 0.3 0.15 0.35 0.1 0.05]T ω
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Also, assume the output y is of the form

y =







0 0 0 1 0 0

0 0 0 0 1 1






x

It is easy to verify that the above compartmental system is stable, as

σ(A) = {−0.8, − 0.2112, − 0.9924 ± 0.5249i, − 2.1039, − 0.7000}

and

xss = [1.9167 0.6905 4.3333 1.0000 0.5500 0.4500]T .

Assume now that the initial condition xi0 = 0 ∀i = 1, ..., 6, ω = 1. Additionally, assume that we

would like to track the reference input yref = [1 1]T . The assumptions of Problem 3.1 all hold,

thus we can proceed to use the result of the previous section. The application of controller (8)

with ǫ = 0.1, solves the tracking problem, even for δi = 0, ∀i = 1, ..., 6. Figure 7 illustrates the

simulated state response, while Figure 8 shows the output y.
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Figure 7: State response for Example 6.3.
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Figure 8: Output response for Example 6.3.

7 Conclusion

In this paper we have discussed a variation of the servomechanism problem for stable unknown

MIMO positive linear systems. In particular, we have shown that tracking a nonnegative constant

reference is possible while maintaining almost state and almost output nonnegativity with the use

of a tuning regulator!
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