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Abstract

State Based Control of Timed Discrete Event Systems using Binary Decision Diagrams
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Master of Applied Science
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University of Toronto

2004

This thesis discusses a new synthesis approach to the supervisory control of Timed
Discrete Event Systems (TDES).
The new approach is much more efficient than the existing synthesis approaches. Us-
ing this method, many practical systems can be synthesized using a personal computer.
Besides, it is shown that the number of nodes in the Binary Decision Diagram (BDD)
representing a TDES can be a better measurement of the complexity of the TDES than
the number of states and transitions.
The structural information of the timers in a given TDES together with the reduction
properties of BDDs are exploited to help this new method achieve more efficient perfor-
mance. The algorithm is based on the fact that each flat structure can be divided into
smaller structures.
The success of our new approach is illustrated with very large versions of existing exam-

ples taken from the literature.
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Chapter 1

Introduction

In this chapter a brief introduction to Discrete-Event Systems (DES), Timed Discrete-
Event Systems (TDES) and related research work is provided. Section 1.1 is an intro-
duction to DES. In Section 1.2 TDES are introduced. Section 1.3 presents the objective

of this thesis.

1.1 Discrete-Event Systems

Discrete event systems (DES) encompass a wide variety of physical systems that arise in
technology. These include manufacturing systems, traffic systems, logistic systems ( for
the distribution and storage of goods, or the delivery of services), database management
systems, communication protocols, and data communication networks. Typically the
processes associated with these systems may be thought of as discrete ( in time and state
space ), asynchronous ( event-driven rather than clock-driven ), and in some sense non-
deterministic. The underlying primitive concepts include events, conditions and signals
[29].

In the last two decades, DES have been studied by researchers from different fields and
with respect to modeling, analysis and control. Quite a few models have been proposed

and investigated. These models can be classified as untimed DES models and timed DES
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models.

In an untimed model, when considering the state evolution, only the sequence of
states visited is of concern. That is, we are only interested in the logical behavior of the
system, for instance, whether or not the system will enter a particular state, but we don’t
care when the system enters that state or how long the system remains there.

In a timed model, both logical behavior and timing information are considered. That
is, we are concerned not only with the problem of whether or not the system will enter
a particular state, but also with when the system enters that state and how long the

system will remain there. Timed models are often used for performance analysis.

1.2 Timed Discrete Event Systems

Timing introduces a new dimension of discrete-event system modelling and control, of
considerable applied interest but also of significant complexity. Many approaches are
possible. The first that we know to have been proposed in the setting of [26] is that
of Moller [21], who assigns time delays to events but does not explore their implication
for control. In the framework of [26] , Li and Wonham [15] investigate the effects of
temporal delays. Brave and Heyman [6] introduce time intervals for the possible occur-
rence of enabled events, relative to the time instant at which the current state is entered,
and demonstrate how temporal features and logic-based features of behavior might be
separated for independent treatment. An alternative perspective on timed models for
controlled DES may be found in [10], which treats hierarchical layering induced by em-
pirical separation of time scales.

Brandin and Wonham [5] adjoins to the structure of [26] the timing features of timed
transition models (TTM)[23][22][24]. The BW framework, which we use in this thesis,
retains the concept of maximally permissive supervision introduced in [26] , allows the

timed modelling of DES, admits subsystem composition, admits forcing and disablement
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as means of control and allows modular supervision, possibly under the constraint of

partial observation.

1.3 Objective of the Thesis

In Ramadge-Wonham theory, an automaton (in practice, finite) is used to model both the
plant to be controlled and the specification. The RW approach successfully showed the
existence and theoretical synthesis procedure of the nonblocking supervisory controller.
Different kinds of synthesis methods are developed and implemented as software CTCT
! for untimed models and TTCT for timed models to compute optimal controllers such
that the controlled system not only satisfies the specifications but is also as permissive as
possible. However, this implementation of RW theory can only solve problems of small
state size. This is because an exhaustive list is used to represent the whole model of a
system in TCT. Given that many practical systems have a great number of states, TCT
has a very limited use in the synthesis of practical control problems. The inefficiency
of this approach is directly related to the assumption of ignorance of all the structural
information in a real world system. TCT uses the easiest way to achieve nonblockingi.e.
exhaustive search of entire reachable state space. This has been considered infeasible in
its computational aspect.

In [30], the exhaustive search is optimized by using the structural properties for untimed
models. This optimization was implemented by Integer Decision Diagrams using a soft-
ware called STCT. For complex DES systems, STCT offers far better performance than
CTCT.

The goal of this thesis is to extend the method in [30] to Timed-DES. We want to show

that the structural information present in the structure of a TDES can be used to op-

LCTCT stands for “C based Toy Control Theory”. Originally there was a TCT written in Pascal,
which was given the name “toy” because of its limited ability to deal with large scale systems. Later it
was rewritten in C and thus got the name CTCT.
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timize the exhaustive search through the entire state space of the TDES, which grows
much faster than untimed models. In order to achieve this goal, we use state-based con-
trol of Timed-DES instead of language-based control using predicates. Then we provide
an algorithm for structurally searching the reachable state space. After that we use Bi-
nary Decision Diagrams in order to represent the predicates in compressed form. At the
end of the thesis, we will show the efficiency of this new method in comparison with the

previous implementation TTCT.



Chapter 2

Supervisory Control of Timed

Discrete Event Systems

Timed discrete event systems (TDES) are introduced in order to deal with not only
logical specifications but also temporal specifications. A variety of frameworks for the
representation of TDES have been presented in computer science and engineering dis-
ciplines. However, most of them are developed for the verification of the system, such
as Timed Petri Nets and Timed Transition Models. For synthesis purposes, a timed

automaton [25][4][5] is introduced.

2.1 Timed Discrete Event Systems

In this section, the Brandin and Wonham TDES model will be reviewed. First, we
consider a finite automaton Gaey = (A, Xuct, Oacts @0, Am), called an activity transition
graph (ATG) to describe the untimed behavior of the system. In Gget, A is the finite
set of activities, Y, is the finite set of events, a partial function due : A X Yot — A i
the activity transition function, ay € A is the initial activity, and A,, C A is the set of
marked activities.

In order to construct a TDES model, timing information is introduced into Gae;. Let
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N denote the set of all nonnegative integers. In X, each event o will be equipped
with a lower time bound |, € N and an upper time bound u, € N U {oo} such that
l; < u,. Then the set of events is decomposed into two subsets ¥, = {0 € Xoet|t, € N}
and X,e, = {0 € Ziulu, = 00}, Xy (respectively 3., ) is the set of prospective
(respectively, remote) events whose upper time bounds are finite (respectively, infinite).
The lower time bound would typically represent a delay, in communication or in control
enforcement; while an upper time bound is a hard deadline, imposed by legal specification
or physical necessity.

For each o € ¥ ., the timer interval T, is defined as

_— 0,uy,] if 0 € Xgpe
0,1,] if o € Srem

The TDES defined by Brandin and Wonham [5] is a finite automaton

G = (Q7 Ea 57 qo, Qm)

which can be displayed by timed transition graph (TTG). The state set Q is defined as

Q=Ax][[{Tvlo € Suur}

A state g € @ is of the form ¢ = (a, {t,|0c € Xut}), where a € A and t, € T,. The initial

state qo € @ is defined as gy = (ag, {ts 0|0 € X4t }) Where

Uy, if 0 € X
to,O =
le, ifo€Xrem

The set @, € @Q is given by a subset of A,, X [[{T,|0 € X4t }. The event set ¥ is defined
as X = X, U {tick},where the additional event tick represents the passage of one time
unit. The state transition function § : ) X ¥ — @ is defined as follows. For any o € X
and any ¢ = (a,{t;|7 € Luat}) € Q,0(q,0) is defined, written d(q,0)!, if and only if one

of the following conditions holds:
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o 0 = tick and VT € Ygpe; 0get(a, 7)! =t >0

i.e. no deadline of a prospective event in q is 0.

o o€ X and dge(a,0)! and 0 <t, <wu, — I,
i.e. if o is defined at activity a in G, and the delay in its occurrence has been

passed, it can occur but it should occur before its deadline.

® 0 €Y.y and dyq(a, o) and t, =0
i.e. if o is defined at activity a in G, and the delay in occurring it has been

passed, it can occur.
When 6(q,0)!,¢ = 0(q,0) = (a/, {t,|T € Xuut}) is defined as follows:
1. If o0 = tick, then o' := a and, for each 7 € X,

o if T € X,

4
Ur, if d4ct(a@, 7) is not defined
t =
t; — 1, if dget(a,7)! and ¢, > 0

o if 7€ 0,
p

[, if 04et(a, 7) is not defined
th =1 t.—1, if uu(a,7)! and t, > 0
0, if dget(a, 7)! and ¢, =0

\

2. if 0 € Xy, then @' := 040 (a, o) and for any 7 € 3,4,

o if T4 0 and 7 € Xy,

Uy, if 6gee(@’, T) is not defined
t =

T

tr, if dget(a’,T)!

o if =0 and 7 € Xy, t, = U,

e ifr£0and 7€ X,

Ly, if 6aet(a’,7) is not defined
t =
tr, if dget(a’, 7)!
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eifr=cand 7€ Xt =1,

In order to prevent a tick transition from being preempted indefinitely by repeated
execution of an activity loop within a fixed unit time interval, a TDES should be activity-
loop-free (alf) [29] ,i.e.

(Vg € Q)(Vs € X1,) 0(q,8) # ¢

For the readers who are familiar with zeno loops [14], an activity loop behavior is similar
to a zeno loop, in that with an activity loop, an unbounded number of events can occur
in a single tick interval.

Let >* be the set of all finite strings of elements in 3, including the empty string . The
function ¢ can be generalized to d : ) x ¥X* — @ in the natural way. The closed behavior,
the strings that are generated by G, and marked behavior, the strings that are generated
by G and lead us to a marker state, of the TDES G are defined by

L(G) = {s € ¥7[ (a0, 8)"}

and
L.(G) = {s €X* 0(qo,5) € Qm},

respectively. The term closed behavior is so called because it is a prefix-closed [29]

language.

2.2 Controllability of TDES

Brandin and Wonham have developed a supervisory control framework for TDES [5]. As
in the untimed supervisory control framework, the set X, is partitioned into two subsets
Y. and 3, of controllable and uncontrollable events, respectively, where . C X,
because the prospective events can not be disabled and they should occur before their
deadline. An event o € ¥, that can preempt the event tick is called a forcible event.

The set of forcible events is denoted by X,,. A forcible event can be either controllable



CHAPTER 2. SUPERVISORY CONTROL OF TIMED DISCRETE EVENT SYSTEMS 9

or uncontrollable. By forcing an enabled event in X, to occur, we can disable the event
tick. In this framework a supervisor decides to disable or enable each event in XU {tick}.
The simplest way to visualize the behavior of a TDES G under supervision is first to
consider the infinite reachability tree of G before any control is operative [29]. Each node
of the tree corresponds to a unique string s of L(G). At each node of the tree we can

define the subset of eligible events by
Elige(s) :=={oc € 3| so € L(G)}

In order to define the notion of controllability we should consider a language K C

L(G)and write

Eligk(s) := {0 € ¥| so € K)}
K is controllable with respect to G if, for all s € K

Elig(s) Eligg(s) N (X, U {tick}), if Eligk(s) N X =0 2.1)
Eligg(s) N X, if Eligr(s) NS0 # 0

Thus K controllable means that an event ¢ (in the full alphabet 3 including tick) may
occur in K if o is currently eligible in G and either (i) ¢ is uncontrollable, or (ii) o = tick
and no forcible event is currently eligible in K.
The difference between controllability in TDES and in untimed DES is in the event tick.
Event tick acts as an uncontrollable event in the states where no forcible event is present,
but in the states with one or more forcible events, tick can be preempted (disabled) by

a forcible event. So an event o can occur in K if ¢ is currently eligible in G and either

o is uncontrollable or o = tick and no forcible event is currently eligible in K.

A supervisory control for G is any map

V:L(G) — 2%
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such that, for all s € L(G),

YU ({tzck} N Eligg(s)), if V(S) N Elig(;(s) NXfor = 0
V(s) 2
DI if V(S) N Elig(;(s) N X for #+ 0

Actually, V' decides after each string s of L(G) which events can be enabled: no uncon-
trollable event can ever be disabled, nor can tick be disabled if there is no forcible event
defined after s. The pair (G,V) will be written V/G, to suggest “G under the supervi-

sion of V7. The closed behavior of V/G is defined to be the language L(V/G) C L(G)

described as follows
1. e L(V/G).
2. ifse L(V/G),0 € V(s), and so € L(G) then so € L(V/G).
3. No other strings belong to L(V/G).

That is, V/G only generates the strings of L(G) that are admitted by V.
The marked behavior of V/G is

L,(V/G)=LV/G)NL,(G)

Thus the marked behavior of V/G consists exactly of the strings of L,,(G) that survive

under supervision by V.

2.3 Supremal Controllable Sublanguage

Our control objective is, for the given plant language L(G) and the specification lan-
guage E (in computation, also represented by an automaton), to find a supervisor such
that the closed loop language is, in the sense of set inclusion, the largest sublanguage of

E N L,,(G) which is controllable w.r.t G and also nonblocking.
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Let G be a controlled TDES with ¥ partitioned as in the previous section. Let
E C ¥*. We introduce the set of all sublanguages of E that are controllable with respect
to G:
C(E) ={K C E| K is controllable wrt G}

Proposition 2.3.1 [29] There exists a unique supremal element in C(E), supC(E), which
can be described as supC(E) = |J{K| K € C(E)}.

Proposition 2.3.2 [29] Let £ C ¥*, and let K=supC(FNL,,(G)). If K # (), there exists
a marking nonblocking supervisory control (MNSC) V for G such that L,,(V/G) = K.

Thus K is (if nonempty) the maximally permissive (or minimally restrictive) solution
of the problem of supervising G in such a way that its behavior belongs to £ and control

is nonblocking. For more details see [29].



Chapter 3

Introduction to Binary Decision

Diagrams

Binary Decision Diagrams (BDD) were introduced by Akers [1]. Then Bryant [7] in-
troduced operations and algorithms that utilize the ordering of the variables in BDDs.
Bryant showed that an interesting subset of Boolean functions could be represented by
function graphs in size polynomial rather than exponential in the number of variables.
After that, many different diagrams similar to BDDs have emerged. The most important
objective for these types of decision diagrams has been, so far, to derive constructions
that will reduce the complexity of verifying hardware implementing arithmetic (integer)
functions.

The material in this chapter is based on the article by Bryant [7] in which Boolean

functions are represented by Boolean function graphs.

12
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3.1 Function Graphs

In order to define the BDDs, we first present the definition of a function graph.

Definition 3.1.1 Function Graph

1. A function graph is a rooted, directed graph with vertex set V containing two types
of vertices, nonterminal and terminal. A nonterminal vertex v has as attributes
an argument index index(v) € {I,...,n} and children child(v,i) € V,0 < i <
range(v), where n, range(v)e Z,. A terminal vertex v has as attribute a value

value(v) € {0,..., M — 1}, where M € Z, .

2. For any nonterminal vertex v, if child(v,i) is also non-terminal, then index(v) <

index(child(v,1)).
3. The range of a vertex v is equal for all vertices having the same index.

OJ

Note that the restriction on indexes makes the function graphs acyclic since any path

from the root vertex to one of the terminal vertices must have strictly increasing index
values.
In order to clarify the above definition, we present a simple example in Figure 3.1. The
vertical axis to the left shows the indices for the vertices. We denote a vertex by v; ;
where 7 is the index starting from the top with ¢ = 1 and j is the horizontal order in the
picture starting from the left with j = 0. The edge labels in the picture identify each
child of a vertex. If there are more than one label on the same line, then there are several
edges connecting the same pair of vertices. The terminals are placed at the bottom of
the graph, and indicated by a T on the vertical axis. The values of terminals are written
inside the vertices. The range of all the vertices in this example is 2.

We have the following for this function graph:



CHAPTER 3.

Now we define the correspondence between the function graphs and functions.

INTRODUCTION TO BINARY DECISION DIAGRAMS

index(v1,0) = 1, the root
child(vi,0,0) = v
child(vy0,1) = a1
child(va,9,0) = v3
child(va,1) = v3 0
child(va1,0) = v3
child(va1,1) = vry
child(vs9,0) = vry
child(vso,1) = vy
value(vrp) =0

value(vy,1) =1

S
/ 1 - Nonterminal nodes
‘//' i~
e g /
; v

Figure 3.1: A simple function graph

14



CHAPTER 3. INTRODUCTION TO BINARY DECISION DIAGRAMS 15

Definition 3.1.2 Function Graph to Function Connection
A function graph G having a root vertex v denotes a function f, : Ry X Ry X ... X R,, —
{0,..., M — 1} where R; = {0, ...,range(v') — 1}, index(v') =i and i € {1,...,n}, defined

recursively as follows.

1. If v is a terminal vertex, then f, = value(v).

2. If v is a nonterminal vertex with index(v) = i, then f, : R; X Riy1 X ... X R, —

{0,..., M — 1}, with R; as above, is the function

fv(xia Lit1yeees xn) - fchild(v,mi)<xi+l> ceey xn)

where the function variable x; € (0,1,...,range(v) — 1),1 < i < n, and n is the

maximum index of vertices in G.

O
The function related to the graph in Figure 3.1 is shown in Table 3.1. The number of
variables of the function is equal to the maximum of the indices of the vertices, namely 3
in this example. x1, x5 and x3 correspond to indices 1,2 and 3. So we start from the root
of the function graph and assign the edge labels to the corresponding function variable

until we reach to a terminal. The value of the terminal will be the value of the function.

zy | wo | 23 | f(T1,79,73)
0(010 0
0,011 1
01110 0
011 1
110710 0
1101 1
117110 1
111]1 1
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Table 3.1: Function represented by Figure 3.1

The definition above defines f, as an evaluation following one path from the root
vertex down to a terminal vertex. In this general form we have no symbolic representation
of the final f, for the complete graph G. Symbolic representation will be formulated later
in next section.

To be able to form the function graphs with canonical properties (of which the definition
follows) we have to provide some definitions before we can state the theorem on canonical

function graph.

Definition 3.1.3 Isomorphic Function Graphs
The function graphs G and G’ are isomorphic if there exists a one-to-one function 6
from vertices of G onto vertices of G’ such that for any vertex v if §(v) = ', then either

both v and v’ are terminal vertices with
value(v) = value(v')
or both v and v" are non-terminal vertices with
index(v) = index(v')

and

0(child(v,1)) = child(v',i) 0 <i < range(v)

Remark: Note that range(v) = range(v').

The mapping 6 is in fact quite constrained since a root vertex must be mapped to
another root, and the order of the children must be preserved. The only freedom in the
mapping is that a graph G can be either a tree where all vertices have only one parent, or
vertices can be connected more than once to several parents if that is possible according

to the rules in Definition 3.1.1.
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Definition 3.1.4 Subgraph
For any vertex v in a function graph G, the subgraph rooted at v is defined as the graph

consisting of v and all of its descendants.

Lemma 3.1.1 If G is isomorphic to G’ by the mapping #, then for any vertex v in G,

the subgraph rooted by v is isomorphic to the subgraph rooted by 6(v).

Definition 3.1.5 Reduced Function Graph

A function graph G is reduced if it contains no vertex v with
child(v,0) = child(v, 1) = ... = child(v, range(v) — 1),

nor does it contain distinct vertices v and v’ such that the subgraphs rooted by v and v’

are isomorphic.

Lemma 3.1.2 For every vertex v in a reduced function graph, the subgraph rooted by

v is itself a reduced function graph.

We are now ready for the main result about function graphs. For any function f over
a finite domain with a fixed order of variables, there exists a unique (up to isomorphism)
reduced function graph denoting f, and any other function graph denoting f contains
more vertices. This is called a canonical form. The following theorem shows that a

reduced function graph is a canonical form for the corresponding function.

Theorem 3.1.1 [27] Reduced function graph is a canonical form.

3.2 Binary Decision Diagrams

For the case of Boolean functions and variables we use a special form of the reduced
function graph called binary decision diagram (BDD) [7]. The basic idea used in bi-

nary decision diagrams is to rewrite a Boolean expression in a recursive form and reuse
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common subexpressions. In the case of Boolean expressions this leads to highly efficient
computations in most cases.
Suppose we have a Boolean expression f(z1,...,2,). We can then rewrite it using Shan-

non’s expression formula:

fz1,exn) = ((mz1) A F(O, 29, oy 2)) V(21 A (L, 29,0y 2p))

We continue with this recursively for each of the functions f(0, za, ..., z,,) and f(1, 2o, ..., z,)
w.r.t o and then x3.etc.. Let gt (za, ..., 7)) = F(0, Ty oo T0), g1 (T ooy ) = F(1, 2050y )
A

and generally 9u, o (@1, xn) = f(2h, 2 g, ., 2,), where 27, . 2 are fixed
seeey g

boolean numbers. Then we obtain

flz1,.xy) = (" AC((mzp AQ) V(T AB) ) V(A ((mzp Ay)V (2, AD) ) .0)

—1 1 —1 1
90 .0(zn) 901 (an) 91 o(an) 911,“.,1(1”)
N ~~ 7 N ~~ v
90 (224050) 97 (22,..5n)

where «, 3,7,0 € {0,1}.

We see that we obtain several subexpressions with progressively fewer variables. In
fact, all expressions gi,l ! above are Boolean expressions in the variables {z; 1, ..., x,}.
In case some of these expressions are equal we should not have to repeat this part more
than once, but instead substitute a reference to this common subexpression.

This is achieved by constructing a reduced function graph G for the function f, where
each nonterminal vertex v with index(v) = i corresponds to the variable x; and the

functions corresponding to the subgraphs of v are each equal to one of the subexpressions

g;/lv---vx/ (lerl, ceey 'CETL)

i

The recursive Boolean expression from above can be visualized as a binary tree, where

cach vertex corresponds to the V, and where the g', _, expressions in principle are
1 i

..... T
subtrees. This is the basis for the name BDD.
From Theorem 3.1.1 we know that a BDD is a canonical representation of a Boolean

function for a given variable ordering. According to Definition 3.1.1 we have for BDDs
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that range(v) = 2 for all vertices and there are only two terminals, i.e., M = 2.

By changing the order in which we expand with respect to the wariables we usually
get large differences in the number of vertices (nodes). The ordering is called wvariable
ordering and plays a significant role in lowering the representational complexity of the
functions. A simple example is given below.

Suppose we have a 4-variable function F': (xq,x9, z3,24) — {0, 1}, where z; € {0,1},7 €

{1,2,3,4}. F is defined as

1 | g | T3 | T4 F

Table 3.2: Function F'

The value of F for other values of (x1, x5, x3,24) is 0.
The two BDDs representing F', using different variable ordering, are shown in Figure 3.2.

Obviously the ordering x4, x9, x3, 24 is better than the ordering xy, x4, 3, x2 ( 6 nodes vs

8 nodes ).
1] 1 1] 1
x -+ L
8 5 o [ 1 1
%5 Xy
i
1] 1] 1]
X, X,
i
4 1 £ 0 1
%y X,

Figure 3.2: BDDs for representing function F’ with different variable ordering

Definition 3.2.1 BDD to Function Connection

A BDD G having root vertex v denotes a function f, defined recursively as

1. If v is a terminal vertex, then f, = value(v) € {0, 1}.
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2. If v is a non-terminal vertex with index(v) = i, then f, is the function

fv(xiawi+17 ceey xn) = x; A flow(’u)(ajiJrla axn) Vo A fhigh(’u)(xiJrla

where low(v) = child(v,0) and high(v) = child(v, 1).

Remark: Here we assume that the maximum index of vertices in G is n.

wrn)

20



Chapter 4

Synthesis Algorithm Based on

Predicates

4.1 Predicates

In order to place conditions on the states of the system G, it will be convenient to use a
logic formalism. A predicate P defined on @) is a function P : Q — {0,1}. P can always

be identified with the corresponding state subset (“Truth Set”)

Qp:={qe€ Q| P(q) =1}

For clarity, if P(q) = 1, we write ¢ F P, otherwise ¢ ¥ P.
Note: Pred(Q) is the set of all the predicates on Q.
For s € ¥* we say t € ¥* is a prefix of s, and write t < s, if s = tu for some u € ¥*. We

define the closed language L(G, P) induced by a predicate P € Pred(Q) to be
L(G,P) ={w e L(G) | (Vv <w)d(q,v) F P}

That is, the set of strings that are generated by G and leads us to a state which satisfies

P through a path of states that all satisfy P .

21
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and the marked language L,,(G, P) induced by a predicate P € Pred(Q) to be
L. (G,P):={we L(G,P) | é(q,w) € Qu}

That is, the set of strings in L(G, P) that lead us to the marker states.
The following definitions will help us to introduce the controllability and nonblocking

property related to predicate P.

Definition 4.1.1 Reachability

For a given predicate P, a state q is reachable iff
(Fw € L(G, P))(0(q0, w) = q)

That is, it can be reached from the initial state through a path of states that all satisfy
P.

Definition 4.1.2 Coreachability

For a given predicate P, a state q is coreachable iff
(Fw € ¥*)(6(q,w) € Q) and (Vv < w)(d(q,v) E P)

That is, from that state a marker state can be reached through a path of states that all

satisfy P.

Suppose we have a simple TDES system, whose plant and specification are both given

in the form of a single automaton:
e Plant: G, = (Qp, 2, 9y, ¢p.0; Qpim)
e Specification: Gy = (Qs, X, 05, 45,0, Qs.m)

Note that we consider that the event sets of the plant and specification are the same.

Suppose that these event sets are different and denoted as ¥, and X, respectively. Then
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we should at least have ¥, O ¥, because it makes no sense to add “imaginary events” in
the specification. And if ¥, D Y, actually it will cause an ambiguity in the modelling,
i.e., the events in 3, — ¥ are not known to be freely enabled or totally disabled [30].

For the common behavior of the plant and the specification, the meet[29] of G, and Gy

can be expressed as
Geet = meet (G, Gy) = Reachable states of (Qp X Qs, 2,0, X ds, (Gpo, ¢s0), @pm X Qsm)

where
617 X 53(((]1)7 QS)v U) = <5p(Qp7 0’), 55(%7 U))

Note: The closed behavior(marked behavior) of Gy, is the intersection of the closed
behaviors(marked behaviors) of the plant and the specification.

Remark: The predicates can also be defined on a “2-dimensional” set. For example:
L(Goneet, P) = {w € L(Gmeer) | (V0 < w)(3p(gp0,0),05(¢50,v) ) E P}
where P € Pred(Q, x Q).

Definition 4.1.3 Controllability
For the given G, and Gy, P is controllable iff L(Giycer, P) is controllable with respect
to L(Gmeet)'

That is, at each state of G,,..; an uncontrollable transition will lead us to a state that
satisfies P. The uncontrollable transition can be by an uncontrollable event or by tick

when there is no forcible event defined at that state.

Definition 4.1.4 Nonblocking

For the given G, and Gg, P is nonblocking iff L, (Gpeet; P) = L(Geet, P)

That is, from each state of G,,..; that satisfies P you can reach to a marker state through
a path of the states that all satisfy P.
In order to extend the theorems in untimed models to timed models, we define a

forcing-free predicate.
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Definition 4.1.5 forcing-free predicate

The forcing-free predicate F on @), x @), is defined as follows:

(@p,qs) FF & (Bo € Zy0r) 05(qs, 0)!
where (), and @), are the state sets of the plant and the specification.

That is, there is no forcible event that is eligible in G in the forcing-free states of G,,cet-
Lemma 4.1.1 For the given G, and Gy, P is controllable iff

(V(gp,gs) = P,¥o € 20 ) (0p(dp, 0)!) = (05(g5,0)t A (0p(9p 9),05(4s, 0)) = P)

and
( Y(gp,qs) E (P AF) )(0p(qp, tick)!) = (0s(gs, tick)! N (0,(qp, tick), 65(gs, tick)) E P)

That is, at each state of G,,...; that satisfies P, if an uncontrollable transition is eligible
in G, then it is also eligible in G, and the target state also satisfies P. An uncontrollable
transition occurs by an uncontrollable event or by tick at the forcing-free states.
Proof: For simplicity let K := L(Gpeet, P) and G := G,cer. Obviously we have K = K.
(if). We need to show

Bliga(s) 2 Eliga(s) N (X, U {tick}), if Eligk(s) N X =0
0

Eliga(s) N Xy, if Eligk(s) NS or #

Given a string s € K, let ¢, = 0,(¢p0,5) and gs = d5(¢s0,s). Then (g, qs) F P. Now

there are two possible cases:
1. (qp,qs) E Flet 0 € ¥, U{tick}. Now we have again two cases:

e 6,(qp,0)!, then d5(gs, o)l and (6,(qp, 0), 05(gs, o)) E P. Therefore 0 € Eligg(s)N

(X, U{tick}) and also o € Eligk(s).

e 0,(qp,0) is undefined. Then o ¢ Eliga(s) N (X, U {tick}).



CHAPTER 4. SYNTHESIS ALGORITHM BASED ON PREDICATES 25

2. (gp,qs) ¥ Flet 0 € ¥,. There are two possible cases:

e 6,(qp,0)!, then 05(gs, o)l and (6,(qp, 0), 05(gs, o)) E P. Therefore o € Eligg(s)N

(3, U{tick}) and also o € Eligk(s).

e 0,(gp,0) is undefined. Then o ¢ Eliga(s) N (X, U {tick}).

(Only if). Given K is controllable w.r.t G, suppose the contrary of the conclusion ,i.e.

(3(gp, as) F Pyo € 30)(0p(gp, 0)! A ((—0s(gs,0)!) vV (0p(ap, 0),65(qs,0)) ¥ P))

It is obvious that now we have s € K,soc € L(G), but so ¢ K, therefore K is not
controllable w.r.t L(G). This contradicts the assumption.

For the second condition, the proof is exactly the same.

Lemma 4.1.2 For the given G, and Gy, P is nonblocking iff

(V(gp, q5) E P)((gp, gs) is reachable) = ((gp,qs) is coreachable)

Proof: (If). We have to show that L, (Gmeet, P) = L(Goeet, P).

First we show Ly, (Gmeet, P) € L(Geer; P). given a string s € Ly, (Gopeet, P), there exists
s" € Lp(Gueet, P) such that (Ju € ¥*) s = su. Thus (0,(¢0,5),0s(gs0,5)) E P and
then s € Ly, (Goneer, P) because we always have s € L(Gypeer)-

Now we show m D L(Gpeet, P). Given a string s € L(Gyeer, P), we need
to show there exists a string w, such that 6,(¢,0, SW) € Qpm,0s(gs0, SW) € Qgm. It is
enough to show (Jw € X*)(6,(9,(gp0, ), w) € Qpm,9s(ds(¢s0,5), w) € Qsm) . This is
obviously true because (6,(¢p.0,5),0s(¢s,0,s)) is reachable, and thus coreachable.

(Only If). Suppose the contrary, i.e. (3(gp,qs) € Qp X Qs)), (¢p, ¢s) is reachable but not
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coreachable. Then there exists s, such that 6,(gp0,5) = @, 0s(gs0,5) = ¢s, but there

doesn’t exist any w such that 0,(g,, w) € Qpm, 0s(qs, W) € Qsm. Thus
Lm<Gmeet7P) C L(Gmeet7 P)

which gives us a contradiction.

Now we are ready to present the main result of this chapter:
Theorem 4.1.1 Given G, and Gy, there exists a predicate Pi,, such that

L4 Lm(Gmeet7 Psup) = SUpC(L(Gp)7 Lm<GS))
o Py, is nonblocking.

Proof: The proof is done constructively.
Given G, and G, we will present a synthesis algorithm for finding Pi,,. As mentioned
before, each predicate can be identified by its corresponding state subset. In this algo-

rithm the predicates are determined by their truth set.

1. Pgoodl =1

2. [Qp X QS]Pbadl = {(Qpa(JS) ‘ (qp7QS> ¥ Pgoodl

or

(30 € Bu)(0(gp )1 A =05(as, 0)!)

or

(Gps @s) E F A 6p(qp, tick)! A =6,(qs, tick)!
or

(EIU € Zu)((ép(Qpa 0), 55(%7 U)) ¥ Pgoodl)

or

(@ps qs) B F N (0p(qp, tick), 65(qs, tick)) ¥ Pyooar }
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3. [Qp x Qslp,,,, = (@ ¢s) | Bw € X0)((6p(gp, w), 05(gs, w)) F FPraar )

Pygaz

or

(g 45) F F) A (Fo € Xy U {tick})((9p(gp, ), 95(4s;0)) & Praar) }

4 1@y x Qslp, = (g 4s) | (Bw € X7)(6(gp.0: ) = dps 0550, w) = ¢5)A

(VU S w) <5p(Qp,Oa U)7 55(%,07 U)) ¥ Pbadl vV Pbad?}

5. [Qp X Qs]pcr = {(ap, 45) | (Gw € E7)(0p(qp, w) € Qpm 05(ds, W) € Q) A
(VU S w)(5P<QP7 U)u 5s(qsa U)) ¥ Pbadl \ PbadQ}

6. PgoodZZPre/\PcT

7. If Pyooaz C Pyoodr, repeat steps 2-7 with Ppooqr := Pyooge. Otherwise let Py, =

Prcwgood and the algorithm terminates here.

e The algorithm will terminate in finite steps. Define |P| to be the number of states
where a predicate P holds. Obviously in each cycle, if the algorithm does not
terminate, |Py,q| must increase by at least 1 at step 7. Therefore, the algorithm

can iterate at most |@,| x |@Qs| times, which is finite.
° Lm(Gmeet7 Psup) g SupC(Lm<Gp)7 Lm(Gs>>
- P, is nonblocking, because we know that Pyps2 = PN P, ,i.e. the states which

satisfy Pyeoq2 are both reachable and coreachable, so Pk, is nonblocking.

- P, is controllable.
Suppose

(3(qy 42) F Poup) (3o € Xu)(0p(qy, 0)! A —05(qs, 0)!)

then according to step 2, (q,,q;) F Prar Which contradicts (q;, q;) F Peup, 50

we have

(V(@ps Gs) F Poup) (Vo € 2,)(65(qp, 0)! = 05(gs,0)") (4.1)
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Now suppose that

(3(4 45) F Poup)(F0 € 2u)((0p(q), 0), 04(q5, 7)) # Peup)

then (g, q.) F Ppaaz, which contradicts (q,, ¢;) F Peup, S0 we have

(V(gp> 4s) F Poup) (Vo € 2} ((0p(ap, 0)! A 0s(gs,0)!) = ((0p(0p 0), 05(45,9)) & Pouy )

(4.2)

For the states of G,,..; that satisfy F, by the same reasoning we can conclude

that
(V(@p, ¢s) E (Psup AN F)) (Vo € 3B, U {tick})(9,(qp, 0)! = 05(gs, 0)!)  (4.3)

and
(V(gps @5) F (Poup A F)) (Vo € B, U {tick})

((0p(qp, ) A 05(gs,0)!) = ((0p(qp, 0),05(gs,0)) F Paup ) (4.4)

Equations 4.1,4.2,4.3,4.4 show that P, is controllable ( Lemma 4.1.2).

= L (Goueets Poup) C Lin(Gneet) = Lin(Gp) N Lin(Gs), so we have

Lm<Gmeet7 Psup) g SUPC(Lm(Gp>7 LWL(GS))

SUpC(Lm(Gp), Lm(Gs)) g Lm(Gmeet7 Psup)

We have to show that

(VK C L(Gineet)) (K is controllable & nonblocking) K C Ly, (Geet, Psup)

Suppose the contrary. Then we can find a K’, which is controllable and nonblocking
but K’ & Lp,(Gneet, Psup) 16 (3s € K')(s & Lin(Goeet, Psup))- Let g, = 0,(gp0, 5)
and gs = 65(¢sp0,s). We have (gp, ¢5) ¥ Pyyp.

We know that our algorithm has a loop (steps 2-7). We write Pyood1(7), Pyood2(2), Poadr (7)
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, Poaaz (1) for their values in cycle i.
Now we want to show that:

If

(Is € K)( (6p(dp0,5),95(25,0, 8)) ¥ Pyooaa(n) )
then

(3s" € K')( (6p(ap0, ), 0(¢5,0,5')) # Pyooar () )

In order to show the above statement we get (§,,qs) = (9,(qpo, ), ds(¢sp0,5)). If
(Gps @p) ¥ Pyooa1(n), then we get s’ = s. Otherwise (i.e. (Gp,dp) F Pyooar(n) ) we
have (Gp, Gs) ¥ Pre(n) or (gp, 4s) ¥ P..(n). Suppose we have (§,, qs) # Pr(n). Then

either

(dp, Gs) F (Poad1(n) U Pyaga(n))

(Fw < 5)( (0p(ap.0, W), 5(¢s0, w)) E (Poaar(n) U Praaz(n)) )

If the former is true, let (Gp, ds) = (Gp,qs) and s; = s; otherwise let (G,,qs) =
(6P(QP,07w)758(qs,0aw)) and S1 =W ( we K’ )

Similar reasoning can also be applied if (g,, ¢s) ¥ P..(n) Now we have
(3s1 € K,)( (@ps Gs) = (0p(@p0, 51); 05(5,05 1)) (@ps Gs) F Poaar(n) U Pragz(n) )
If (¢p, Gs) # Poaar(n), we must have (Gp, ¢s) ¥ Ppaga(n) thus
(Fs2 € X°)( (0p(Gp, 52), 05(qs 52)) F Poaar(n) )

In this case let (q,,q.) = (0p(qp; 52),05(Gs,52)) and s3 = s155. Otherwise, i.e.

(@ps Gs) F Poaa1(n), let (q,,q;) = (Gp, Gs) and s3 = s;. Now we have

(Fss € K') (4, 45) = (0p(ap.0, 53), 5(ds.0, 53)) (4, 45) F Praar () )

Based on the definition of P41, there are 5 possible cases:
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- (4, 45) ¥ Pyooar(n). In this case s3 is what we want.

(o € Bu)( (0p(qy,0)!) A (=ds(q;, 0)!) ) This is impossible because this will make

K’ uncontrollable.

(g5, q2) F F) A ((0p(q,, tick)!) A (=65(qs, tick)!) )This is also impossible because

this will make K’ uncontrollable.

(3o € ) ( (0p(q,, ), 05(q5,0)) ¥ Pyooar(n) ). In this case we must have szo € K’
because K’ is controllable . Also we have (0,(gp,0, $30), 05(¢s,0, 530) ¥ Pyooa1 ().

So s30 is what we want.

((q;nq;) EF)A( (5p(q;,tz'ck:),5S(q;,t@'ck)) ¥ Pyooar(n) ). So ss(tick) is what we

want.

Because Pyooq1(n) = Pyooaz(n — 1), this process can continue inductively until we

finally reach n = 1l,i.e. it must be true that

(EIS, € K/)( (517(%?707 Sl)? 68((]8,07 Sl)) I Pgootﬂ(l) )

But this is impossible, because we have Pjopq1(1) = 1.

Thus the conclusion is proved.

4.2 Implementation of Supervisory Controller by Pred-
icates

As mentioned before, a supervisory control for G is any map
V:LG)— 2%
such that, for all s € L(G),
¥, U ({tick} N Eligg(s)), if V(s) N Eligg(s) N X0 = 0
V(s) 2
Yius if V(s) N Eliga(s) N Xor # 0
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Thus it can also be expressed as
Vi@ x X —{0,1}

where
1, ifoeV(s)
V,(q’ o) =
0, Otherwise
if ¢ =0(qo,s) and o € X, U {tick}.

We can express V' in the form of n + 1 scalar functions:
V'={V/:Q—{0,1},i € {0,1,...n} }

where n is the number of events except tick, V; is the predicate corresponds to event o,
oo = tick and 0; € ¥, fori=1,...,n.

Thus V'’ is nothing but n + 1 predicates. Therefore supervisory control can be imple-
mented by predicates in a straightforward way.

The V' defined above can be obtained as follows:

Let

Q= Qp X Qs

q = (ap, qs)

Alg,0) = (0,(4p, 0),05(¢s,0))
We define

L i gF Pay & Alg.0)! & Alg,0) F Py

0, otherwise
Thus the state g satisfies the predicate for event o; if ¢ satisfies P;,, and we can reach
from ¢ to another state that satisfies P, by the event o;.
Obviously, for any o; € ¥,V = 1, because Pk, is controllable. If ¢ £ F, then Vj(q) =1
because Py, is controllable. Also, clearly L(V'/G) = L(G, Py,,) and L, (V'/G) =

L,,(G, Py,p), since exactly the same constraints are imposed upon G by V'’ and by Piy,.



Chapter 5

BDD based implementation

5.1 Motivation

As shown in the previous chapter, all the computations needed for finding the supremal
controllable sublanguage can be realized by using predicates. However, if we use the naive
representation of predicates, the value table, we gain no advantage compared with the
previous implementations like TCT and TTCT. Fortunately, Binary Decision Diagrams
[8] can be used here so that we can actually represent the predicates in compressed form.
The approach using Integer Decision Diagrams (an extended form of BDDs) has been
applied to Discrete Event Systems in [13]. The focus of that work is the relational
representation, not the computation. A direct and efficient algorithm based on IDDs,
namely STCT, is presented in [30].

All these works deal with untimed models. The BW framework for Timed DES has its
own difficulties. A TDES can be much bigger in size compared to the corresponding
untimed model. We present a very simple example to illustrate this [20]. Assume that a
public parking spot is modelled as shown in Figure 5.1. It may be interpreted as follows.
If the parking spot is ¢dle then a car may be parked in it. If the parking spot is occupied

then the car may be unparked.

32
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Idle [dle
()
Unpark
Unpark Park Unpark Park
() )
Occupied Late Occupied
Parking Spot Parking Spec

Figure 5.1: A Car parking setup and specification

However if the car remains parked for longer than a certain duration of time then a
traffic officer may give it a ticket for traffic violation. Of course the car may be unparked
even after receiving a ticket (we assume that the cars do not get towed). A desirable
specification from the point of view of a car driver is also shown in Figure 5.1. It simply
says “Avoid getting a ticket”. Parking and unparking are controllable events but getting
a ticket is uncontrollable. This is the case where a timed model is essential because
the parking specification is uncontrollable if we use an untimed model. So let us define
time bounds for each event: (park,30,00), (unpark,7,00), (ticket,950,999). This may
be interpreted as follows. It takes at least 30 ticks to park a car; it takes at least 7 ticks to
unpark; it is safe to park for 950 ticks but it is possible not to get ticketed for a further 49
ticks. If we use the timed transition graph (TTG) of the system and assume that unpark
is a forcible event, the parking specification is now controllable and the supervisor simply
forces the car owner to unpark the car before 950 ticks. For this simple example we see
that the timed transition graph has 1052 states and 2115 transitions!

So the problem of state explosion is more obvious in timed models, and with the previous
implementations we cannot deal with big examples. For example TTCT cannot find the
Timed Transition Graph(TTG) for the Activity Transition Graphs with time bounds
greater than 1000. So in this work we will use Binary Decision Diagrams for reducing
the size of our data structures , in order to work with much bigger examples in a fast

way.



CHAPTER 5. BDD BASED IMPLEMENTATION 34

In this chapter, first we describe the method which is used in previous implementations

and then describe our new approach for attacking this problem in two major steps:
e Converting an ATG to its corresponding TTG.

e Finding the supremal controllable and nonblocking sublanguage.

5.2 Previous Implementation

Although the original theoretical results in discrete event systems were presented in terms
of formal languages, the actual computation can only be done in terms of finite state ma-
chines. In TCT and TTCT, any finite state machine, for example G, is described by an
object which has a list of all its states and transitions. So the space required for storing
a DES or TDES is proportional to number of states [11]. In almost all cases, the plant is
modelled by a set of finite state machines, i.e. by synchronizing all the plant component
models into one finite state machine. The specification can also be found by synchronizing
smaller specifications. Finally the supremal controllable sublanguage can be computed by
using the supcon procedure. As far as complexity is concerned in both time and space,
the procedure TDES3 = sync(T'DES1,TDES2) which computes the synchronous
product of two TDES (DES), has complexity of O(Number of states of TDES1 x
Number of states of TDES2). Theoretically the number of states of the synchronous
product of two TDES is less than or equal to the product of their number of states. But
in reality it is often much less than their product for a nontrivial system. Therefore we
often need to allocate much more space than is actually required to store the result. For
example if two systems have 10,000 states each, we will need space of size 100,000,000,
even though the result may only have 50,000 states.

What makes matters worse is that the first step in computing supcon(plant,specification)
is computing the synchronous product of the plant and the specification, and this is often

prohibitive in practice. This complexity problem for untimed DES is solved by STCT
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[30], which is many times faster and smaller in the sense of memory usage than TCT.
STCT does not need an exhaustive list of the entire state space and thus is able to achieve
a performance far beyond that of TCT.

For a timed model this complexity problem is more critical, because as we saw in the pre-
vious section state explosion is much faster in untimed models than timed ones. Clearly

for large systems an exhaustive list of the entire state space cannot be used.

5.3 Converting ATG to TTG

Constructing the TTG from the ATG of the TDES is based on the definition of (g, o).
Actually we should find the reachable states of the TDES. As we saw in chapter 2, each
state of the TDES has two kinds of component: activity and timer of each event. Thus
each state would be an n + 1 tuple, where n is the number of events in the system.

The natural way to find these states is to start from the initial state gy = (ag, {ts0lo €

Yact}) where

Uy, if 0 € Ygpe
tO‘,O =
lo, ifo€Xem

and find the reachable states by the rules given in the definition of . In this method,
we should go through all the states and check the conditions to find the next states in
the graph. If the time bounds of events are big, the number of states will be much big-
ger. Using this exhaustive search method would not be efficient and fast. Additionally,
using the tables for storing these states would be much too memory-consuming. Instead
we convert the rules for defining the transitions in TDES to logical operations that can
be applied to predicates. By these logical operations, all the possible transitions in the
system which satisfy the rules, can be found in the form of predicate. After finding the
transition predicates, the reachable states can be found by applying suitable logical op-

erations as we will discuss later.
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5.3.1 Transition Predicates

All the transitions of the TDES can be presented by a predicate. For example; in case

q¢ = d(q,0), then this transition can be expressed as:
T = (current = q) A (event = o) A (next = q')

where current, event and next are variables. If we have more transitions in the system,
we can disjunct them together. For the TDES in Figure 5.2 we can write:
T = ( (current = 1) A (event = tick) A\ (next =2) )
V ( (current = 2) A (event = a) A (next = 3) )
V ( (current = 3) A (event = ) A (next = 1))

V ( (current = 3) A (event = tick) A (next = 4) )

L Hek 2
P
g
3
ek
4

Figure 5.2: Transition predicate

For our purpose, the predicate would be more complex, because each state as men-

tioned before has some timers. So we have
current = (act = a) A (t,, =t1) A . ALy, =tn)

and

next = (act’' = a" ) N (t,, =t)) N .. A(t, =t,)

o1

where a,a’ € Eyet; if 0 € Ly, o € [0,1,]; and if 0 € Egpe, tr € [0, u,]

Now we have to figure out how to change the conditions of transitions in TDES to logical
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operations on these predicates. This will be done for prospective events, remote events
and tick independently.

If g = (a,{t;|T € Xuu}),q = (', {tL|T € Xuer}) € Q, we have:

e o = tick.
d(q, tick)! < ( (VT € Egpe)dact(a, ) =t >0)
Thus the timer value of the prospective events that are defined in a should be
greater than zero for occurring event tick. So the current state in the transition

predicate for event tick will have the form:

current = (act = a) A ( /\ (t; >0))

Tezspe 76act (a77-)!

We will reach state ¢’ from ¢ after occurring event tick:
d(q, tick) = ¢’ < o’ = a and for each 7 € ¥4,

; . / Ur, if 04¢t(a, 7) is not defined
— U 7€ Dy, 1. 1=
tr — 1, if dget(a, 7)! and ¢, > 0

I, if 04¢t(a, 7) is not defined
—ifre Zrema tg— = tT - 1, if 5act(a,7')! and tT >0
0, if 04et(a, 7)! and t. =0

Thus the activity of the next state (act’) will not change and the timer value of

the events which are not defined at activity a in Guet will be their default value

in the next state. The timer value of the events that are defined at activity a will

be decreased by one unit in the next state if it is positive and will remain zero if

it is zero ( the latter case is only for the remote events ). So the next state in the
transition predicate for event tick will have the form:

neat = (act' =a)n( N\ E=t-D)AC N E=to)A A (E=0))

Sact(a,m)! Aty >0 —8act(a,)! Sact (a,m)!AL-=0
The transition predicate of tick for the states of the TDES whose activity is “a”

will be current A (event = tick) Anext. In order to find the transition predicate for
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all the tick transitions of the TDES, we should find the disjunction of the transition
predicates of tick transitions for the states with different activities. So T}, can be
defined according to
T = \ {{lact=a)A( N\  (t->0))}
YacA ’Tezspey(sact (CL,T)!

N { (event = tick) }

ANact =a)n( N\ E=t—1) ) A

Sact(a,7)!Atr>0
(N EG=t)A A\ (#=0))}}
—dqct(a,7)! dact(a,7)INt-=0
e (o is prospective.
g, o) < dau(a, o)l N 0<t, <u,—I,
That is, a prospective event can occur in state ¢ if that event is defined in the
untimed model at activity a and the delay for occurring it has been passed(t, <

uy — ly). So the current state in the transition predicate for prospective event o is:
current = (act = a) A (0 <t, < uy, —ly)

Event o will lead us to a state whose activity is @’ = d4¢(a, o) and the timer value
of o will reset to its default value. The timer value of other events will be remaind
unchanged if they are defined at activity o’ and will reset to their default value if

they are not defined at a’.

d(q,0) = ¢ < d = 040(a,0) and for any 7 € 3y,

fr o / tro, if daet(a’, 7) is not defined
-ifT#F0 =
ty, if Oget(a’, 7)!

-ifr=0,t =u,.

So the next state in the transition predicate for the prospective event ¢ will have
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the form:
next=(act =a' )A( N\ (t=t) )N N (=t)) A, =)
40,7 8act(al,T)! 740, Sact(a,T)!
The transition predicate of prospective event o for the states of the TDES whose
activity is “a” will be current A (event = tick) Anext. In order to find the transition
predicate for all the o transitions of the TDES, we should find the disjunction of
the transition predicates of o transitions for the states of the TDES with different
activities. According to these rules the transition predicate can be computed for o:
T,= \/ A {lat=a)A(0<t; <up—1,)}
a€A Nuet(a,0)!

A {(event = o)}

NMlact =a YA N\ (o =trn) IA

T#0,76act(a/,7)!

(AN E=t))Alt,=u)} }

T#0, dact(a’,7)!

e Remote events.
g, o) < dgu(a, o)l Aty =0

Thus the remote event o will occur at state q if it is defined at activity “a” in Gaee

and its delay has been passed. By occurring o we will reach the state ¢’
d(q,0) =¢ < d = 04e(a,0) and for any 7 € 3y,

Py / tro, if 0aet(a’, ) is not defined
-ifTH#o =
ty, if Oge(a’,T)!

-ifr=0,t =1,

The next state’s activity will be @’ = d,.(a, o) and the timer value of o will reset
to its default value. The timer value of other events will be remaind unchanged if
they are defined at activity @’ and will reset to their default value if they are not

defined at a’. So the transition predicate for remote event o will be constructed in
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the same way as what we did for prospective events :

T,=  \  { {lact=a)n(t, =0}

a€A Ndact(a,0)!

A {(event = o)}

ANMlact =d )N\ =1t0) A

T#0,78act(a,7)!

(A E=t))Alt,=L)}}

T#0, dact(a’,7)!
After finding the transition predicate for each event, the transition predicate of the

TDES would be the disjunction of all of them.

T=TV(\ T, (5.1)

O'Ezu,ct

But T is not what we want because it may contain transitions from states which are
not reachable from initial state. Now we have to find the reachable states from this
predicate by applying logical operations. Thus we have to define a function for finding

the destination states from a set of states and a set of events, i.e.

QX,T) ={yeQ|Fre X)FyeT)i(r,7) =y} CQ

where X C @ and I' C X.

X Qx.T)

Figure 5.3: Target states

The target states can be computed by conjunction and existential quantification (

called relational product in symbolic model checking).

d(next) |( \/ (current = x) A \/ (event =) ) AT (current, event, next)
zeX vyel’
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In order to do these computations we employ binary decision diagrams (BDDs) as the
representation of predicates.

The algorithm for finding the reachable states is as follows:

ReachableStates := Initial State;

DO

{

tmp := ReachableStates;
new := NextStates(ReachableStates, T');

ReachableStates := ReachableStates V new;

}

While tmp # ReachableStates;

Actually, we have started from the initial state and find all the states we can reach
from it.
As stated in Chapter 3, ordering of the variables in a BDD is one of the most im-
portant optimizations. The variables we have in finding the transition predicate are:
act,tgy, ... te,, act',t; ..., t, . Since the number of elements in the domain of each vari-
able is greater than 2, each variable itself consists of a number of BDD variables. The
more closely coupled two variables are, the “closer” the two components should be placed
in the BDD. In our algorithm, the variables representing t, and ¢, should be adjacent
because in most of the transitions ¢, and ¢/ differ only in one or zero unit of time. If we
use a different ordering of variables, the number of BDD nodes will be increased and
the algorithm may become much too slow.
One of the main problems in working with BDDs is the problem of “intermediate node
number explosion” [30][18], i.e. although the number of BDD nodes in the final result

may not be large, it could be tens of times larger during the synthesis process, or more

accurately, during the generation of reachable states. In order to reduce this problem in
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finding reachable states, instead of using one transition predicate for all the transitions
we can use one transition predicate for each event, i.e. the variable event will be removed
from transition predicate. We must also change the algorithm for finding the reachable
states.
ReachableStates := InitialState;
DO
{

tmp, := ReachableStates;

for Yo € XU {tick}

{
DO

tmps := ReachableStates;
new := NextStates(ReachableStates, Ty );

ReachableStates := ReachableStates V new;

}
While tmpy # ReachableStates;

h
While tmp,; # ReachableStates;

5.4 BDD based Computation of Supremal Control-
lable Sublanguage

The algorithm given in Theorem 4.1.1 can be implemented using binary decision dia-
grams. First of all, we should construct the transition predicate for the plant and the

specification, i.e. T}, 5 (vp, v}), T o (vs, v5), 0 € X U {tick}.
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A set can also be represented by a predicate. For example the set A := {a,b, c} can be

represented by:

where v is a BDD variable.
The state set (), x Qs can be described by the tuple (g, gs) where g, € @, and g; € Q.

This set can be represented by the predicate S:

where {0, ...,n, — 1} are the states of G, and {0, ...,ns — 1} are the states of Gi.

The set of states (g,, ¢s) where (g,, ¢s) F F can be described by

Sr(vp, vs) 1= S A (I(vp, vs)(S ATy, 5))

where

and (3(vy, v5))(S A Ty, ¢) ' will be the set of states (g,,qs) where 3o € X4, 05(gs, 0)!.
Actually the existential quantifier quantifies out the variable v/ which is present in T ¢
9] [19]. Now we will present the realization of each step of algorithm in Theorem 4.1.1.

Step 1: Pyooa := 1.

IThis can be done using the Buddy package function bdd_exist(Appendix A)
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Step 2:(Qp x Qslp, = {(dp. 45) |

i (@) qs) ¥ Pyooar
or

ii. (30 € ) (Eap ) A ~6s(gs,0))
or

iti. (qp,qs) E F N 6p(qp, tick)! A =d4(qgs, tick)!
or

iv. (o€ Xu)((0p(qp, 0),65(qs, 7)) B Pyoodr)
or

V. (Gpsqs) EF A (0p(p, tick), 05(gs, tick)) ¥ Pyooar }

In order to find the BDD realization of this predicate we have to define two functions
to replace the source state variables with the target state variables and vice versa. We
assume that F is the set of functions defined on source variables (i.e. v;) and F” is the

set of functions defined on target variables (i.e. v}). Now we define two functions:

RepSource : F' — F

RepSource(f(vy,...,v))) = f(v1, ..., v,)

< Up

RepTarget : F — F'

RepTarget(f(vy,...,v,)) = f(vy,...,0))

We also define two transition predicates:
!/ Iy .
- TU<UP7 Up7 Us Us) T \/aezu (TP,U A TS,O)
/ Iy
= Eick (Upa Up, Vs, Ug) O Tp,tick A Ts,tick

Now we will find the BDD realization for this step:
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7. Pbadl = S A _‘Pgoodl

ii. For all 0 € ¥y 1 Pyaar := Poaar V ((Fvp) Lo (vp, v,) A (30s) =T 5 (vs, v5))

119. Pbadl = Pbadl V ((avp)Tp, tick(v}n U;;) A (Elvs)_' s, tick(US7 U;))

. X £ (3(v),0))S(vp,vs) A Tu(vy, v),vs,05) ) is the set of states that are targeted

by an uncontrollable event. So
Pooar := Poaar V {3(vp, v5)( Ty A RepTarget(—Pyoom N RepSource(X)) )}

v. Y 2 (3(v), 0))SE(vp, vs) A Tyick (vp, ), vs,v}) ) is the set of states that are targeted

by the tick event. So
Poadr = Pogar V {3(vp, vs)( Thick N RepTarget(—Pyooq N RepSource(Y)) )}

Step 3:[Q, x Qs]pbadQ = {(ap: ¢5) | Gw € 3)( (p(ap, w), 05(¢s, w)) E Praar )

(g, 4s) F F) A (Bo € By U {tick})((0p(qp, 0), 05(ds,0)) F Fraar) }

This step needs more consideration. We define the operation R as follows. Let
P, = R(Py, P,%) be the reachable predicate starting from P,, while enabling all o € ¥

and satisfying predicate P, i.e.
tEP & (3 E PR ,seX)((6(2,s) =x) A (Vo < s)(6(,v) E P))

Similarly, we define operation CR to produce the coreachable predicate. Let P, =
CR(P,,, P,Y) be the coreachable predicate starting from P, while enabling all ¢ € ¥

and satisfying predicate P reaches the set of states satisfying P,,, i.e.

tE P& (32 E Py s € 89 ((0(z,s) =2') A (Yo < 5)(6(z,v) E P))
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For simplicity, the recent definitions use notations for simple predicates, i.e. predicates
defined on a simple set X. All the results can be easily generalized to our states of the
form (z,y) € X x Y.

Now we should find the BDD realization of the reachable and coreachable predicates.

In these functions instead of using ¥ we use :

Ts = \/ (Tpo A Tso)

ceY

Thus the function R(P,, P,>) can be obtained by the following algorithm:

1. PL:=F NP
2. Py := P,V (P A RepSource(3(v),v,)(Ts A Fy) )

3. If P41 = P, then R(FPy, P,T%) := P,. Otherwise go back to step 2.

The coreachable function CR(FP,,, P,X) can also be computed similarly:

1. Ph:=P,AP

2. Py =PV (P A (3(vp, vs)(Ts A RepTarget(P;) ))

3. If Py; = P, then CR(P,,, P,Tx) := P;. Otherwise go back to step 2.

After defining these functions step 3 can easily be described by two terms:
Poaaz := CR(Pyaa1, S, 2u) V CR(Pyaar, Sr, X U {tick})

Step 4: [Q, x Qslp = {(ap,as) | (Fw € E*)(0p(gp,0, W) = G, 05(gs.0, w) = ¢s)A

(Vo < w)(0p(¢p,0,0),95(¢s5,0, V) # Poagt V Poaa}
This step could also be realized by BDDs using the above defined functions. First

we define the predicate P, for presenting the initial state:

PO = (Up - Qp,O) 7A\ (Us = qS,O)
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Now P,. can be computed as follows:
Pre = R(P(h _'(Pbadl Vv Pbad?)a Zact U {tZCk})

Step 5: [Q) x QS]pM = {(tp, ¢s) | (Fw € E*)(6p(gp, w) € Qpm, 95(¢s, w) € Qs )N\

(Vo < w)(0p(gp, v), 05(qs,v)) # Poaar V Poaaz}

By defining the P, for representing the marker states,
Po=(\ (=0 )r(\ (=0 )
qEQp,m qus,m

P.. will be realized using coreachable function
Pcr = CR(Pma _‘(Pbadl V Pbad2)7 Zawt U {tZCk})

Steps 6 and 7 can easily be implemented using logical and and comparison. So we
have done all the steps in finding the supremal controllable and nonblocking supervisor

by BDDs and operations on them.

5.4.1 Optimization in the algorithm

In the previous section, we could compute the supremal controllable sublanguage of a
TDES using BDDs. But the problem with this implementation is that there is no
structure in our BDDs. We have only four variables: two for the plant (current and next
state) and two for the specification (current and next state); and there is no coupling
between them. As mentioned in Section 5.3, the more closely coupled two variables are,
the “closer” the two components should be placed in the BDD. Each state of a TDES
consists of an activity and some timers, so we can employ this structure for our BDDs.
The order of variables would be the same as what we used in Section 5.3.

Using this method may give rise to the problem that we usually want to place some
time constraints on the system which we directly represent in the form of a TTG, so our

specification will not have timer information. It has been shown by Wong and Wonham
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in [28] that the BW framework is not closed under control. For example if we look at
the TTG in Figure 5.4, there does not exist an ATG such that the corresponding TTG
generates the TTG in Figure 5.4 because the time bound of the first « is («, 0,0) while

the time bound of the second « is (¢, 0, 1).

Figure 5.4: BW framework is not closed

So in the cases where our specification is implemented by a TTG, we use the un-
structured variables for specification whereas the variables for the plant are structured
as before. In the next chapter we will see that using this structure will speed up our

algorithm.

5.4.2 Implementation of Controller by BDDs

The means of controlling the plant in TDES are disablement of controllable events and
forcing of forcible events ( in case of disablement of event tick ). As shown in section
4.2, the controller can be implemented using n + 1 predicates where n is the number of
events except tick. Therefore, by replacing those predicates by corresponding BDDs,
an implementation of the controller by BDDs can be easily obtained. A diagram of the

controlled system is shown in Figure 5.5. The enabled event set in the states where tick
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is disabled shows the forcing of events which are forcible.

Controller
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Event Set

Event
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Figure 5.5: A sketch of a system with BDD based controller
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The size of an BDD-based controller is much smaller than an original control data

table generated by TTCT. A comparison between sizes is shown in Chapter 6.

5.5 Modular Supervision of TDES

Let

G = (Q7 275) q07Qm>’ S = <X7Z)§7x07Xm>
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be TDES, with ¥ = ¥, U {tick}. We assume that S can be used as a supervisor for G.

We write S A G for the conjunction of S and G:

Ln(GAS) = Ln(G)NLn(S), L(GAS)=L(G)NL(S)

We say that S is a proper supervisor for G if
(i) Sis trim (reachable and coreachable).
(ii) S is controllable with respect to G.
(iii) S A G is nonblocking.
Since by (iii), L (S A G) = L(S A G), (ii) means that

. Eliga(s) N (X, U {tick}), if Eligrsag)(s) N X o =10
Eligrsaa(s) 2
Eligg(s) N Zu, if EligL(sAg)(S) N Efor 7'é @

The following definition extracts the feature of controllability that expresses the preemp-

tion of tick by a forcible event.

Definition 5.5.1 Coerciveness

Let K C L(G). We say that K is coercive with respect to G if
(Vs € K) tick € Eliga(s) — Fligk(s) = Eligr(s) N Sor # 0

1.€.

(Vs € K) Eligi(s) N Xf,r =0 & tick € Eligg(s) = tick € Eligk(s)

We say that languages K, Ky C L(G) are jointly coercive with respect to G if K7 N Ky

is coercive with respect to G. Now let S1,S2 be proper supervisors for G.

Theorem 5.5.1 [29/ S1 A S2 is a proper supervisor for G if
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(i) S1 AS2 is trim.
(ii) Ln(S1AG), L,,,(S2 A G) are nonconflicting.

(iii) L,,(S1 A G), L,,,(S2 A G) are jointly coercive with respect to G.

In order to extend our symbolic computations to modular supervision, we need to be
able to check the conditions of Theorem 5.5.1 symbolically.

First of all we should implement A operator symbolically. (This function is called meet
in TTCT.) It is straightforward to express this function using the transition BDDs of
the two TDES. First we find the transition BDD of each TDES; i.e. Tgy,Ts2; then the

transition BDD of S1 A S2 would be:

Tsips2 = \/ Ts1, o N1s2, &

s€Ls1NSs2
To check the condition (i), we should check whether S1AS2 is reachable and coreachable.
By definition of A, we know that S1 AS2 is reachable and we can check the coreachability
using the function CR defined in section 5.4.
Condition (ii) is equal to the nonblocking property of L,,(SIAG)NL,,(S2AG) which can
be checked using the reachable (R) and coreachable (CR) functions defined in previous
section, because a DES is nonblocking if it is trim.
For condition (iii), we need to be able to check coerciveness. Let Sz(vg,vk) be the
predicate representing the set of states of Qg X Qi at which no forcible event is defined in
qk € Qi where (g, k) € Qe X Qk and TG ik (Ve Vg )s T tick (Vic, Vi) are the transition

BDDs of G and K for event tick. Now we define two sets of states:

Fi = 3(va,vk) ) Sr(ve, vk) A Tg tiek(Va, V)

i.e. the set of states in Sr where tick is defined in G, and

Fy = (H(UGa UK) ) Sy—‘(UG, UK) A TK,tick(UmU}()
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i.e. the set of states in Sr where tick is defined in K.

Because K C L(G), to check coerciveness it is enough to check whether F} and F, are
equal or not. If F} and F5 are equal, then in all the states where no forcible event is
defined in K if tick is defined in G, it will be defined in K too.

So for condition (iii) we should check if L,,(S1AG)N L,,(S2AG) is coercive with respect
to G.

Hence we can represent the modular supervision of TDES with predicates.



Chapter 6

Examples

In this chapter, we present some examples to compare our results with previous ones.

6.1 Tutorial Example

The following example shows the transition BDDs for all the events of a small TDES.

Let

Gact - (A> 2act7 6act7 Gy, Am)

with

Eact:{a76}7 A:Am:{0}7 CLOIO

6act(07 Oé) = 6act(07 5) =0

and timed events («, 1,1), (3,2, 3), both prospective. The ATG for Guet is simply:

&, B

53
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Thus «, § are always enabled. The state set for G is

Q ={0} xT, xTz={0} x[0,1] x [0, 3]

and has size |Q| = 8. We take @,,, = {(0,[1,3])}. The TTG for G is easily constructed
based on the rules given in chapter 2 and is displayed in Figure 6.1; it has 11 transitions,
over the event set {«, 3, tick}; the pairs [t,,?s] corresponding to the states (0, {tn,?s}) of
G are listed below. The event « is pending at states 0,2,5,7 and eligible at states 1,3,4,6,
while 3 is pending at 0,1,2,4 and eligible at 3,5,6,7. Notice that tick is preempted by «

or (3 if either of these events has deadline 0.

Figure 6.1: Timed Transition Graph

The states of G( nodes of TTG ) are as follows (act, {ta,t5}):
0:( )
L: )
2:(0,{1,2})
( )
( )
( )
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6: (0,{0,0})
7:(0,{1,0})
In the naive method the transitions of the system are stored in a table. Each transition

needs 3 cells of the table, 1 for the current state, 1 for the event and 1 for the next state.

K
a’ k 1
tQC
r
[Cﬂ
[/3(0)
[/3(1)
[;3(0)
[;9(1)

Figure 6.2: Transition BDD for event tick

As mentioned in the previous chapter, for the transition BDD of TTG in this example

we have 6 main variables: a,d’,t4,t,,t5,t; that a,a’ € {0}to,t, € {0,1} and t4,t; €

ayr Yoo

{0,1,2,3}. So with the exception of t5,t; that need 2 BDD variables, all the other
variables need 1 BDD variable, because ts, tj; can have four different values which need
2 binary variables for representation. The less significant a bit is in a timer value, the
closer to the root it is in the BDD tree. The transition BDDs of each event of the TDES
are presented in Figures 6.2,6.3 and 6.4. The dotted lines in these figures represent the

value “0” for the variables and solid lines represent the value “17. t(ﬁo), t,ﬁ(o)

significant bits of ¢, t;; while t/(gl), tgl)

are the least

are the most significant. Each route that leads us
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from root to terminal “1” is a representation of a transition in TDES.

For example in Figure 6.2 the route which is determined by grey nodes represents the

existence of an event tick between states 0 and 1 of the TTG in Figure 6.1 because in

this route we have: source state: (a = 0,t, = 1,t3 = (t(ﬁl)t(ﬁo)b = (11)2 = 3) and target

state: (a/ =0,t,, = O,tg = (tgl)tgo)) = (10), = 2).
Similarly, the transition 1 —— 2 can be traced on the BDD in Figure 6.3 by this route:

"(1),/(0)y _
5 tg )

1 — (a =0ty =0,t5 = (t17)s = (10), = 2),2 — (@ = 0,8, = 1,t}; = (
(10), = 2).

Figure 6.3: Transition BDD for «

We can see that a reduction has been made in the transition BDD for 3 in Figure 6.4
as there is no node for variable 4 (tg))) in this BDD. In this BDD, one route represents
two transitions in TTG graph. For example the route : (a = 0,d’ = 0,t, = 0,t,, =

0, t(ﬁl) = O,tlﬂ(o) = 1,t/ﬁ(1) = 1) represents these two transitions : 3 N 4,6 N 4 because
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0)
ts

can have both values “0” and “1” .

Figure 6.4: Transition BDD for /3
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6.2 Manufacturing Cell

The manufacturing cell of Figure 6.5 consists of machines Mach1l,Mach2, with an input
conveyor Convl as an infinite source of workpieces and output conveyor Conv2 as an
infinite sink. Each machine may process two types of parts, P1 and P2; and for simplicity,
the transfer of parts between machines will be absorbed as a step in machine operation.
The machine ATGs ( identical up to event labelling ) are displayed in Figure 6.6. Here
a;j is the event “ Machi starts work on a Pj part”, while 3;; is “Machi finishes working

on a Pj part”.

Efor - {am | Z7.] = 1a2}7 Zu = {6@] | Za] = 172}7 2hib - Efor

Machl Macm
{ ..............
M S
3y
_ m
Convl - P2 Conv2

Machl , Mach2: numerically controlled machines
Convl: incoming conveyor(infinite source)

Conv2: outgoing conveyor (infinite sink)

Figure 6.5: The manufacturing cell

6.2.1 Converting ATG to TTG

The time bounds of events of the machines can vary according to the machine specifi-
cations. So they can be small or large. For small values of time bounds, there is no

problem using the previous methods but if the time bounds increase, we can not use
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/S 1 /S )

Machi , i=1.2

Figure 6.6: The ATG of the machines

these methods. For example TTCT can only compute the timed graph for ATGs with
time bounds not greater than 1000. Here we present a comparison between our results

and the TTCT results. We specify the timing information for the machines as follows:

Mach1: (alla LJ OO)) (ﬁllv 37 U)J (0412, L7 00)7 (ﬁle 27 U)

Mach2: (0621, La OO): (5217 17 U)u (Oé22, La OO): <6227 47 U)

We define the cell’s open-loop behavior as the composition Mach of Machl and
Mach2:

Mach=comp(Mach1,Mach2)

Then we find the TTG of Mach using the TTCT procedure TimedGraph and our
BDD program. The comparison between the computation time and space can easily be

done by reference to Table 6.1.
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TTCT BDD Program
L Q| T

th ta | t3 | |nodes|

5 324 580 0 0 0 1460
50 23,409 53,095 9 0 1 10,006
100 91,809 211,195 258 | 0O 4 19,081
150 205,209 474,295 1148 | 1| 12 | 31,556
200 363,609 724,808 2516 | 1| 22 | 37,010
250 567,009 1,131,008 6100 | 1| 34 | 42,250
300 815,409 1,893,600 N/A | 1| 59 | 61,795
500 | 2,259,010 | 5,256,000 N/A | 1| 199 | 83,287
700 | 4,422,610 | 10,298,400 | N/A | 1 | 321 | 132,751
1000 | 9,018,010 | 21,012,000 | N/A | 1 | 726 | 165,148
1500 | 20,277,009 | 47,267,995 | N/A | 2 | 1837 | 274,609
2000 | 36,036,000 | 84,024,000 | N/A | 3 | 3458 | 328,657
3000 | 81,054,000 | 189,036,000 | N/A | 5 | 9387 | 547,414

Table 6.1: TTCT and BDD program results for manufacturing cell

In this table, for computation purposes we consider that L and U in the time bounds
of the events are the same and given by the first column of the table. |Q] is the number
of states of the TDES, |T'| is the number of Transitions, ¢; is the computation time of
TTCT in seconds , to is the time our program needs to compute the transition BDD
in seconds( 7" in Equation 5.1 ), t3 is the time for finding the reachable states in our
program in seconds, and |nodes| is the number of nodes of the transition BDD.

The space required for storing a TDES is proportional to the number of states and

transitions but the space our program needs is proportional to the number of BDD
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nodes. The space requirements of TTCT and the BDD program for this example are
compared in Figure 6.7. As mentioned before TTCT can not compute the TTG for the
time bounds greater than 250, so in Figure 6.7 the values of space for time bounds greater
than 250 represent the space required if it could compute the TTG (dotted line). It is
obvious that we have achieved significant savings in space. Moreover, TTCT can not

compute the timed graph for time bounds greater than or equal to 250 in this example.

9
10 Previous Method E|
=== BDD Method

Space(bytes)

10°H E|

10 E|

L L L
0 500 1000 1500 2000 2500 3000
Time Bound

Figure 6.7: Comparison between the space required in both methods.

As shown in Figure 6.8, we find a roughly linear relationship between |nodes| and the
time bound L. Also, in Figure 6.9, we can see that |nodes| increases much slower than
|@Q| which satisfies |Q| oc L™ where n is the number of events.

The relationship between L and computing time is a bit more complex. For TTCT
the computing time is shown in Figure 6.10. In the BDD Program the important time
for us which will be used in the second part of the program for finding the controller
would be only t,, which does not vary too much for different values of L. As we can
see from Table 6.1, ¢y ranges between 0-5 for L in 0...3000. So a big time saving of this
method would be in this part, i.e. converting ATG to TTG is much faster in comparison

to the previous method.
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Number of States

Number of BDD nodes
-

Figure 6.9: Number of the nodes of the transition BDD vs time bound.

6.2.2 Finding a Controller for Manufacturing Cell

We impose some Logic-based specifications on the manufacturing cell:

A given part can be processed by just one machine at a time.

A P1 part must be processed first by Machl and then by Mach2

A P2 part must be processed first by Mach2 and then by Mach1

One P1 part and one P2 part must be processed in each production cycle

62
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7000

6000

5000 -

4000

3000

TTCT time ( Seconds )

2000

1000

. I I I
0 50 100 150 200 250
Time Bound

Figure 6.10: Computing time vs time bound for TTCT.

These specifications are formalized as TDES Specl,Spec2 and Spec3 displayed in Fig-

ures 6.11,6.12 and 6.13.

The complete logic-based specification can be represented by the intersection of these

three TDES:
Spec = meet ( Specl, Spec2, Spec3 )

Spec has 16 states and 72 transitions.

Specl

rgll

Byys Baps +

{1'21

= {f: &y, Hﬁlz: &y, 31?52}

Figure 6.11: Specl TTG
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Spec2

(822

Eaysihas*

IE:t:'l 2

w=1{E, ey, A1, &, Bt

Figure 6.12: Spec2 TTG

Spec3

*

¥ :{r?aﬂm B War Sy 'ﬂfn?ﬁ%z}

Figure 6.13: Spec3 TTG

Here and below we write G3 = supcon (G1,G2) to denote the operation that
returns a TDES G3 whose marked behavior L,,(G3) is the supremal controllable sub-
language supC(L,,(G1), L,,(G2)), while its closed behavior L(G3) = L,,(G3).

The maximally permissive proper supervisor for Mach that enforces Spec can now be

computed as:
Super = supcon( Mach,Spec )

Our new algorithm for finding supremal controllable sublanguage which was described

in the previous chapter, is compared with the previous method, used in TTCT . Table
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6.2 compares the efficiency and performance of the new method with the previous one.
As described in the previous section, for different values of time bounds the TDES will
have different number of states. So our open loop manufacturing cell will have a large
number of states for large values of the time bounds and the previous method can not
compute the controlled behavior of this large system. In this table, for computation
purposes we consider that L and U in the time bounds of the events are the same and
equal to the first column of the table. |Q|openLoop s the number of states of the open loop
cell, |Q|ciosedLoop 18 the number of states of the controlled system, ¢; is the computation
time of TTCT in seconds , ¢y is the time our program needs to compute the supremal
controllable sublanguage BDD in seconds, and |nodes| is the number of nodes of the

BDD containing the states of the controlled system.

TTCT | BDD Program

L | Q ‘ OpenLoop | Q |ClosedLoop

t1 to |nodes|
5 324 470 0 0 642
50 23,409 31,475 7 7 7775
100 91,809 122,925 92 37 17,225

200 | 363,609 485,825 1337 221 | 38,062
250 | 567,009 757,275 N/A 561 | 46,910
500 | 2,259,010 3,014,530 N/A | 6684 | 103,396
750 | 5,076,009 6,771,780 N/A | 42929 | 171,925

Table 6.2: TTCT and BDD program results for finding the controller for

manufacturing cell

A better comparison in time and space can be made using the Figures 6.14 and 6.15.
It is obvious that our new method saves both time and space in comparison to TTCT

although its saving in this part of the algorithm (SUPCON) is not as significant as the
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- - TTCT
— BDD Program

12001

1000

Time ( Seconds )

Figure 6.14: SUPCON computation time comparison between TTCT and BDD program

saving in the previous part of the algorithm ( ATG — TTG ). We should mention that
in our new algorithm we find the supremal controllable sublanguage directly from the
activity transition graph of the plant but TTCT computes it from the timed graph of
the plant. So for the total computation time of TTCT we should add the time it needs

to find the TTG from the ATG of the plant which was discussed in the previous section.

x10°

— BDD Program
- - TTCT

Space ( Bytes)

L L
50 100 150 200

Time Bound

Figure 6.15: SUPCON computation space comparison between TTCT and BDD program
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6.3 Two-Machine Workcell

Let us consider the workcell shown in Figure 6.16. Two machines M; and My and
a buffer of size one constitute the cell. The machines are represented in the form of
activity transition diagrams in Figure 6.17. Furthermore, ¥, = {1, A1, 71, B2, A2, 72},

Yhiv = Lfor = {01, g, pt1, 12 }. The following timing information applies:

Ml : (alev OO), (ﬁl) 17 U)v ()\1707 U)a (,ula La OO), (nla L, OO)

M2 : (CKQ,L, C)O)7 (ﬂg, 1, U), ()\2,0, U), (IU/Q, L, OO), (772,L, OO)

A workpiece produced by Mj is placed in the buffer and is consequently available for
further work by My. Both machines may either be idle, working or down. Once a work
cycle has begun, the machines either finish working or break down, in which case they

are repaired. The following production specifications are considered:
e the buffer must not overflow or underflow,

e if both machines are broken down, the repair of My must be initialized before the

repair of Mj.

Infinite Source Infinite Sink
: A
Y
M1 [ I > M2
Buffer

Figure 6.16: Two-machine workcell setup
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First, the cell open loop behavior M is obtained by composing M; and M. After

that we should find the timed transition graph of M. Similar to the previous example,
for different time bounds of events we will have a different number of states in the timed
graph of M. The previous method (TTCT) can not compute the TTG for time bound
values (L,U) of 300 or more. Our method can compute the TTG for values of time
bound much greater than that.
The above mentioned specifications are translated into the form of automata R; and R,
which enforce the buffer and breakdown specifications respectively. R; and Ry are shown
in Figure 6.18. Accordingly, the corresponding specification languages are provided by
E, = L,,(Ry) and Ey = L,,,(R2) respectively.

L:Misidle , W;: M;isoperating , D;: M, is broken down , R;:M,;is under repait
o, (initialise operation, B : operation carried out, A : failure

u initialise vepair, n, repair carried out

Figure 6.17: The activity transition graph for M;,7 = 1,1

Ry and R, are combined together through the meet operation A, i.e. R = Ry A R».
Accordingly we have E' = FE1 N Ey = L, (R).

The cell closed loop behavior, which meets the specifications in the freest possible
way, is given by supC(E N L(M))), i.e. the supremal controllable sublanguage of the
cell with respect to the combined specifications. The TDES whose marked behavior is

supC(E N L(M))) is computed by SUPER = supcon (M,R) .
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{1'1,*

* A8 A £, 10, L)

(L,ﬂl’ **

69

{04, B, A1, 00, B, 13,8}

Figure 6.18: R; and Ry

The results of our algorithm and TTCT are displayed in Table 6.3.

Open loop Closed loop BDD Program TTCT

L Q| |nodes| Q| |T| |nodes| | trra tsupe trre | tsupe
20 7056 9541 6718 11781 3787 0 1 0 0
50 41,616 18,770 39,268 68,391 10,063 0 5 79 4
100 | 163,216 | 34,908 | 153,518 266,741 22,311 0 37 1014 40
200 | 646,416 | 66,626 | 607,018 | 1,053,441 | 49,410 1 176 16,429 | 362
250 | 1,008,016 | 75,867 | 946,268 | 1,641,791 | 61,111 1 272 38,827 | 2,116
300 | 1,449,616 | 110,435 | 1,360,520 | 2,360,141 | 83,132 2 500 N/A | N/A
500 | 4,016,016 | 148,245 | 3,767,520 | 6,533,541 | 134,887 | 2 5,288 N/A | N/A
750 | 9,024,016 | 244,874 | 8,463,770 | 14,675,291 | 224,838 | 2 35,388 | N/A | N/A

Table 6.3: TTCT and BDD program results for two-machine workcell

As mentioned in the previous example, the space required in the previous method is

proportional to number of states and transitions while in our method the space is only

dependent on the number of BDD nodes. The space requirements of the two methods

are compared in Figure 6.19.

The total time each program needs to compute the closed loop behavior from ATG

to TTG and then finding the supremal controllable sublanguage is shown in Figure 6.20
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Figure 6.19: The space requirement of each method
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Figure 6.20: The time requirement of each method



Chapter 7

Conclusions and Future Research

This thesis presents a new synthesis algorithm for the Brandin-Wonham (BW) approach
to the control of Timed Discrete Event Systems (TDES). It is easily seen that for large
systems, this new method offer far better performance than the previous TTCT imple-
mentation.

This algorithm demonstrates the importance of structural information in a TDES system
in the form of event timers. We can see that the computation complexity in finding the
timed transition graph can be dramatically reduced. Our new algorithm also showed that
this structural information can lead us to find the controller for much bigger problems.
Also, it is shown that the BW framework, which is based on automata models, is able
to deal with practical problems, even if the system has a huge state space. Besides, it
is shown that parameters other than the size of the state space, can be used to evaluate
the complexity of the system. One of these parameters, which we used in this thesis, is
the number of nodes of the BDD representing the system’s state space. It is shown that
the number of BDD nodes, which practically decides the computational complexity of
synthesis, can be linear with respect to time bounds of the events in the system. The
ordering of variables can also change the number of BDD nodes as discussed in Section

5.3. This suggests that future research in this direction may be quite promising. Possible

71
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future research in this field can be:

- Finding a systematic way for choosing a better ordering of variables can reduce the size
of the BDDs and therefore the complexity of the problem.

- Using other symbolic tools like Integer Decision Diagrams (IDDs) [31],Bounded Model
Checking (BMC)[2] can be explored.

- Extending this method for Synchronous Product Timed Systems, Hierarchical Control
of Timed DES [28] and Supervisory Control of Timed-DES with partial observation [16]
- Finding an appropriate structure for the specification automata, in the case where we
do not have a timing structure for these automata, in order to convert them from a flat
model to a model with some structure. This is important because in a flat model we need
to encode the variable for representing the states with a large number of BDD variables.
- Combining our new method with other methods for finding reduced supervisors for

TDES [12][3].



Appendix A

BuDDy Package

BuDDy [17] is a Binary Decision Diagram package that provides all of the most used
functions for manipulating BDDs. The package also includes functions for integer arith-
metic such as addition and relational operators.

BuDDy started as a technology transfer project between the Technical University of
Denmark and Bann Visualstate. The BDD package presented here was made as part
of a Ph.D. project by Jrn Lind-Nielsen on model checking of finite state machines. The
package has evolved from a simple introduction to BDDs to a full blown BDD package
with all the standard BDD operations, reordering and a wealth of documentation.
First of all a program needs to initialize the BDD package. Getting the most out of any
BDD package is not always easy. It requires some knowledge about the optimal order of
the BDD variables. If we allocate as much memory as possible from the very beginning,
then BuDDy does not have to waste time trying to allocate more whenever it is needed.
Included in the BDD package is a set of functions for manipulating values of finite do-
mains, like for example finite state machines. These functions are used to allocate blocks
of BDD variables to represent integer values instead of only true and false. Those func-
tions which are called “fdd” are used in our BDD program. The functions which are

used in our program are listed below. More details about this package can be found in
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the package documentations, available at :

- bdd-init

- bdd-autoreorder

- bdd-nodecount

- bdd-satcountset

- bdd-ithvar

- bdd-done

- bdd-exist

- bdd-relprod

- bdd-replace

- bdd-setpairs

- fdd-domain

- fdd-extdomain

- fdd-ithvar

- fdd-makeset

- fdd-equals

http:/ /www.itu. dk/research/buddy
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